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ANGULAR DISTRIBUTION OF PROTONS FROM THE C™(dp)C!3 REACTION WITH 5 — 13 


Mev DEUTERONS 


N. I. ZAIKA, O. F. NEMETS, and M. A. TSERINEO* 
Submitted to JETP editor December 11, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 3-6 (July 1960) 


Angular distributions of protons corresponding to the ground state of C!? have been measured 
for five deuteron energies in the interval 5—13 Mev, and for protons corresponding to the 
three lowest excited states for deuteron energies of 13.3 and 12.1 Mev. The parities and pos- 
sible spin values of these states were determined. It is shown that, with decreasing energy, 
reactions other than stripping become more important. 


Tie deviation of experimental angular distribu- 
tions of protons and neutrons from (dp) and (dn) 


reactions from those predicted by the simple strip- 


ping theory! are known to indicate the occurrence 
in the reaction of other mechanisms?’”* 
action of the incident deuteron and the outgoing 
particle with the nucleus.° The magnitude of this 
interaction and the relative importance of the var- 
ious mechanisms depend both on the properties of 
the nucleus and on the energy of the bombarding 
deuterons. It was therefore of interest to make 
corresponding measurements over a wide range of 
deuteron energies. 

We have measured angular distributions of 
protons corresponding to the ground state of Cs 
for deuteron energies of 13.3 + 0.2, 12.1 + 0.2, 
9.55 + 0.2, 7.15 + 0.2, and 4.65 + 0.2 Mev (Fig. 1), 
and of the protons corresponding to the three 
lowest excited states of C!? for deuteron energies 
ob 13.3 20.2 and 12.1 + 0.2 Mev-(Figs. 2, 3). 

For the measurements we used the external 
beam of deuterons from the cyclotron of the Insti- 
tute of Physics of the Academy of Sciences of the 
Ukrainian S.S.R., with a deuteron energy of 13.6 
Mev. The proton detector and the experimental 
geometry were the same as described in reference 
6; to reduce the load on the amplifier, an absorber 


*Institute Rudjer Boscovic, Zagreb, Yugoslavia. 


and of inter- 


was placed at the entrance to the chamber to cut 
off the deuterons. Unfortunately the experimental 
geometry limited the maximum angle at which 
measurements could be made to values ~ 140° 

The deuteron energy was changed by using a set 
of aluminum foils placed at the entrance to the re- 
action chamber; the beam of deuterons was colli- 
mated further beyond the absorbers. The reduction 
in energy of the deuterons was accompanied by a 
considerable decrease in beam intensity and by the 
appearance of a noticeable spread in angle and 
energy, which made measurements at large angles 
for low energies unsatisfactory. The results of 
these measurements are not given here. 

A comparison of the experimental angular dis- 
tributions with theory enables one to assign values 
of spins to the ground state and the three lowest 
excited states of C® with values of 4 —*4", 4°, 
1/7, —3,- and *4* —*,*, respectively. 

The angular distribution of protons correspond- 
ing to the excited states of C8 is in good agree- 
ment with the predition of the Butler theory! for 
ry = 4.6f. At the same time, there are various 
peculiar features in the proton distribution corre- 
sponding to the ground state of c which we feel 
should be pointed out. 

First of all, the distributions obtained for deu- 
teron energies of 4.65 and 7.15 Mev differ from 
the distributions for energies of 9.55, 12.1 and 13.3 
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FIG. 1. Angular distributions of protons from the C'?(dp)C** 


reaction corresponding to the ground state of C’*, for various 
values of Eg in Mev. The solid curve is calculated from the 
Butler theory for Eq = 13.3 Mev, ly = 1 and 1 = 4.6 x 107**cm. 


Mey. While the first distributions are character- 
ized by a distribution peak wider than theoretical 
and an indication of a rise at large angles, in the 
second distributions the peak appears to be the 
theoretical value, but instead of the rise at large 
angles there are two additional maxima which re- 
call a diffraction distribution. A similar picture 
has been observed by other authors for deuteron 
energies exceeding’’® and less than’ the energies 
used by us. 

The change in character of the angular distribu- 
tion occurring in the energy interval 7 —9 Mev 
may be related to a change in the contributions of 
the various mechanisms in the reaction and to a 
changing relative importance of nuclear and Cou- 
lomb interactions. The presence of nuclear inter- 
action in the C!?(dp)C" reaction is indicated by 
a narrowing of the peak which occurs for Eg = 9 
Mev.° For energies Eq = 7.15 Mev one should 
assume increasing importance of compound nu- 
cleus formation‘ and stripping of heavy particles,” 
which give an increase in cross section at large 
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FIG. 2. Angular distri- 
butions of protons corres- 
ponding to the excited state 
of C’? at 3.09 Mev, for two 
values of Eg. The solid 
curves are calculated from 
the Butler theory for these 
energies; 1, =0, rm = 4.6 
5c Ome cme 


FIG. 3. Angular distri- 
bution of protons corres- 
ponding to the first (3.68 
Mev) and the second (3.86 
Mev) excited states of C’*. 
The curves are calculated 
from the Butler theory for 
the corresponding energies 
and for various values of /, 
(the ratio of the curves for 
l, =1 and 1, =2 was se- 
lected by calculating the 
best fit of the curve (/, = 1) 
+ (ly = 2) with the experi- 


mental data); r, = 4.6 x 107° ; 
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angles as well as a broadening of the peak. The 
work of other authors”! shows that for Eg = 2.7 
- 3.3 Mev agreement with theory is attained for 
rq = 6.5f. and a distribution at the peak which is 
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broader than the theoretical. Similarly, for agree- 
ment with theory of our data for an energy of Eq 

= 4.65 Mev we had to increase the value of the 
radius up to 5.5f. 

We also measured the differential cross section 
of the reaction Cc” (dp ) Coy for angles correspond- 
ing to the maximum in the distribution and ener- 
gies of 7.15, 9.55, 12.1, and 13.3 Mev. The cross 
section values were equal respectively to 24, 18, 

14 and 13 mb/sr. The error in the measurement 
of the absolute value of the cross section was +30% 
To measure the cross section we used the current 
integrator!! with Faraday cup developed earlier. 

In conclusion, the authors take this opportunity 
to express their gratitude to Prof. M. V. Pasechnik 
for his interest in the work; to A. M. Korolev and 
Yu. V. Tsekhmistrenko for participating in discus- 
sion of the results, and to the personnel of the cy- 
clotron for assuring uninterrupted operation. 
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INVESTIGATION OF THE ANISOTROPY OF THE ENERGY GAP IN SUPERCONDUCTING TIN 


Pp. A. BEZUGLYI, A. A. GALKIN, and A. P. KOROLYUK 


Physico-Technical Institute, Academy of Sciences, Ukrainian Sees 


Submitted to JETP editor January 12, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 7-12 (July, 1960) 


The methods and the results of measuring the temperature dependence of the attenuation co- 
efficient of 70-Mcs ultrasound along various directions in a superconducting single crystal of 
tin are presented. From the difference in the temperature variation of the ratio ag/ay for 
sound propagating along the binary C, and tetragonal Cy, axes of the crystal it is concluded 
that the energy gap in tin is anisotropic. The width of the gap at the absolute zero along the 
C, direction is (3.5 + 0.2)kT¢, and along the Cy, direction it is (3.1 + 0.1)kTg¢. 


te present microscopic theory of superconduc- 
tivity! is in good agreement with a considerable 
amount of experimental data. It should, however, 
be noted that for a number of superconductors 
which have quite a pronounced lattice anisotropy 
the experimental results on the variation of the 
specific heat,” the thermal conductivity,’ and the 
jump in the specific heat at the transition from the 
normal to the superconducting state, differ from 
the theoretical values. 

This discrepancy can be explained by the fact 
that an isotropic model of the superconductor is 
considered in the theory of superconductivity, and 
the effect of the lattice anisotropy on the width of 
the energy gap is not taken into account. At the 
same time it is known that the transition tempera- 
ture, and therefore also the width of the gap, is af- 
fected by the isotopic composition of the sample,‘’® 
and by the homogeneous lattice deformation.® It is 
natural to expect that the anisotropy of the crystal 
lattice should manifest itself to an even larger ex- 
tent in the width of the energy gap. Actually, as 
has been shown in the theoretical work of 
Khalatnikov,! account of superconductor anisotropy 
leads to values of the coefficient of thermal con- 
ductivity which vary with the crystallographic di- 
rection. It should, however, be noted that from the 
measurements of the thermal characteristics of 
the superconductor, the specific heat and the coef- 
ficient of thermal conductivity, one can only obtain 
indirect information on the anisotropy of the gap. 

One of the simplest and most direct methods of 
observing the effect of the lattice anisotropy on the 
width of the energy gap is the attenuation coeffi- 


cient of ultrasound propagating along various direc- 


tions of the superconducting single crystal. Ac- 
tually, one can determine from studies of the 


attenuation of a longitudinal ultrasound wave in 
superconductors® both the width of the energy gap 
at the absolute zero, and also its temperature de- 
pendence. For this purpose account must be taken 
of the following relation between the value of 
Ag/A, (Ag and ay are the coefficients of ultra- 
sound attenuation in the superconducting and nor- 
mal states respectively), and the width 2€) of the 


energy gap:5 
Gift, == 2i(etwkF 4 1), (1) 


This formula, obtained for the isotropic case, 
means that ag/dn should be a function of the tem- 
perature only. In other words, for an arbitrary 
direction of propagation of the ultrasound wave in 
the crystal the temperature dependence of the 
ratio @g/ap should in the event of the validity of 
the isotropic model be identical. 

With a view to clarifying the effect of the lattice 
anisotropy on the electron energy spectrum ina 
Superconductor, we undertook to measure the tem- 
perature dependence of the attenuation coefficient 
of a longitudinal ultrasound wave along various di- 
rections of a single crystal of tin. A short commu 
nication of our results has previously been pub- 
lished.’ In the present article we present a more 
complete account both of the methods of measure- 
ment and of the results obtained. 

Figure 1 shows the block diagram of the meas- 
uring setup employed in the described experiments. 
Pulses (1 to 1.5) x 107° sec long were fed at a 
repetition rate of 2500 to 3000 sec”! to the radiating 
quartz crystals from the high-frequency generator, 
2, operating at 70 Mcs. The pulsed operation of 
the generator was realized by connecting to the 
anode circuit of the generator a modulator fed by a 
26-I rectangular-pulse generator. The quartz 
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crystals were connected to the high-frequency gen- 
erator by ordinary flexible coaxial cables outside 
the Dewar and by an argentan coaxial line inside it. 
Between these lines was placed a coaxial cable 3 of 
variable length with the aid of which the generator 
was matched to the load. Similar components were 
used in the coaxial line connecting the receiving 
quartz crystals 10 to the calibrated attenuators 5. 

Sample 4 was a spherically shaped single crys- 
tal of tin with a diameter of 13 to 15 mm on which 
planes perpendicular to the crystallographic axis 
with a diameter of 5 to 6 mm were etched by the 
electroerosion method. The radiating and receiv- 
ing quartz crystals were glued to these planes with 
vacuum putty. The same putty was used to glue to 
the quartz crystals brass disks with a diameter of 
5 to 6 mm and a thickness of 0.2 to 0.38 mm, to 
which the central conductors of the coaxial lines 
were connected. The sample was attached to a 
special holder, and the external conductors of the 
coaxial lines were grounded. 

The tin samples used in the described experi- 
ments were very pure* with R(4.2°K) /R(300°K) 
= (1.8 to 2.5) x 107°. For such samples at helium 
temperatures and at 70 Mcs, the condition 7] > A is 
fulfilled (1 is the mean free path of the electrons 
and A is the wavelength of the longitudinal sound 
wave ); the estimated value of 27l/A is in excess of 
70. 

The temperature dependence of the attenuation 
coefficient of the longitudinal sound wave was si- 
multaneously recorded for two directions in the 
crystal. For this purpose, high-frequency pulses, 
giving rise to the propagation of ultrasound waves 
in two mutually perpendicular directions, were fed 
to one pair of mutually perpendicular radiating 
quartz crystals 9. The other pair of receiving 
crystals 10, placed opposite the radiating crystals, 

*We take the opportunity to thank B. N. Aleksandrov for 
supplying the pure tin for the samples. 


transformed the pulses transmitted by the crystal 
into electromagnetic signals which after passing 
the attenuators 5 were amplified by the amplifiers 
6, and were then recorded with the aid of an oscil- 
lograph 7. The synchronization of the oscillograph 
beam was carried out with the aid of the same rec- 
tangular pulse generator 1 which controlled the op- 
eration of the high-frequency generator 2 through 
the modulator. 

Having at our disposal attenuators which were 
calibrated with the standard signalgenerator 8, we 
could find the attenuation due to the conduction 
electrons for every temperature of the sample. 
For this purpose the curve of the temperature de- 
pendence of the attenuation coefficient was extra- 
polated to absolute zero, for which the ultrasound 
attenuation due to the electrons is zero.® 

We used the device shown on Fig. 2 to record 
the temperature dependence of the ratio ag/ay 
down to 1°K. In an ordinary helium Dewar 3 we 
placed another small glass Dewar 2, inside which 
we placed the sample 1 attached to a special 
holder. The small Dewar was welded to a section 
of a kovar cylinder 5 whose upper portion was sol- 
dered to the external ground sleeve section 6. The 
ground sleeve was placed on vacuum putty which 
made the inner Dewar air tight both at room and 
at low temperatures. 

High-frequency pulses from a high-frequency 
generator were fed to the crystal, and then from 
the crystal to the recording portion of the setup in 
the Dewar by means of coaxial argentan lines 4 
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terminated at the external portion of the instru- 
ment by vacuum-sealed inserts 10. Coaxial cables 
of variable length were connected to these inserts 
(Chngh Lava), 

In performing the experiments, liquid helium 
was first poured into the outer Dewar, and then 
through tube 9 into the inner small Dewar; during 
the measurements the crystal was in direct con- 
tact with the liquid helium. 

The temperature was reduced by pumping out 
the helium vapor, initially by a common pump si- 
multaneously from the inner and outer Dewar, and 
then, after a temperature of about 2°K had been 
reached, from each vessel independently. To 
screen the liquid helium in the inner small Dewar 
from infrared radiation coming from the sealed 
end of the device, small blackened copper-foil 
screens 8 were placed in the lower portion of the 
argentan tube 7, through which the helium vapor 
from the small Dewar 2 was being pumped out. 

The temperature of the sample was determined 
from the pressure of the saturated helium vapor 
using the T1,55 scale.!° 

To check out the procedure and to establish the 
possibility of reaching conclusions on the aniso- 
tropy of the energy gap from the nature of the tem- 
perature dependence of ag/a, for various crys- 
tallographic directions, we measured the tempera- 
ture variation of the coefficient of attenuation of 
longitudinal ultrasound under conditions in which 
the ultrasound was propagated along two mutually 
perpendicular binary C, axes (the black and 
white points on Fig. 3). It can be seen from Fig. 3 
that in this case the experimental points fit the 
same curve excellently, thus proving that the phys- 
ical properties of the superconductor are identical 
along two different Cy axes. 


a;/a, 


Figure 4 illustrates the temperature variation 
of ag /Ay when the ultrasound is propagated along 
the tetragonal Cy, and the binary C, axis. Unlike 
the preceding case, the temperature dependence 
of ag/dy is different in the Cy direction than in 
the C, direction, which indicates a pronounced 
anisotropy of the energy gap in tin. The cited re- 
sults were obtained from measurements on two 
samples; the experimental points obtained from 
each sample for the propagation of ultrasound 
along the same directions in the crystal fit the 
same curve well. 

The following are typical absolute values of the 
electron part of the attenuation coefficient in a 
metal in the normal state near Tg: 


an = (47.6+0.2) db/em for the Cy, direction, 
a = (21.4+0.2) db/em for the Cy, direction. 


It is of interest to estimate the width of the 
energy gap in superconducting tin along the C, and 
C4, axes at absolute zero. Such an estimate is 
most simply obtained from the graphs of the de- 
pendence of log (@s/Qyn) on Tce/T. Actually, for 
T « Tg, as is easily seen from Eq. (1), the above 
dependence is expressed by a straight line whose 
slope yields the value of the width of the gap at 
Oc 

The dependence of ag/an on Tc/T for the Cy 
and Cy, directions is shown in Fig. 5 on a loga- 
rithmic scale. The difference of the gap widths at 
the absolute zero follows directly from the various 
Slopes of the linear portions of these graphs: (3.5 
+0.2)kT¢ along the Cy axis, and (3.1 + 0.1)kTe¢ 
along the Cy, axis. 
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The width of the gap at 0°K found for the C, 
axis agrees with the value obtained for this direc- 
tion in analogous experiments of Morse et al.!! 
whose results were published slightly later than 
our preliminary note.’ The results of our experi- 
ments and the data of the above authors are in 
complete agreement, now that Morse et al. pub- 
lished a correction” in which they concede the 
error in their previous value of the gap width 
along the Cy, axis, and in which they cite the new 
value (3.5 + 0.1) kT¢. 

The energy-gap anisotropy established in these 
experiments is due to the shape of the Fermi sur- 
face. Therefore, for those directions of the crys- 
tal for which anomalous behavior is observed in 
investigating the oscillations of the attenuation co- 
efficient of the longitudinal ultrasound wave in a 
magnetic field, '? one should apparently also expect 
a particularly strong deviation of the gap width 
from the values given by the present microscopic 
superconductivity theory. 

It must be noted that along with the anisotropy 
of the temperature dependence of the attenuation 
coefficient, an anisotropy in the transition temper- 
ature Tg was also observed in our experiments. 
The temperature of the transition of the sample 
from the normal to the superconducting state for 
the C, direction exceeded the transition tempera- 


ture for the C, direction in all the measurements 
by 0.004°K. 

It is still impossible to say with all certainty 
that this is not caused by some side effects. How- 
ever, it is clear that this phenomenon cannot be ex- 
plained by unequal heat elimination from the sam- 
ple by the helium bath during the propagation of the 
sound along different directions in the crystal. 
Actually, the simultaneous recording of the temper- 
ature variation of the attenuation coefficient in one 
and the same experiment excludes an effect of the 
above on the transition temperature. On the other 
hand, the difference of Te for the C, and Cy axes 
cannot be explained by the influence of the terres- 
trial magnetic field, since compensating for it did 
not lead to a disappearance of the difference in the 
transition temperatures. 

In conclusion, we express our gratitude to A. I. 
Berdovskii and FE. I. Ponomarenko for help in the 
measurements, and also to V. L. Korpachevskii 
for the exceptionally careful electroerosion cutting 
of the samples. 
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The radiation accompanying the decay of Er'*! was studied using a scintillation spectrometer 
and a double-focusing 8 spectrometer. On the basis of these and previously obtained data, a 


decay scheme is proposed for this isotope. 


Acccorpie to the data of Handley and Olson, ! 
the decay of Er**! established by them is accom- 
panied by the emission of y radiation which in- 
cludes quanta of the following energies: 65, 195, 
824 and 1125 kev. The mass number of this isotope 
was measured by time of flight on a mass spectro- 
meter.* The best value for the half-life is 183 min. 

In investigating the spectrum of conversion 
electrons from the decay of this isotope,4.an E3 
transition with an energy of (210.6 + 0.7) kev was 
discovered in the daughter nucleus Ho. It was as- 
sumed that this transition takes place between the 
levels (41.4) and UES The occurrence of this 
isomeric transition and its location were confirmed 
in the work of Harmatz et al.,° carried out ona 
permanent-magnet spectrometer. However, other 
transitions listed in papers 1 and 4, in particular 
the intense y transition at 826 kev, occurring in 
the Ho'*! nucleus, were not found by these authors. 

To clarify the nature of the transition with hv 
= 826 kev, we investigated the erbium fraction 
formed by bombardment of tantalum with 660 Mev 
protons from the synchrocyclotron of the Joint 
Institute for Nuclear Research. The measurements 
were done with a double-focusing 8 spectrometer® 
and a scintillation spectrometer whose efficiency 
was calibrated against standards. 

A value of (190 + 10) min was obtained for the 
half-life of this transition; the energy is (826.5 
+ 1.5) kev. 

The conversion coefficient for this transition 
was determined by making measurements of the 
ratio of the heights of the electron conversion lines 
and the ratio of the heights of the photopeaks from 
the y spectra of this transition and the 661.6 kev 
transition in Ba!®”, 

It was necessary to take account of the radiation 
from decay products of other isotopes of erbium 
which were present in our sample: Erié0 (T 1/2 
= 30 hr) and Er#®® (Ty/2 =2.5 hr). It is easy to 
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make corrections for the presence of Er!® pbe- 
cause of the large difference in the half lives. 

A more important correction is the taking ac- 
count of the fractions of y radiations at 848 and 
851 kev from the decay of Ho'58 (reference 7) in 
the photopeak measured by us at 826 kev, since the 
resolving power of the crystal, which is 9%, does 
not allow us to see the photopeaks of these radia- 
tions separately. From our earlier data! the transi- 
tions at 848 and 851 kev, which occur between the 
levels of the second and first rotational bands, 
should be E2. This determines the conversion co- 
efficient so that from the ratios of the heights of 
the conversion lines we were able to find the ratio 
of the intensities of the y radiations: 


I ygo6//vg4a,e51 = 4.0+0,2. 


The value obtained for the conversion coeffi- 
cient of the 826-kev transition in the K shell, in- 
cluding all corrections, is 


Cie — 0.008 +0,002. 


According to the tables of Sliv and Band?® this value 
allows us to assign this y transition as M1 or E38. 
We can use the K/L ratio as an additional argu- 
ment for choosing the type of transition. The theo- 
retical values of this ratio for different types of 
transition are the following: 

(Ee se el VV) 

5.72 5.63, 404 6.44 (6.25 5.54 


The experimental value of the ratio, K/L = 7.0 
+ 0.8, clearly allows us to exclude E3. 

The complexity of the y spectrum obtained with 
the scintillation spectrometer does not permit us 
to make an estimate of the ratio of the intensities 
of the 211- and 826-kev y transitions directly from 
the photopeaks. The ratio of the intensities of these 
transitions calculated from their conversion lines 
is 
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5/97(532) 826 


to *[an]2n 


7p [523] 0 


161 
6711054 


I ya96/1yo11 = 8.0 4 


1,5. 


The large intensity of the 826-kev y transition 
shows that there is a level at 826 kev in Ho!*, 
which is populated in 90% of the decays of Er‘®1, 
The multipolarity of the transition and the spin 
"/- of the ground state of Ho!*! determine the spin 
and parity of this level to be Dee which corresponds 
to the single particle level * 1582] in the Nilsson 
diagram. Since the ground state of Er'®! is most 
probably 7 [521], such an interpretation of the lev- 
els enables us to explain the relative intensity of 
the electron transitions. The electron transition to 
the 826 kev level of Ho'® is allowed by the selection 
rules on spin and parity while the transition to the 
isomeric level at 211 kev is first forbidden. 


In the figure we show the decay scheme of Er'61 


constructed on the basis of the above considerations. 


The asymptotic Nilsson quantum numbers N, nz, and 
Aare given in square brackets. The data on intensi- 
ties of the electron transitions are indicated next 
to the sloping lines. The ft values, calculated on 


the assumption that the decay energy of Er‘! is 
2 or 2.5 Mev (according to Cameron’ it is 2033 
kev ), are given in parentheses. 

It is a pleasant duty to thank I. A. Yutlandov and 
S. Khainatskil for carrying out the chemistry for 
this work. 
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THE DYNAMIC COMPRESSIBILITY, EQUATION OF STATE, AND ELECTRICAL 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 16-24 (July, 1960) 


Results are presented of an experimental investigation of the compressibility and electrical 
conductivity of shock-compressed single crystals of sodium chloride in the pressure range 
from 50 to 800 thousand atmospheres. The equation of state for sodium chloride in the high 
pressure region is deduced from these data. It is shown that in the compression range inves- 
tigated, the interaction potential between ions can be satisfactorily described by a formula 
with an exponential term for the repulsive forces. The method for measuring the electrical 
conductivity is described. The dependence of electrical conductivity on temperature under 
shock compression conditions is derived and the activation energy is deduced. It is shown 
that a sharp increase in conductivity takes place behind the shock wave front. Just as under 
normal conditions, the conductivity is of an ionic nature. 


INTRODUCTION 


Tes classical theory of ionic lattices was devel- 
oped by Born and Madelung, who expressed the re- 
pulsive forces potential by a power term of the form 
br ™. Later investigators tried to bring the classi- 
cal theory into as close agreement as possible with 
the laws of quantum mechanics, representing! the 
repulsive potential as an exponential Be~"/P . The 
parameters n and p inthese expressions are deter- 
mined from the experimental values of the com- 
pressibility. The validity of the formulae is usually 
established by comparing the calculated and exper- 
imental values for the lattice energy. However, 
this criterion is not unambiguous since the binding 
energy is weakly dependent on these parameters 
under normal conditions. 

The most direct evidence about the law of ionic 
interaction can be obtained by measuring the pres- 
sure obtaining when the interatomic distance is re- 
duced. Bridgman’s measurements of the isothermal 
compressibility of rock salt? are of special inter- 
est in this respect. At a pressure of 100 x 10° atm 
the density was found to increase 1.27 times. 

In the present work the compressibility and the 
equation of state of sodium chloride were investi- 
gated over a considerably greater range of pres- 
sure and density, obtained by using intense shock 
waves. 

We also carried out a series of determinations 
of the electrical conductivity of sodium chloride. 

A sharp increase in conductivity for a number of 
solid dielectrics during the passage of shock waves 
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was first found by Brish, Tarasov and Tsukerman’® 
in 1950. A short note was published by Alder and 
Christian‘ in 1956 concerning the electrical con- 
ductivity of ionic and molecular crystals under dy- 
namic loading. Unfortunately, the quantitative char- 
acteristics of the shock waves were not given and 
the relation between conductivity and the pressure 
and temperature was not determined. 

We give below the results of a complex deter- 
mination of the dynamic and electrical properties 
of sodium chloride, from which the conductivity can 
be related to the parameters of the shock compres- 
sion and the equation of state derived for pressures 
up to 800 x 10° atm. 


1. THE DYNAMIC COMPRESSIBILITY AND 
EQUATION OF STATE OF SODIUM CHLORIDE 


Pure single crystals of sodium chloride, with 
density 2.16 gm/cm® were used for the investiga- 
tions. The reflection method® was applied for 
measuring the dynamic compressibility behind the 
front of a plane shock wave. Several series of ex- 
periments were made, differing in the power of the 
explosive charge and also in the thickness of the 
copper, aluminium and iron barrier plates. The 
wave velocities were measured over reference 
bases of 4—8 mm. Time intervals were deter- 
mined by the electrical contact method,® using high 
speed oscillographs of the OK-21 type. The time 
intervals were measured to an accuracy of 
5 x 107® sec, and the wave velocities were accurate 
to + 1.0%. 
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TABLE I 
ne ee ee ee 
PointesiaeD: U, Pu U 
No km/sec | km/sec | 10! bars Vol Plate material bycee 
1 4.16 0.59 5.3 1.16 1.14 Copper 0.37 
2 4.73 0.98 10.0 1.26 1.24 Aluminum 0.70 
3 5,29 4.33 hee 41.34 1.32 Aluminum 1.40 
4 5.44 1.55 18,2 1.39 1.36 Iron 4.03 
5 5.59 1.59 19.3 1.40 4.37 Aluminum 1.32 
6 5.66 C74 20.9 1.43 4.40 Aluminum 1.42 
i 5.96 1.85 23.6 1.45 1.42 Aluminum 1.54 
8 6.18 2.07 57.6 1.50 1.47 Aluminum 1.74 
9 7.85 3.24 54,7 1.70 1.67 Miuninun 80 
10 | 8.94 4.10 79.0 1.85 1.82 Teas 2-80 
BO Sr 
60 ° 
140 
FIG. 2. Experi- st 


FIG. 1. D—U 
diagram of the shock 
adiabat of sodium 
chloride (the points 
are numbered to cor- 
respond to Table I). 


Table I shows the parameters for the experi- 
mental points for the shock adiabats of sodium 
chloride. The wave, D, and mass, U, velocities 
of the shock waves are given for each point and 
also the shock compression pressure Py, the rela- 
tive compression vg/v and 6 = voK /v (where v, 
Vo and vox are the corresponding specific volumes 
behind the shock front, in the initial state 
and for P =0, T =0°K). The mass velocities in 
the plates, Up, are given in the last column. The 
parameters of the points were determined by using 
a P—U diagram. The D—U relation for copper, 
aluminum and iron, given previously® was used. In 
the first eight series of experiments the pressure 
in the specimens was produced by reflection of the 
detonation wave from the barrier plate, and in the 
final two by impact from aluminum and iron discs, 
driven by the explosion products.® The measure- 
ments cover the pressure range from 50 x 10° to 
790 x 10° atm. At the highest pressure the density 
of the crystal is increased 1.85 times. The dy- 
namic adiabatics of sodium chloride are shown 
graphically in D—U coordinates in Fig. 1 and in 
P—6 coordinates in Figs. 2 and 3. 

We express the equation of state of sodium 
chloride by the Debye formula: 


mental data and cal- 
culated shock adia- 
bats (with a power 
law for the repulsive 
forces): dashed 
curve is calculated 
according to Eq. (7a), 
the continuous curve 
according to (7b). ag 


0 
HO fe al RA, ie TW he i 
P=Po+(y/oEp (1) 


where P is the pressure, Pe the pressure at ab- 
solute zero, v the specific volume, y the Grun- 
eisen constant, determining the ratio of thermal 
pressure to the thermal energy density and Kt is 
the thermal energy of the lattice. 

On the assumption that the atoms of the lattice 
undergo harmonic oscillations, Slater’ and Landau® 


derived the following relation for y (v) 
2 v aepa/dor 


ey ee ap ea em) 


There is another expression for y (v), derived 
by Dugdale and MacDonald? from the theory of finite 


deformations: 

a? (Pv *)/dv® 

Sak ae eT (2b) 
S 7 d(P.v 3) du 


The system (1), (2a) and (2b) is usually used to 
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P10" bars 
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70 


FIG. 3. The shock 
adiabat, the ‘‘cold’’ 
compression curve 
P.(6) and the func- 
tion y(6) for sodium 
, chloride, with p = 
; 0.318 A. y is calcu- 
lated from equation 
(9b). O — experimental 
data, x — Bridgman’s 
data on isothermal 
compression. 


60 
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obtain the unknown functions Pe(v) and y(v) from 
the data of dynamic experiments. For this purpose 
the pressure Py and the internal energy 


Clee 
oK 


1 Ys 
By foo Pp Wo) — \ Pedo 


of the states on the shock adiabat are substituted 
into (1) (Eg is the energy of the initial state for 
V =Vo and T = 300°K). The equation then obtained 


YoK ep iA alle (3) 


is solved together with (2a) or (2b). The value of 
VoK can be determined easily from (3), since for 


VSS OVig ik 


= 


=|Pet 4B, \ Pedu|[1— 


‘a 


2Uy 
P.=0, NO = tes 


B is the coefficient of volume expansion, K is the 
compressibility, and c is the specific heat. The 
values of the various parameters used in the cal- 
culations below are as follows: 
K = (4.24 to 4,16)-1072cm*/dyne, % = 1.15.10! deg™4 
to= 1.51, uy = 0.463 em¥g, 0, = 0.455 em/g. 
The unknown functions Pe(v) and y(v) can 
also be determined by another method. We can use 
the analogous expression for Pce(v) given by ionic 
lattice theory, which contains the undetermined 
parameter n or p. The system (2) and (8) is 


solved for Py and y with various values for the 
undetermined parameters which enter into the ex- 
pression for Pg, and the variant is chosen which 
gives the best agreement with the experimental 
data on the dynamic compressibility. 

As has been pointed out, there is no unique way 
of representing the repulsive force potential in an 
ionic crystal. We shall examine two expressions 
for the interaction energy: 


B= Alt itm aah yels (4) 
B= = Altgl ? — (il hg ) explo — r)loyl, (5) 
== Names 


ok 
N is Avogadro’s number, p the molecular weight, 
a the Madelung constant, e the electronic charge, 
r the interatomic distance and rox is the inter- 
atomic distance for P =0 and T =0°K; with voK 
= 0.455 cm*/g, ry = 2.797A. 

We will first consider the representation of the 
potential in the form (4). The pressure is then 


sie ta 2G 


s f ,9n/3+1 ntfs > Uv hk 
i 5: (o> — o'r Mee 
7 é] 

dv SUK c 


Substituting P.(v) in (2a) and (2b) leads to the 
following aE ORE ns for the Griineisen constant: 
i BN ds) eee? (D) 


yee =, (7a) 


(y= 3) ON ae 


(ao ae 2) a" 3 _§ 
ii 6 nt 4) sve 
The pressure on the Haeene adiabat is found from 
Eq. (3) using expression (7a) or (7b) for y and (6) 
tor Pe. 

Different authors give values between 7.84 
and 9.1 for n. Figure 2 shows the dynamic adiabats 
calculated for two values of n for the two values of 
y obtained from (7a) and (7b). The curves for 
n = 7.84 fit the initial part of the experimental adi- 
abat satisfactorily and the curves for n = 6.4 fit 
the final part. The repulsive forces cannot be 
fitted throughout by using a power expression. 

We now look at the representation of the lattice 
energy in the form (5). As before, we obtain an ex- 
pression for the pressure 


Pe = (Al30,,) {8 Cel ee) ee 


and the two corresponding expressions for the 
Gruneisen constant: 


(7b) 


=) 


10, 14 


exp [( 


A PBB F rox PB + (rox /p)® 8") exp [(rgx/P) (1 —37)] — 12 

setia [287 Bevel] exp [(rox/p) (1 —8—)] — 4 (9a) 
1 (rox/e)? 8? exp [(ro/o) (1 —8-")] —6 

a oK )] (9b) 


(rox / Bp) exp [(rox/p) (1 —8—)] — 2 
The dynamic pressure is calculated by substituting 
(8) and (9) into (3). 
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Vertical plates of oscillograph OK-21 
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The parameter p was determined earlier from 
the compressibility. With the value p = 0.328A 
given by Born and Huang,” the calculated adiabat 
lies somewhat lower than the experimental. Davy - 
dov® previously used Eq. (8) with p = 0.287A 
(19K /p = 9.69) to extrapolate Bridgman’s data to 
a pressure of 2x 10° atm. The value of p chosen 
by Davydov differs from the true in the opposite 
direction, in so far as the corresponding shock 
adiabat lies above the experimental. 

We tried to obtain the best agreement between 
calculation and experiment by changing the para- 
meter p. The closest agreement was reached with 
p =0.318A when y is calculated according to Dug- 
dale’s formula (9b) (see Fig. 3). The calculated 
adiabat then agrees satisfactority with the experi- 
mental data over the whole pressure range from 
50 x 10° to 800 x 10? atm. Slater’s formula (9a) 
with p = 0.324A gives only a slightly worse result, 
but preference must be given to Dugdale’s formula 
since it gives for v =v, better agreement with the 
experimental values, as follows: 

0 K (0) 


Experimental data 1.51 (4.24~4.16)x10-12 bar~* 
Calculated from formulae: 
Dugdale 175 4.32x10-12 par7? 
Slater POY 4.45x10-!2 bara? 
VoK 
The values of Pg, Eg = i Podv; y, Py and 7 
Vv 


are given as functions of 6 in table 2. 
The temperatures on the Hugoniot adiabat are 
calculated from the equation 


TK = 300" =- [> Pry (Up — 0) — Eg l leo. 


The analysis carried out shows that in the den- 
sity range studied the repulsive forces can be rep- 
resented as Be~*/P with the constant p = 0.318 A. 
In the same range the Gruneisen constant changes 
nme yealy dl tfates ain ZArl 


FIG. 4. Apparatus for measuring electrical conductivity. 
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2. THE ELECTRICAL CONDUCTIVITY OF SOD- 
IUM CHLORIDE AT HIGH PRESSURES. 


For measuring the electrical conductivity, sod- 
ium chloride crystals were attached to plates of 
aluminum or iron (see Figs. 4, a and b), through 
which the shock waves passed, produced by the 
explosive charge or by impact of a plate. The dis- 
tance between the face of the charge and the center 
of the crystal being studied was made the same in 
the conductivity measurements as in the corre- 
sponding experiments on the compressibility. The 
support of crystalline sodium chloride, placed un- 
der the 0.02-mm copper foil contact, prevented un- 
loading of the working part of the crystal over the 
free surface. The crystals were sealed at the sides 
with ceresin rosin to prevent shorting of the con- 
tacts through the air. The crystals were about 3 
mm thick and the support 4—9 mm. 

Special apparatus was required to measure the 
conductivity behind the shock wave front because 
of the short duration of the process. We used two 
arrangements with different measuring ranges. 

The first apparatus is shov \ diagramatically in 
Fig. 4a.* The principle on which it works is as 
follows: due to the passage of the shock wave 


*The arrangement was suggested by A. V. Reimers. 


FIG. 5. Oscillo- 
grams obtained in ex- 
periments by the 
method of Fig. 4a: 
a—control, b—work- 
ing oscillogram. Fre- 
quency scale 5 Mcs. 


through the crystal there is a sharp reduction in 
its resistivity, and as a result the capacitors C; 
and C, discharge through the crystal. The dis- 
charge of capacitor Cy, activates the starter for 
the whole measuring apparatus. Capacitor C, dis- 
charges through the resistance R;, = 100 ohms and 
Rx the resistance of the shock compressed crystal. 
The value of Ry is determined from the formula 


IRS. a (V/Vx aa INR, 


where Vj) is the deflection on the oscilloscope for 
shortcircuiting through zero resistance (Rx * 0) 
and Vx is the deflection on the picture taken under 
working conditions. Figure 5 shows oscillograms 
taken in one of the experiments using this appara- 
tus. 

The second arrangement (see Fig. 4b) was sim- 
ilar to that used earlier’ for measuring the elec- 
trical conductivity of explosion products. 

The resistance Rg} varied in different experi- 
ments between 0.8 and 6 ohms and the resistance 
Ra = 50 Rgh was used to obtain time markers on 
the oscillogram corresponding to the instant when 
the shock wave reaches the specimen surface. 
Measurements showed that the greatest deflection 
indicating the reduction in resistivity of the crystal, 
occurred at the moment when the shock wave 
reached the copper foil contact. The resistance of 
the crystal Rx was derived from the relation 


Re = cen Veen, ) (UR eh sie 1/Ra) es 


where Vgh and Vxgsh are the electrode voltages 
before and after the passage of the shock wave 
through the crystal. 
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FIG. 6. The depend- 
ence of the electrical 
conductivity of sodium 
chloride on temperature: 
dashed curve shows 
data of the present work 
(see Table III for the 
parameters of the ex- 
perimental points), con- 
tinuous curve represents 
Lehfeldt’s’* data and the 
dashed and fotted curve 
that of Armdt.*® 
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The specific conductivity, 2, of the crystal was 
calculated from the formula 


L=LIR,e, 


where R, is the measured resistance of the shock 
compressed crystal, S is the area of the copper 
foil contact (which varied between 0.2 and 7 cm? ) 
and L is the thickness of the crystal (between the 
plate and the metal contact). Several series of ex- 
periments were made with various shock wave par- 
ameters, just as in the measurements of dynamic 
compressibility. 

The experimental results are collected in Table 
III, which gives the relative compression vg/v, the 
pressure Py,the temperature in the crystal behind 
the shock wave front, T, and the specific conduc- 
tivity of the crystal, 2. The apparatus shown in 
Fig. 4a was used for the first six experiments 
(these points are marked by crosses in Fig. 6), and 
the previously described apparatus was used for 
series 7 — 14, 

The results of the present experiments are 
shown in Fig. 6 as log = vs. 104T"!, together with 
the data of Lehfeldt!® who measured the conductivity 
at atmospheric pressure, and of Arndt!® who meas- 
ured the conductivity of fused sodium chloride. It 
can be seen that for relatively low pressures and 
temperatures there is considerable scatter in the 


TABLE III 
Point Pu Poi | F re 
No. od | T, °K 10° bars | =, 2--em™ No. a 10" bars 2X, O-t-em™ 

tS dail SB ees ee Ne ere = 
A 4,26 | 440 10,0 20 dOme 8 LeaomeO20 23,6 3.5-10-3 
2) (ret 530 (3iue 1,9-40-4 9 45a 1020) 23.6 2,.6-10-4 
6) 1,39 760 18.2 Hed ofl" 10 XO) 1320 PES) 8.6-10-! 
4 1.43 940 20.9 2.0-4074 44 Ao Om ta 20) 27.6 ZeoelOre 
5 1.45 | 1020 Dang 1,9-40-8 42 1 SG2|ee2200 43,3 6.8-10- 
6 1.50 1320 PHA) 2,5-10-8 V3 1,68 | 3030 04.5 4,4-10-2 
ff | 1,39 760 18.2 4,4-40-4 14 1.85 | 6150 79.0 3,26 
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magnitude of the conductivity, especially in exper- 
iments with crystals taken from different sources. 

The experimental results obtained show that the 
electrical conductivity of a crystal compressed by 
intense shock waves increases by several orders 
of magnitude. We found a similar effect earlier 
in Plexiglas and in caesium iodide. 

In the high temperature region the log > (T7) 
curve has a constant slope, corresponding to an 
activation energy of 1.2 ev. This leads us to pre- 
sume that the main factor determining the increase 
in conductivity is temperature. Judging by the ac- 
tivation energy, the conductivity of sodium chloride 
is of an ionic nature, just as under normal condi- 
tions. 

The log 2 Cie ) dependence does not show the 
rapid changes in conductivity or activation energy, 
characteristic for the melting process. 

The authors consider it a pleasant duty to ex- 
press their thanks to academician Ya. B. Zel’do- 
vich for his interest and advice in the work and to 
VY. P. Drakin for help with the experiments. 
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It is shown by the By-coincidence technique that a 137-kev transition between the 619- and 
482-kev levels (T4/2 = 1078 sec) does not exist, whereas some new y transitions at 619, 
480, and 345 kev have been detected. The period of the 619-kev level is less than 10 9 sec. 


‘Tae decay of Hf'®!, which has a half-life of 46 
days, has been investigated by many authors (see 
reference 1). Measurements carried out on B and 
y spectrometers lead to the decay scheme shown 
in the work of Boehm and Marmier? and Snyder and 
Frankel.’ 

We measured the decay scheme of Hf!®! by the 
By-coincidence technique, in order to determine 
the lifetime of the 619-kev level, which has been 
previously found to be smaller than 10° sec.? 

The 8 radiation was detected by anthracene of 
thickness 2 mm and the y quanta by a Nal(T1) 
crystal of size 30 xX 25 mm. The fast — slow coin- 
cidence circuit consisted of (2 or 3) energy-dis- 
crimination channels a slow-coincidence circuit 
( BX 107* sec ), and a fast-coincidence circuit with 
a resolving time of 5 x 10~® to 2 x 10°® sec.! 

Without the absorber in the 6 channel (accord- 
ing to the cited decay scheme?’?) the curve of the 


ey (Ch 


(fe Th Ui th OP SPR IB ily Shp 
Delay time (10~ sec) 


FIG. 1. a—curve of coincidences ej,, + B —y, 480 kev; 
b—curve of By coincidences, 480 kev. 
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delayed coincidences of B particles and 482-kev 

y rays should show a half-life of 10° sec for the 
482 kev level. Curve a in Fig. 1 shows that we 
have coincidences with a period less than 10°° sec. 
In order to explain this, we examined, by means of 
an aluminum absorber (30 mg/cm?), conversion 
electrons from the K and L shells due to the 133- 
kev y transition (which contributes to the 1052 
period of the 482 kev level). We thus obtained 
curve b of Fig. 1. Repetition of the same experi- 
ment with 345-kev y quanta gave analogous curves; 
6B radiation with an upper cut-off of 404 kev is in 
coincidence with 480- and 345-kev y rays. It thus 
follows that, in contrast to the Ta!*! decay scheme, 
there is no 137-kev y transition from the 619-kev 
level to the 482-kev level. 

Moreover, the measurements show that there 
still exists a 619-kev y transition in coincidence 
with 404-kev 6 radiation. From a study of the 
slope of the delayed-coincidence curve we find that 
the period of this transition is less than 10~® sec. 

In its intensity, the spectrum of y rays in coin- 
cidence with conversion electrons from the 133-kev 
y transition (the y-spectrum coincidences were 
obtained introducing a delay of 1.7 x 107° sec in 
the B channel) corresponds to the direct y spec- 
trum of Hf'®!, which is obtained from the B tran- 
sition with an upper cut-off of 408 kev (93.5%). 

The curve of Fig. 2 shows the y spectrum in 
coincidence with B rays for which E max = 404 kev. 
[An aluminum filter (30 mg/cm?) which absorbs 
the conversion electrons from the 133-kev y rays 
was placed in the 8 channel.] In this case we ob- 
tained a new ratio for the intensities of the 480-kev 
and 345-kev y quanta. These new photons of en- 
ergy close to 480 and 345 kev are in coincidence 
with 136-kev photons. This confirms the results 
of the triple coincidences Bava —V 136 —Yago and 
B4o4 — 138 — Y345- 

Thus, the measurements lead to the following 
conclusions: 
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1) There is no 137-kev y transition from the 


619-kev level to the 482-kev level (T;/2 = 10° sec ). 
2) There exists a 619-kev y transition, in agree- 


ment with reference 5, and two new y transitions 
of energy close to 480 and 345 kev; the latter two 
transitions are in coincidence with 136-kev y rays. 
3) The period of the 619-kev level is less than 
10~° sec. On the basis of the preliminary data, it 
can be concluded that the 619-kev level is not the 


first rotational level of the family which belongs to 
the 615-kev level (K = Aa ‘e 
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The magnetic properties of a CoCO,; single crystal were studied at pp eee from 1.3 to 
to 300°K by means of a magnetic balance. In agreement with earlier results,’ antiferromag- 
netic ordering with weak ferromagnetism is established in CoCO; below Ty = 18.1°K. Some 
properties differing from the data for MnCoO;4 are the very large anisotropy of the paramag- 
netic susceptibility, the large spontaneous ferromagnetic moment (0 9 = 1440 cgs emu/mole ) 
and the sharp peak of xy, near Ty. It is shown that the pe feature, can be explained 
within the thermodynamic theory of weak ferromagnetism, and is associated with the fact 
that a magnetic field imposed on a disordered substance induces antiferromagnetic ordering. 
The anomaly observed in the temperature dependence of the spontaneous moment at low 
temperatures can be explained within the framework of the spin-wave theory as a transition 
from the excitation of a single branch to the excitation of both branches of the spin-wave 
spectrum. As in the case of MnCO3,* no quantitative agreement with the spin-wave theory is 


observed. 


1. INTRODUCTION 


Weax ferromagnetism has been observed in 
polycrystalline samples of manganese and co- 
balt carbonates.! The antiferromagnetism of 
MnCO3 has been confirmed directly by means of 
neutron diffraction.” A detailed theoretical in- 
vestigation by Dzyaloshinskil 3 and the study of 
the magnetic properties of MnCO3 single crys- 
tals* have revealed several interesting proper- 
ties of antiferromagnets possessing weak ferro- 
magnetism. 

The character of the orbital level splitting of 
the cobalt ion in the crystalline field results in a 
large value for the anisotropy energy that is due 
fo spin-orbit interaction. A detailed investigation 
of weak ferromagnetism in a CoCOs single crys- 
tal was therefore of interest, since the spin-orbit 
interaction is responsible for this weak ferro- 
magnetism?’® and larger effects could be expected 
together with the appearance of finer details. It 
was also important to verify an earlier conclusion 
that the existing theory of spin waves requires 
correction. 
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2. APPARATUS AND SAMPLES 


The magnetic moments of the samples were 
measured by the Faraday technique using the 
magnetic balance that is described in reference 


7. The apparatus was improved in two ways.* 
Oil damping of the balance was replaced by an 
electronic technique. In order to correct for the 
torsion of the sample, which was attached to the 
balance arm by means of a quartz fiber, a de- 
vice for measuring the angle of rotation was po- 
sitioned around the vertical axis. This is very 
important for corrections in measuring the mag- 
netic susceptibility of CoCO; along the trigonal 
axis, since the very large anisotropy of magnetic 
properties in this case results in rotations up to 
Sie 

Measurements were performed on single crys- 
tals grown hydrothermally by N. Yu. Ikornikova 
of the Institute of Crystallography, Academy of 
Sciences U.S.S.R. Cobalt carbonate is isomor- 
phic with MnCO 3 and possesses a rhombohedral 
structure with two ions in its unit cell. Each 
crystal was a smooth hexagonal plate withits plane 
perpendicular to the trigonal z axis (all notation 
agrees with reference 4). It was therefore not 
difficult to orient the crystal with respect to its 
axis of suspension. 


3. RESULTS 


The principal measurements were performed 
on a 0.47-mg crystal distinguished by good uni- 


*The final form of the magnetic balance is described in 
detail in reference 6. 
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FIG. 1. The molar magnetic moment 1200 / 3 
m as a function of magnetic field strength aie 
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formity, while another crystal weighing 0.61 mg 
was used for a few control measurements. The 
absolute molar magnetic properties of the two 
crystals differed by 9%, which is included in the 
estimate of absolute experimental accuracy. All 
graphs shown below pertain to the 0.47-mg crys- 
tal, while the absolute values of constants in the 
text are averages for the two crystals. 

As in the case of MnCO3, measurements per- 
formed with the z axis of the samples parallel to 
the direction of suspension revealed no magnetic 
anisotropy in the basal plane. We therefore con- 
clude, as in reference 4, that the anisotropy field 
for directions lying in the basal plane does not 
exceed 200 oe. Magnetic properties in a plane 
passing through the trigonal axis are shown in 
Figs. 1—4. 

Figure 1 shows the measurements of the mag- 
netic moment m as a function of the applied field 
H at several temperatures. It should be noted that 
when m, was measured (with the field in the 
basal plane) the demagnetizing factor was zero, 
since the crystal plate was quite thin. The cor- 
rection resulting from the demagnetizing factor 
(~47) in measurements of mj (with the field 
perpendicular to the plate) amounts to ~1% of 
the measured moment at T =1.3°K and decreases 
with decreasing x). The torsion correction of 
m,;(H) was obtained from measurements of oj, 
x,, H and the torsion angle. Figure 1 shows that 
for H >2 koe the field dependence of the magnetic 
moments when T < Ty = 18.1°K may be repre- 
sented by 


8 10 12H, koe 
m,(H,T) =o(T) +x. (7) Aa; (1) 
my (H,T) = x (T) Hy. (2) 


Figure 2 shows how the projection my of the 
moment on the magnetic field direction depends 
on the angle between the field and the z axis. 
The solid curve, which was plotted assuming (1) 
and (2) to be valid for all field directions, is in 
good agreement with experiment; this indicates 
that the spontaneous moment o always remains 
in the basal plane. 

It must be mentioned that balance readings 
along the z axis in weak and moderate fields at 
T = 16°K were very unsteady and that reproduci- 
bility was much less satisfactory than for meas- 
urements in the basal plane. We can therefore not 
arrive at a decision regarding the existence of 


My 


120 gp, deg 


-80 -60 -40 -20 0 20 40 60 60 100 
FIG. 2. Angular dependence of the projection of the moment 
on the magnetic field direction in the yz plane for H = 9480 oe 
and T = 4.2°K. @ is the angle between the field and the z 
axis. The solid curve is a plot of m() = yjH+o|sinQ| 
+ (x, xX WH sin’ 9. 
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FIG. 3. Temperature dependence of the spontaneous ferro- 
magnetic moment o. Ty = (18.1 + 0.1) °K; o, = (1440 + 75) cgs 


electromagnetic units per mole (average for the two crystals). 


any anomaly of m)(H) such as was detected for 
MnCoO3.4 

Our experimental accuracy permits the state- 
ment that the spontaneous moment in the z di- 
rection does not exceed 25 cgs electromagnetic 
units per mole. 

Curves similar to those in Fig. 1 were obtained 
for a considerable number of temperatures be- 
tween 1.3 and 19°K and were treated graphically 
in order to yield values of o(T), x,(T) and 
vile. inthe! 1!3—6"K region, «7 (1) and Ni) 
were calculated from experimental data by least 
squares. The accuracy of o(T) values was +0.6%. 
Anomalous behavior of ¢(T) was observed below 
6°K (Fig.3). In order to verify whether the rel- 
atively sharp change of o(T) near 4.2°K is as- 
sociated with the change in the methods of main- 
taining temperatures above and below the helium 
boiling point, we performed a control experiment 
in which heating began in a bath at 2.8°K. The 
anomalous region of o(T) was not affected. 

Figure 4 shows values of x, (1) and x, (T), 
relative measurements of which below 100°K 
were obtained with about 0.4% accuracy. At room 
temperature this was reduced to 1 and 1.5%, re- 
spectively, because of lower susceptibility. Fig. 
4b shows that in the 50-300°K region X, obeys 
the Curie-Weiss law 


Higgs C1! (T= 4), (3) 


where Ci = 3.304 0,18* sand @) = 43 4 Ie. The 
behavior of Xi (T) above 100°K can be described 
by the same law with C), = 4.00 + 0.25 and ®} = 
—215 45°. The behavior of the principal suscep- 
tibilities at the transition point (Fig. 4a) exhibits 
a pronounced peak of y ry and relatively little 
change of x (T). 


*Values are given here and hereafter in cgs electromagnetic 
units per mole. 
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We are aware of two previous studies of the 
magnetic properties of CoCO; at low tempera- 
tures,!’8 in which polycrystalline samples were 
used. For a comparison with their results, above 
Ty we calculated Xp = hx + XI from our data. 
Because of small yx, it appears that Xp 18 also 
satisfactorily described by the Curie-Weiss law 
(3) with Cpy= 3/6 and’ @7= —63 KK. Cp is ~10% 
greater in reference 1 and ~15% smaller in ref- 
erence 8 than in the present work. The agreement 
with reference 1 may be considered satisfactory 
if we take into account the authors’ statement that 
their absolute values for x may have been reduced 
by ~10% because of nonmagnetic impurities. It 
is difficult to make a quantitative comparison with 
the results obtained by Bizette,® who does not 
state the experimental values nor estimate the 
experimental error and sample purity. However, 
there is clear qualitative agreement. 

Bizette gives data only for temperatures above 
Ty. As already mentioned, the transition of CoCO3 
to an antiferromagnetic state with weak ferromag- 
netism was first observed by one of the present 
authors and Orlova.'! A small discrepancy in de- 
termining Ty (~0.5°) may be associated with in- 
sufficient accuracy of thermocouple temperatures 
in reference 1, where measurements were con- 
fined to a very small temperature interval below 
Ty So that values of o cannot be compared. 


4. DISCUSSION OF RESULTS. DEVELOPMENT 
OF THE THERMODYNAMIC THEORY OF 
WEAK FERROMAGNETISM 


1. In agreement with preliminary results ob- 
tained using polycrystalline samples! and with 
thermodynamic theory,’ our results have estab- 
lished that a CoCO3 single crystal becomes anti- 
ferromagnetic with weak ferromagnetism below 
Ty = 18.1°K. As in the case of MnCO,,‘ the fer- 
romagnetic moment o always remains in the 
basal plane but is almost 10 times larger than in 
MnCO3. For T — 0 we have o — 1440 cgs emu/ 
mole. Differences in the behavior of the two 
crystals will be discussed in detail below. 

2. In the paramagnetic region (T > To.) -the 
susceptibility of CoCO3 exhibits very large ani- 
sotropy (~30% at T = 300°K). Anomalously large 
anisotropy has also been observed in other co- 
balt compounds, both in the case of a strong ex- 
change interaction (CoF), CoSO,) and in the case 
of dilute salts with weak interaction. In a number 
of theoretical papers (such as reference 9) this 
anisotropy has been attributed to the anomalous 
splitting of the orbital septet in the ground state 
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FIG, 4. Temperature dependence of the 


magnetic susceptibility of CoCO, in the 


paramagnetic and antiferromagnetic states. 
Curve 1—from spin-wave theory; curve 2— 
smooth interpolation through the transition 


region. 


(*F5/2) of a free cobalt ion in the crystalline 
field. It was assumed that, in contrast with other 
ions of the iron group, in first approximation (a 
cubic field) when splitting into a singlet and two 
triplets occurs, a triplet level is split by the axially 
approximation this level is split by the axially 
symmetric crystalline field and spin-orbit inter- 
action into six Kramers doublets. The specific 
scheme of these doublets should account for the 
following experimental features which we observed 
in the behavior of x, and x): the large difference 
between @©|; and @,, the approximate equality of 
C;, and C, above 100°K and the sharp departure 
of x, from the Curie-Weiss law below 100°K. 
However, these experimental facts are insufficient 
for determining the level scheme uniquely. In any 
event it is evident that the orbital moment makes 
a large anisotropic contribution to the magnetic 
properties of CoCO3. 

3. At very low temperatures (T « Ty) it is 


100 


200 


interesting to compare our results with spin-wave 

theory. The phenomenological theory of spin 

waves as applied to rhombohedral antiferromag- 

netics with weak ferromagnetism 4:10 vields the 

following conclusions. In this case the spin- 

wave spectrum consists of two branches, one 

of which exhibits the energy gap kT, p = 

wV2HaAHP (Hag and Hp are the effective 

fields of anisotropy and spatial interaction, re- 

spectively). The other branch contains no gap 

and in the absence of an external field is of the 

phonon type. When T «< Tap only the latter branch 

is excited. For the temperature dependence of o 

and x, we then obtain 
a= o9{1—n(T/Ty)*}, =X, =X {1 —2y (T/T y)%}. (4) 

When T >> Ty, gp both branches are excited. The 
law for the variation of xy, then remains unchanged, 
but o begins to decrease twice as rapidly: 
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FIG. 5. Dependence of the relative ferromagnetic 
moment o/o, on the reduced temperature T/Ty. 
Curve 1—for the cubic scale; curves 2,4,5-— for the 
quadratic scale; curve 3 —for the 3/2 scale. Curves 
4 and 5 are theoretical spin-wave plots [see (4) and 
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6 = 5 {1—27(T/T w)?} for Tape bly. (5) 


In the region of T ~ Tag an anomaly associated 
with the transition from (4) to (5) should appear in 
the behavior of o(T). In the case of MnCO; this 
region was below the investigated temperatures 
(Tap < 1.5°K) .4 In the case of CoCO; the transi- 
tion region was in the accessible temperature 
range, as is shown in Fig. 5, where the experi- 
mental behavior of o/o) is compared with (4) and 
(5). The values of o/oy are plotted for three tem- 
perature scales — cubic, quadratic and semicubic. 
For 5—10°K, in agreement with (5), the experi- 
mental points fit well on a straight line passing 
through the point (0;1) only for the quadratic scale. 
This was used to determine 27 = 0.26 + 0.2 in (5). 
In the vicinity of 4.5°K the temperature depend- 
ence of o/ay exhibits the changed behavior that 

is predicted by theory for the Ty, region. Thus 
Tak ~ 4K for CoCO3. Our experiments were 
insufficiently accurate to confirm that at lower 
temperatures o/oy) approaches unity in accord- 
ance with the first equation in (4) (curve 4 in 

Fig. 6). However, there is no experimental dis- 
agreement with this equation. 

Figure 4a compares the experimental behavior 
of x; (T) with the second equation in (4) (curve 
1). As in the case of MnCO3, experimental values 
of x, do not fall off as rapidly as is required by 
the spin-wave theory. The results obtained for 
CoCO3 confirm our earlier conclusion that the 
existing theory of spin waves is incomplete .* 

4. Our most interesting result is the broad 
high peak of x, (T) in the vicinity of Ty, similar 
to that observed for MnCO3,* although the latter 
peak was very small. As already stated, CoCO, 
is distinguished by an unusually large contribution 
of the spin-orbit interaction to the anisotropy 
energy. This is confirmed by the large ferromag- 
netic moment o; it was shown in references 5 and 
6 that the dipole interaction does not produce weak 
ferromagnetism in rhombohedral structures. The 
thermodynamic theory will be used below to show 
that the broad peak of the perpendicular suscep- 
tibility is also associated with large anisotropy 
energy. 

5. According to the thermodynamic theory of 
antiferromagnetism,® the thermodynamic potential 
for rhombohedral crystals such as MnCO, and 
CoCO3; (symmetry group Dg) near the transition 
point is 


D= (AP + Bm + alz +-bm,) 


+ B (Lmy— lym,) +-Ch+ SDP m?—mH. (6) 


Here 1 = M, — M, is the antiferromagnetic vector, 


OZHOGIN 


FIG. 6. Tempera- 
ture dependence of 
the square of relative 
spontaneous magneti- 
zation near the tran- 
sition point. 


m = M, + M, is the magnetic moment of the crys- 
tal, and M, and M, are the magnetizations of the 
sublattices. 

We shall hereinafter be interested only in the 
state with weak ferromagnetism where | lies in 
the basal plane (a >0). Dzyaloshinskii has shown 
that when not too small magnetic fields H are ap- 
plied to the basal plane* we always have 11m 
and m || H, so that the thermodynamic potential 
can be expressed, without affecting its generality, 
as 


3 


oe L Ap? ! aol ~ Bre? 3ml mel: (7) 


We have here omitted the term 4/,Di*m? which 
would change Kil by only a few percent,‘ whereas 
the anomaly of interest amounts to some tens 
percent. 

In the absence of a magnetic field (H =0) the 
conditions for minimizing @ are 


6® / al = Al — bmn + CE = 0, 
a® /dm = —6L + Bm = 0, (8) 


which show that the temperature for a transition 
to an ordered state (1 #0; m #0) is determined 
by the condition that the determinant of equations 
which are homogeneous in J and m shall equal 

zero: AB — B? =(0. Near Ty we therefore have, 


*For yj our subsequent consideration of the anisotropy 
energy (8) leads to no new result; therefore the equations in 
references 3 and 4 for the temperature dependence of x 1) te- 
main valid. 

tIn a state of equilibrium the relative orientation of the 
vectors | and m is such that the term —Bml is always less 
than zero. 
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as usual, 


ABB = WT — Ty). (9) 


In Dzyaloshinskii’s calculations® the term Bm 
in (8) was omitted and the condition for the transi- 
tion to the antiferromagnetic state was A = 0. 
inclusion of this term is seen to shift the transi- 
tion point by the amount 67/7’ B. In the case of 
CoCO 3 estimates of the coefficients (see below ) 
show that this shift amounts to ~0.5°. 

6. It is more important to include the same 
term in the presence of a magnetic field (H +0), 
in which case the minimization of @ is represented 
by 


Al — Bm + C= 0, Bl + Bm = H. 


(10) 


When T > Ty we have small ] and the term Cli? 
may be neglected if T is not too close to iN (the 
range of applicability of this approximation is 
given below). In view of (9) solutions of (10) then 
provide formulas for the temperature and field 
dependencies of / and m: 


fH By (TT), 
m=[1/B+8?/BY(T—Ty)]H. 


(11) 
(12) 


(11) shows that in the given case antiferromag- 
netic ordering is induced by a magnetic field even 
above Ty: For antiferromagnets with weak ferro- 
magnetism, as for exchange ferromagnets, Ty 

is therefore an isolated second-order transition 
point in the H—T plane. 

(12) shows that the magnetic moment m varies 
linearly with the field, but X, must increase 
steeply as Ty is approached. 

7. For T < Ty antiferromagnetic ordering 
exists in the absence of a field, so that the term 
cl? cannot be neglected. The second equation in 
(10) gives 


m = (pl + H)/B, (138) 


and after substitution for m in the first equation 
we obtain the following cubic equation in I: 


BCI? + By(T —Ty)l—BH = 0. (14) 


The zeroth approximation in 6, as in the absence 
of a field, gives 


2 = (v/C)(Tn—T). (15) 
The first approximation for 7 will be sought in 
the form 1 =) + XB. Assuming a weak eld (see 
below) and dropping terms containing B and 

B°, after substitution in (14) we obtain 


Pe GiCy (yl Booby Tw). (16) 


Thus a field here also increases antiferromag- 
netic ordering. 

With the dependence of 7 on H and T known, 
(13) gives for m the same formula containing 
the spontaneous moment as in reference 3: 


ii oy = Magid (17) 

where 
6 = Blo/B = [8%v(Ty— T)/B°C), (18) 
%, = VB +£/2B%v (Ty —T). (19) 


The temperature dependence of o is the same as 
in reference 3. However, (12) and (19) show that 
magnetically induced ordering results in equa- 
tions that predict a sharp rise of xX, as Ty is 
approached from either direction. 

8. As already indicated, the equations derived 
above are valid for not very strong fields and at 
temperatures that are close but not too close to 
the transition temperature [so that (8) and (9) 
will hold true]. The limitation on the closeness 
to Ty is associated with the necessity of ob- 
serving the inequality Cl? « BH/B (for T >Ty) 
and the possibility of dropping terms containing 
B and B° in solving (14) (for T < Ty). The es- 
timates of the interval AT near Ty where the 
derived equations cease to be satisfied almost 
coincide in both instances at the value 


Alize (BCH?) Bv) 


Using the values of the expansion coefficients 
given below, we obtain AT ~ 0.5° for the maxi- 
mum applied fields. For |T — Ty| < AT the 
expression for 7? contains terms which leave 
the derivative 0m/8H in Ty finite and lead to 
the field dependence of x. 

9. Good qualitative agreement is found be- 
tween the experimental temperature dependence 
of x, (Fig. 4a) and (12) and (19). For the purpose 
of a rough quantitative comparison we interpo- 
lated a curve which smooths out the peak at Ty 
(curve 2 in Fig. 4a), and plotted the temperature 
dependence of the reciprocal of Ay =x; — 
(X1)interp’ The resulting points could be satis- 
fied by two straight lines intersecting at Ty, 
with slopes differing by a factor of about 2 in 
accordance with theory. This led to the estimate 
(B?/g?) v = 40. 

The experimental temperature dependence of 
o near Ty anda plot of (18) are shown in Fig. 6. 
(0/05) is seen to depend linearly on Ty — T up 
to ~2.5° from Ty and down to a/o)~ 0.6. We 
thus determine & = B°vT y/B'loe = 3.0. 

The foregoing experimental results enabled us 
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FIG. 7. Theoretical de- 
pendence of the antiferromag- 
netic vector / on T and H 
near Ty (the transition point 


H=10 koe in zero field). 
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to estimate the expansion coefficients of the ther- 
modynamic potential (7): B =18; 8B =1.5; v =0.25; 
C= 450410772 on calculating B we assumed that 
at T =0°K we have I) = 16.75 x 10° (only the 
spin moment). 

10. The values obtained for the coefficients 
permit a quantitative estimate of the antiferro- 
magnetic ordering induced in CoCOs; by an applied 
magnetic field. Figure 7 shows the temperature 
dependence of relative magnetization in antiferro- 
magnetic sublattices for different fields as cal- 
culated according to (11) and (16). An effect of 
considerable magnitude should be exhibited by 
CoCOs in relatively weak fields and could pre- 
sumably be detected directly by either the neutron 
diffraction or nuclear resonance technique for 
measuring antiferromagnetic ordering. 
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A new version of the Faraday method is proposed for measuring the magnetic susceptibility of 
In, Pb, and Sn crystals in the range from room temperature to 20.4°K. The x(T) curves 
thus obtained are characteristic of the whole group of elements which exhibit the long-period 
de Haas—van Alphen effect. This indicates the existence of small electron groups. 


Acre MPTS to classify magnetic substances by 
the sign of their experimentally-measured sus- 
ceptibility have not been able to reveal sufficiently 
the connection between the magnetic properties and 
the nature of the solid state of the elements. The 


measured susceptibility is the sum of severalterms 


CSE See tes (1) 
and its sign does not unambiguously determine 
which of the terms plays the largest part. 

A systematic study of the de Haas—van Alphen 
effect,! and an investigation of the experimental 
data on the temperature dependence of the sus- 
ceptibility of elements have made it possible to 
propose a new classification of magnetic sub- 
stances,” based on the nature of the temperature 
dependence of their susceptibility. Such a clas- 
sification also allows to determine the term which 
is mainly responsible for the magnetic proper- 
ties, which turn out to be closely related to the 
place the element occupies in the periodic table. 
Thus, elements which exhibit the de Haas— van 
Alphen effect in normal fields form a single 
group in the long periodic system. The investi- 
gation of highly purified elements of this group 
to date — Bi (reference 3), Sb (reference 4), 
Zn (reference 5), Cd (reference 6), graphite 
(reference 7), and Ga (reference 8) — discloses 
(contrary to existing opinion), a considerable 
increase of diamagnetism with decreasing tem- 
perature, at least in certain directions. 

The temperature dependence of the suscep- 
tibility of these elements is probably connected 
with the presence of small groups of electrons, 
and should consequently be characteristic of all 
elements exhibiting a long-period de Haas—van 
Alphen effect. In order to check this assumption, 
we have investigated the temperature dependence 


of the magnetic susceptibility of three pure met- 
als of cubic and tetragonal structure belonging to 
this group: Pb, I, and Sn. 


PREPARATION OF THE SPECIMENS 


Spherically shaped single crystals were grown 
in glass ampules by Bridgeman’s method. The 
glass was removed by dipping in fluoric acid. 

The contaminated layer of the specimens was then 
removed with the aid of suitable pickling solutions, 
and the reflecting planes appeared. The orienta- 
tion of the single crystal was determined with 

the aid of a two-dial Chapskii goniometer.” A 
small quartz sleeve was attached to the specimen 
with Zapon lacquer on the goniometer stage, to 
make the shoulder produced by the center of 
gravity of the crystal relative to the length of the 
sleeve coincide with the chosen crystallographic 
direction. This was the direction along which the 
susceptibility of the specimen was measured. 

The purity of the investigated metals was char- 
acterized by the ratio 6 = Ry.°K/Rroom, where 
R4.2°K, is the electric resistance at a temperature 
Ol eZee andek: is the resistance at room 
temperature. 

We prepared and investigated: a) one tin speci- 
men of high purity, obtained in the laboratory by 
repeated zone recrystallization and prolonged 
heating in vacuum;'! the value of 6 of this speci- 
men was 1.8 x 107°; b) two lead specimens of the 
firm ‘‘Kalbaum”’ with 6 = 5.4 x 107; c) two in- 
dium specimens with 6 = 1.2 x 10-4. The mass of 
the specimens was 0.35 — 0.5 g. 


room 


EXPERIMENTAL METHOD AND APPARATUS 


The principal values of the susceptibility were 
measured on a modified torsion balance by the 
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FIG. 1. Diagram of the apparatus and the posi- 
tion of the specimen in the magnetic field. 


Faraday method (Fig. 1). 

A system consisting of a small mirror 9, a 
damper 10, and a quartz rod 4, was suspended 
from the glass portion 2 of the apparatus by 
means of an elastic metal thread 3; a quartz 
sleeve with the specimen 5 was tightly fitted 
over the quartz rod. By displacing the electro- 
magnet on the carriage 8, by a suitable pasting 
of the sleeve with the specimen, and by a rotation 
of the cap 1, the sample was placed level with the 
centers of the pole pieces and remained equi- 
distant from them when the carriage with the 
magnet was displaced along the rails. The in- 
vestigated crystallographic axis (and conse- 
quently also the ‘‘shoulder’’) were directed along 
the field. Thus, the specimen was only acted upon 
by the field gradient in the direction of the x 
axis. A cylindrical weight 6 fixed the quartz rod 
as the axis of rotation of the suspended system. 
The weight was prepared of extremely pure 
polycrystalline tin (so that it had a small sus- 
ceptibility and anisotropy), and was placed ina 
very weak field; it practically introduced no dis- 
tortion in the reading of the instrument. The 
force acting upon the specimen in an inhomogen- 
eous field was applied to the shoulder 1 formed 
as a result of the eccentric position of the sample 
relative to the axis of rotation, and produced a 


twisting torque balanced by the elasticity of the 
metallic thread. The angle of rotation of the sus- 
pended system was determined with the aid of a 
mirror anda scale. In equilibrium 


ko = mylH, dH,/dx, (2) 


where ¢ is the angle of rotation of the mirror, 
and k is the elastic modulus of the thread. The 
measurements were conducted by a relative 
method at the point A of the field where 
HydHy/dx had a maximum value; point A was 
found by displacing the electromagnet along the 
rails until a maximum deviation for a given mag- 
net current was obtained. 

In this case 


X= YolMolok/mlk,)(a/ a9), (3) 


where the quantitites with the zero subscript refer 
to the standard substance, and those without a sub- 
script to the investigated substance; the ratio a/ary 
is taken with an equal current flowing through the 
magnet. Twice-distilled water in a spherical 

glass ampule, whose dimensions differed little 
from those'of the investigated specimens, served 
as the standard substance. The calibration con- 
sisted of recording the dependence of the deflec- 
tion of the pointer along the scale on the current 
flowing through the magnet at points in which 
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HydHy/ dx was a maximum, and averaging it over 
the following four positions of the ampule: a) on 
both sides of the pole pieces; b) in the same po- 
Sitions after the sleeve with the ampule has been 
turned through 180°. Such averaging allows to 
exclude the weak anisotropy of the suspended sys- 
tem, and the change in the magnitude of the 
“*shoulder’’ due to a possible small bend of the 
quartz rod and also due to the possibility that 

the rod and the centering weight 6 do not have a 
common axis. The ampule was dried by evacuating 
the instrument, and an analogous dependence was 
recorded for the empty ampule. The true deflec- 
tions for water were found by subtracting the 
curves. The specific susceptibility of water was 
taken to be 0.720 cm?/gauss. 

The measurements of the absolute values of 
the susceptibility of the samples and its tempera 
ture dependence were conducted in the same way 
as the calibration. The effect of the medium was 
excluded by evacuating the instrument and filling 
it with hydrogen at a low pressure. 

The method which was used allowed to deter- 
mine, in a single experiment, both one of the prin- 
cipal values of the susceptibility and its anisotropy 
in the xy plane, by bringing the crystal into a re- 
gion of homogeneous field (point B). When the 
crystal was mounted so that the above plane con- 
tained its principal crystallographi¢ axis, then the 
angle of rotation of the suspended system due to 
the orienting action of the field was 


@ = (mH? sin 26/2k) (x — x1), (4) 


where @ is the angle between the principal axis 
and the direction of the field (the magnet was free 
to rotate about the z axis, the angles of rotation 
were read on dial 7). 

The mass of the crystal was determined by 
weighing, while the shoulder position relative to 
the axis of the sleeve was measured with a com- 
parator; a correction was introduced for the com- 
mensurability of the mass of the crystal (0.5 g) 
and the fixing weight (4 g), because of which the 
axis of rotation did not coincide with the rod 4. 
Thin tungsten wires with diameters 0.05 and 0.03 
mm and elastic moduli 6.44 and 0.844 dyne-cm/ 
rad respectively were used as elastic threads. 

In the course of the measurements we tried a 
quasi-elastic bifilar suspension; the idea is that 
during a rotation of a system suspended on two 
parallel threads there appears a weight component 
tending to return the system to its previous po- 
sition. An elementary calculation shows that the 
elastic modulus of such a suspension (neglecting 
the elasticity of the threads) is 


k = Pd/4l, (5) 


where P is the total weight of the suspended sys- 
tem, d the distance between the threads, and L 
their length. 

The bifilar suspension is exceptionally con- 
venient for similar apparatus, because of the 
Simplicity of its construction (a loop of thin wire 
was freely slipped on two hooks, one attached to 
a section of the instrument and the other to the 
suspended system), the excellent time-stability 
of the modulus and of the ‘‘null,’’ its noncritical 
nature with respect to large angles of twist and 
strong overloading, and the possibility of using 
two current conductors. 

The magnetic field was produced by an electro- 
magnet with which it was possible to obtain in a 
25-mm gap a field of about 5000 0e using a maximum 
current of 20 amp. The diameter of the pole pieces 
was 50 mm, and the angle of taper ~40°. The field 
was calibrated by the usual ballistic method. 

The measurement precision of the absolute 
values of the susceptibility was 7%, of the aniso- 
tropy ~1.5% (a little worse for tin); the preci- 
sion of the relative measurements was not worse 
than 0.5 to 1%. 

The specimens were cooled with liquid CHy, Os, 
No, and Hy; a temperature of 64°K was obtained 
by pumping out the vapor above liquid nitrogen. 


EXPERIMENTAL RESULTS 


We have investigated the principal values of the 
susceptibility tensor of single crystals of In, Pb, 
and Sn in the above-mentioned temperature range. 
The corresponding values at room temperature are 
listed in the Table along with data of other authors 
from the literature. 

(a) Indium. The temperature dependence of the 
magnetic susceptibility of indium is most typical 
for the majority of the elements belonging to the 
group of interest. The measured values of va (aie) 
and Ay(T) of two specimens were in full agree- 
ment. The values of x,(T) and the calculated 
X)) (T) are shown in Fig. 2. x; increases by 20% 
as the temperature decreases from room tem- 
perature to 80°K, then, after passing through a 
maximum, it decreases; at T = 20.4°K it exceeds 
the value at room temperature by 15%. x), in- 
creases monotonically up to 20°K by almost a 
factor of 3, and has a point of inflection at 
T ~ 100°K. 

(b) Lead. The x(T) and the anisotropy in the 
(110) plane of two lead specimens which showed 
excellent agreement were investigated. The sus- 
ceptibility increases almost linearly with de- 
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VERKIN, and SVECHKAREV 
DSS aT (TS 
Metal| Author and year of measurement} “|| “10° x, -10° Ax-108 Remarks 
Verhaeghe,’” 1950 0.1215 | 0.0545 | 0.067 Hie 
In | Verkin,” 1950 = 0.107 8=1,6-10- 
Schoenberg,'* 1952 = = 0.096 Precision ~15% 
Present work 0.158 0.078 0.080 
Pb | deHaas and van Alphen,’® 1933} 0.4111 = = 
Rao,'° 1936 0.407 = = 
Present work 0.4114 == i — 
Hoge,’” 1935 0.02414 | 0.0270 | 0.0029 
Sn | Itterbeek,’® 1957 0.026 = — Polycrystal 
Present work 0.026 0.029 0.0029 


creasing temperature down to 20.4°K by 20% 
(cf. Fig. 2); there is no anisotropy. 

(c) Tin. Tin is unusual in the investigated group 
in that it has a positive susceptibility, and it was 
therefore interesting to find out whether it obeys 
the basic rules characteristic of this group as a 
whole. The results of reference 18 indicating a 
decrease of the susceptibility of tin with decreas- 
ing temperature are only of qualitative nature, 
since they cannot be related to given crystallo- 
graphic axes. 

We have studied the values of x, (T) along 
the normal to the (010) plane and Ay(T) in the 
(100) plane. The obtained curve, and the calcu- 
lated Xy (T) curve for a tin crystal are shown 
on Fig. 2. Unlike other elements, the absolute val- 
ue of the susceptibility of tin decreases with de- 
creasing temperature. A linear decrease of Xi 
by 6% is observed down to 20.4°K, x, decreases 
by 15%, but has a deflection towards the temper- 


FIG. 2. Temperature de- 
pendence of the magnetic 
susceptibility of In, Pb, 
and Sn. 


ature axis (this is better seen in the temperature 
dependence of the anisotropy ). 


DISCUSSION OF THE RESULTS 


The theory of the temperature dependence of 
the susceptibility which assumes that there ex- 
ists one group of electrons with a quadratic dis- 
persion law, yields the following expression for 


5) A) 
Xel' 
j— Xoi(T), (6) 


f(T) is auniversal temperature function with the 
following asymptotic behavior: 


Ta EUR; POY = 16472) Re eo: 
DS Ears KD) = 2B serr. (7) 
Xo has the form: 
ho = (V 2e/6c? hn) V E,/m* (3(m*/m)? — 1], (8) 


where E, is the limiting energy, m is the mass 
of the free electron, m* is its effective mass. The 
majority of the experimental y(T) curves of the 
investigated elements (Figs. 2 and 3) can be de- 
scribed by the above formula if it is assumed that 
the limiting energies and effective masses of the 
electrons are anomalously small. The almost 
complete temperature independence of y along 
some crystallographic directions in Cd, In, Sb, 
and C is apparently connected with the sharp an- 
isotropy of the effective masses. These assump- 
tions are in good agreement with the investiga- 
tions of the de Haas—van Alphen effect. 
Zil’berman and Itskovich?" found the dependence 
x(T) for cases where together with a small elec- 
tron group there exists (a) a large electron group 
or (b) a large group of electrons and a large group 
of holes. The shapes of the curves are quite di- 
verse; in particular, one can obtain a curve simi- 
lar to the experimental curve obtained for Zn. 
However, near the temperature of degeneration of 
the small group, the form of the y(T) curve is 
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FIG. 3. The temperature 
dependence of the magnetic 
susceptibility of other ele- 
;ments in the investigated 
group (from the literature) 
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determined, as before, by the contribution due to 
this group. 

The decrease of the absolute value of the sus- 
ceptibility of tin with decreasing temperature can 
be explained either by the influence of the group of 
holes, or by the increase of the diamagnetism of 
the small electron group on a background of an 
anomalously large paramagnetic contribution of 
the main group, which is almost temperature in- 
dependent in the investigated region. An unam- 
biguous answer is possible on the basis of more 
complete information on the number and para- 
meters of the groups of charge carriers, such as 
was obtained, for instance, from studies of the 
de Haas—van Alphen phenomenon. Making use of 
such data and of the corresponding theoretical re- 
lations, it was possible to plot x(T) curves, and 
by comparing them with the experimental curves, 
to improve the precision of the zone structure 
and divide the groups into electrons and holes. 
However, the insufficient information makes a 
detailed quantitative comparison of theory and 
experiment difficult, and is one of the reasons of 
the discrepancy between them. Thus, the limiting 
energies of small groups of indium and cadmium 


found from the quantum oscillations of the values 
of x (reference 14) exceed by more than a fac- 
tor of 20 the values obtained from the pa) 
curves (the limiting energy approximately cor- 
responds to the point of inflection of the curve). 
The typical ‘‘electron’’ increase of paramag- 
netism with decreasing temperature in Al (ref- 
erence 21) cannot be reconciled with the small 
effective mass of 0.08 m (reference 14), in spite 
of the fact that the agreement of the limiting 
energies (for the smaller groups) is good. Pos- 
sibly the long-period oscillations of y corre- 
sponding to these small groups have not been 
observed, and more careful studies of these ele- 
ments are essential. The theory of the tempera- 
ture dependence of the susceptibility is likewise 
in need of further development, since the qua- 
dratic dispersion law is in the majority of cases 
not even applicable to the small groups. Unfortu- 
nately, the possible peculiarities of the tempera- 
ture dependence of y, connected with the open 
Fermi surfaces of many metals of interest to 
us,”? have as yet not been clarified. 

Considering the nature of the anomalous 
groups, attention should be directed to the cry- 
stallochemical structure of the elements in the 
periodic table.”’? Here it is easy to follow the 
gradual transition from the purely metallic bond- 
ing forces on the left to the molecular forces in 
the crystals of the noble gases. Thus, the highly- 
compressible cubic structures of the so-called 
‘“‘ideal’’ (alkaline) metals are due to isotropic 
metallic bonds; the transition metals are char- 
acterized by an additional admixture of d-elec- 
tron shells. The group of elements which exhibits 
the long-period de Haas—van Alphen effect is 
characterized by the largest diversity of simul- 
taneously present types of bonding forces. These 
are mainly the layer-like (graphite, Bi, Sb, and 
As) and complex hexagonal (Be, Zn, and Cd) 
structures; metallic and covalent bonds are pres- 
ent within the layers, and van-der-Waals, metallic, 
and various intermediate bonds of a still unknown 
nature are active between the layers. The lattices, 
it can be seen, are extremely anisotropic with a 
small compressibility because of presence of 
forces which are highly sensitive to the spacing. 
Even the most symmetrical of these elements — 
lead, indium, and tin — have anomalously large 
lattice periods which indicate the presence of ad- 
ditional nonmetallic forces. A consistent account 
of the complex interactions in the lattices may 
possibly offer a natural explanation of the separa- 
tion of the small charge-carrier groups. 

The study of the temperature dependence of the 
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susceptibility can serve as valuable supplementary 
information on the structure of the electron spec- 
trum of the metals having such anomalous groups. 
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An examination of 20000 photographs obtained by irradiating a xenon bubble chamber by a 
beam of 3-Bev/c negative + mesons revealed an event which can be interpreted as a decay of 
a heavy neutral meson according to the scheme 


D%skK* 


m + Q. 


The mass of this particle computed on the basis of the K* and m™ meson momenta was found 


to be mp? = (660 + 50) Mev. 


Wane Kang-chang and co-workers! and Sinha 
and Sengupta” observed during an investigation of 
cosmic radiation several events which were inter- 
preted by the authors as the decay of a neutral 
particle according to the scheme 


Do K+ +0-+Q, (1) 


where Q =10—50 Mev. In this connection, an ex- 
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periment involving high-energy accelerators to 
search for particles with analogous decay schemes 
would be of interest. 

An examination of 20000 photographs obtained 
by irradiating the two-liter xenon bubble chamber 
of the Institute of Theoretical and Experimental 
Physics of the U.S.S.R. Academy of Sciences? ina 
beam of 3 Bev/c negative 7 mesons disclosed the 


FIG. 1. Suggested decay of a heavy meson by the scheme 
D° + K+ +27. The point of decay is denoted by the letter b. 
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FIG. 2. Diagram of 
decay: be —K*+-meson 
track; cd—7*(y*+)-meson 
track; ba —7~-meson 
track. 


event shown in Fig. 1. The geometrical diagram is 
shown in Fig. 2. The direction of the primary 
beam is shown by the dash-dot arrow. Points a, b, 
c lie in the working volume. Track cd escapes into 
the glass. 

The chamber was operated without a magnetic 
field. The identification of the particles was made 
by means of ionization and multiple scattering. 

The data of the measurements are given in the 
table. The errors shown in the table are statistical. 

The mean values of p8 along the track were 
measured by the multiple-scattering method. The 
momentum p of the particle with track be (hence- 
forth referred to as particle ‘‘be’’ etc.) was de- 
termined from its range, the remaining momenta 
were calculated from the pf values. 

The mass of particle ‘‘bc’’ was determined 
from the multiple scattering — residual range rela- 
tion, the mass of particle ‘‘ba’’ was determined 
from the ionization — multiple scattering relation. 
The values of the ionization shown in the table were 
measured by the ‘‘porosity’’ method (by the ratio 
of the total gap length to the total track length).‘ 
Track cd was used for calibration (the value of the 
ionization along track cd was taken as equal to 
1.46, i.e. equal to the ionization of a m™* meson 
from a Kr, decay). The calculated values of the 
ionization were computed from the momentum 
values p. 

The ionization and multiple scattering measure- 
ments indicate that the particles move in the direc- 
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tions shown by the arrows in Fig. 2. The mass of 


particle ‘‘be’’, which stops in the chamber, turned 
out to be (490 + 190) Mev, i.e., coinciding, within 
the limits of statistical error, with the mass of a 
K meson. Measurement of the quantity pé for 
paiticle ‘‘cd’’ by the multiple scattering method 
gave the value (180 + 54) Mev/c, in good agree- 
ment with the values for K,, or Ky decays. We 
note that for a u* meson froma K,, decay pf 

= 216 Mev/c, for a tm’ mesonfrom a K,, decay 
pB= 170 mev/c, while the maximum value of pf 
for an electron from a pp. —e decay is 53 Mev/c 
(the mean value of p® for a p—e decay? is pf 

= 38 Mev/c). Thus both the measurement of the 
mass along track be and the measurement of pf 
for track cd is evidence of the fact that the se- 
quence ‘‘be’’— ‘‘cd’’ is the decay of a K* meson, 
and nota 7—y—e decay. The ionization of tracks 
be and cd does not contradict this conclusion. 

Particle ‘‘ba’’ experiences in the chamber a 
nuclear interaction, giving at point a a small star 
of the evaporation type. The value of pf for this 
particle, measured by the multiple scattering 
method, is equal to (113 + 22) Mev/c. The mass 
of particle ‘‘ba’’ determined from the ionization 
— multiple scattering relation proved to be (195 
+ 55) Mev, i.e. close to the mass of a m or yu 
meson. Since particle ‘‘ba’’ gives a nuclear inter- 
action at the end of its range, it may be assumed 
that it is a m meson. 

The measurements and the results of the calcu- 
lations show that the given case cannot be inter- 
preted as the production of a ™* meson ina star 
caused by a neutron at point a with a subsequent 
scattering at point b anda ™—u—e decay at point 
c, nor the production of a K* meson in the same 
star with scattering at point b anda K,,, decay at 
point c. 

The event described can likewise not be inter- 
preted as a star produced by a neutron at point b, 
in which two strange particles and a 7 meson are 
produced (the reaction n + n—A° + K+ +m + aE) 
Since the calculations indicate that the threshold 
for such a reaction is approximately 0.9 Bev above 
the maximum energy of neutrons which can be 
produced in the chamber under the given conditions 
of irradiation. The high threshold is associated 


a a 


Tonization 
Track Particle pone! M ara Mass; 

(g/cm?) pA Mei) (Mev /c) (Mev) exp calc 
be or 6.4 — | 229+20 | 490+190) 5.0-+14,4 On 
cd m+(ut) SOG! 180--54 | 2414+65 — (4,46) 1.44 

__ba a 14.5 113-22 172+85 | 19--555 | 2.4+0.4 dl cts} 
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with the fact that K* and m mesons in the labora- 
tory system travel backwards with respect to the 
direction of the primary beam, while in the center- 
of-mass system of the colliding particles they 
should have a very high kinetic energy. 

The event may be interpreted as the result of 
the reaction K’ + n—n+K* +7. However, inter- 
actions of K mesons with Xe nuclei in which 7 
mesons are produced usually lead to multi-pronged 
stars. Therefore it seems to us more probable to 
interpret the given case as the decay of a neutral 
particle according to the scheme (1). The mass of 
this particle calculated from the momenta of the 
K* and 7 mesons and from their angle of diver- 
gence proves to be equal to 


Mp» = (660 + 50) Mey. 


An attempt was also made to compute the mass 
of the D’-meson from the kinematics of its produc- 
tion under the assumption that it is produced in the 
reaction 


Ge sa to (2) 


If the calculation is made under the assumption 
that the D°®-meson is produced in a collision of a 
™ meson with a proton at rest, then the value of 
the mass of the D® meson is found to be equal to 
440 Mev. If one also takes into account the Fermi 
motion of the nucleons in the nucleus and assumes, 
for example, that the meson collides with a 
proton moving towards it with a kinetic energy of 
10 Mev (momentum 170 Mev/c), then the mass of 
the D° is found to equal 660 Mev. We see that the 
determination of the mass from the kinematics of 
reaction (2) has a very large error owing to the 
motion of the nucleons in the nucleus, but, never- 
theless, this does not conflict with the possibility 
of the reaction taking place. The same is true for 
the reaction 


Te ep) en po) (3) 


Bearing in mind the above possibility, and also 
the communication about the D* meson® of mass 
Mpt = (742 + 25) Mev, one may apparently speak 
about the existence of three particles: the D*, D®, 
and D™ mesons with close values of mass and the 
same decay schemes of the type 


DK +n. 


The question of the place of the D’ -meson in 
the system of elementary particles and the conse- 
quences that result from its existence are dis- 
cussed in reference 7. 
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The asymmetry of the y radiation from polarized Sc*® nuclei in an alloy with pure iron was 
measured for temperatures of (1.5—3) x 10° °K. The effect observed shows that the intro- 
duction of scandium into the ferromagnet results in the appearance of an effective magnetic 
field Heff of the order of 10° oe acting on the nucleus. In the case of Co® introduced into 


iron the effective field is (3 to 4) x 10° oe. 


‘Tae theoretical treatment’ ? of the correlations 
between B particles and y quanta, following an 
allowed £ transition, shows that for the case of 
oriented nuclei, the correlation function should be 
asymmetric with respect to the direction of the 
momentum of the B particle if combined parity is 
not conserved and symmetric if it is. 

It has by now been established in various exper- 
iments that parity is conserved within the limits of 
error ~10%. In order for experiments on B-y 
correlation from oriented nuclei to give a result 
with a greater or comparable accuracy, it is nec- 
essary to choose a nucleus in which the term in 
the £8 decay corresponding to interference between 
the Fermi and Gamow-Teller interactions is large. 
Of the known nuclei, this condition is best satisfied 
by Sc*®, Mn®™ (which has already been investigated 
by Ambler and co-workers‘) and, to a lesser de- 
gree, by V“®. The 8 decays of Co and Co%, 
which are allowed £6 transitions, cannot be used 
for experiments concerning time parity because 
the interference term is equal to zero.”’® For this 
same reason, one cannot use allowed £ transitions 
which occur with a change of spin of 1(Co™), in 
which there is a pure Gamow-Teller interaction. 

Experiments with Sc**, which are the most 
promising in this respect, could not be done, since 
the scandium ions are not paramagnetic, and one 
therefore could not use the method of Bleaney and 
Gorter-Rose for orienting the nuclei. The use of 
the method of a strong field (Simon) requires 
practically unattainable steady magnetic field in- 
tensities of 10°—10° oe for obtaining a noticeable 
degree of polarization.* 

The work of Samoilov, Sklyarevskil, and 
Stepanov, *-!°, who polarized the nuclei of weakly 

*A description of the various methods for orienting atomic 
nuclei can be found in the survey paper of G. R. Khutsishvili.’ 


magnetic elements in alloys of these elements with 
ferromagnets, opened the possibility for the orien- 
tation of nuclei of various new elements including 
scandium. 

In the present paper we present the first results 
obtained by us on orientation of Sc{®, introduced 
into iron. 

The apparatus used by us for orientation of nu- 
clei introduced into ferromagnets is shown in 
Fig. 1. 

The sample 1 in the form of a thin disk was 
cooled by adiabatic demagnetization of a mixture 
of chromium potassium alum and propyl alcohol 2, 
in a container of organic glass 3; heat was trans- 
ferred from the sample to the cooling mixture by 
means of a ‘‘cold pipe’’ 4. To improve the thermal 
contact between the paramagnetic salt and the cold 
pipe a ‘‘whisk broom”’’ 5 of small copper wires 0.5 
mm in diameter was soldered to its end. The sep- 
aration between the wires did not exceed 1.5 mm. 
The sample was soldered to the cold pipe with tin 
(as in the experiments of references 8—10) and 
covered electrolytically with a layer of copper. To 
reduce the heat flow to the working cooling mixture 
it was attached by means of three small quartz 
tubes 6 to an upper ‘‘ballast’’ salt pressed in the 
shape of a hollow cylinder 7, which was fixed into 
the glass collar of the envelope by two sliders 8 
made of stainless steel. The container 3 was cen- 
tered with respect to the surrounding removable 
cover of the glass envelope by stainless steel 
springs 9 bonded to the cylinder of the lower 
““‘ballast’’ salt 10. The ‘‘ballast’’ salt was joined 
to the container by a quartz tube 11. 

The magnetic field Hy) needed for magnetization 
of the iron was produced by means of a supercon- 
ducting cylinder!! 12 in the helium dewar. The 
niobium cylinder, which during the adiabatic demag- 
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FIG, 1. Schematic drawing 
of the equipment. 


netization is in a quite high field, preserves within 
its volume, after demagnetization to zero field, a 
field which is close to the critical value. For the 
niobium which we had at our disposal this residual 
field was ~ 900 oe. To increase the magnetic field 
in the neighborhood of the sample up to ~ 1600 to 
1800 oe, we used wedge-shaped ‘‘concentrators’”’ 
13 of Armco iron. The ‘‘concentrators’’ were fixed 
to bracket supports 14 attached with BF-4 adhesive 
to a silvered glass tube 15, pressed into the upper 
‘‘ballast’’ salt 7. The upper end of the cold pipe 
was centered with respect to the ‘‘concentrators’’ 
by means of caprone tension members 16 bonded 
to the housing 17 of stainless steel; the housing had 
a temperature close to the temperature of the 
‘‘ballast’’ salt. 
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The use of ‘‘ballast’’ salts enabled us to mount 
the apparatus in an envelope with small clearances 
(internal diameter 20 mm) and to reduce the heat 
leak to a value <10 erg/min at temperatures 
HOO 1s Ke 


EXPERIMENTS WITH Co” 


To check the operation of the equipment, we 
carried out experiments on orientation of Co™ 
nuclei dissolved in pure iron obtained by heating 
in vacuum. The cobalt content of the iron did not 
exceed 0.02%. In Fig. 2 we show the dependence of 
the square root of the asymmetry of the y -radiation 


e = [I (a/2) — 1(0)]/1(a/2) 


on the thermodynamic temperature T of the cool- 
ing mixture. For low values of the nuclear polari- 
zation, when the condition pHeff/kTI « 1 is satis- 
fied, where p is the magnetic moment of the nu- 
cleus, Hef is the effective magnetic field acting on 
the nucleus and I is the nuclear spin, we have 

Ven Herff /T. Then the relation between ve and 
T-! should be represented by a straight line if the 
thermodynamic temperature T of the cooling mix- 
ture is correctly determined and the temperatures 
of sample and salt coincide. The magnetic temper- 
ature was determined from the susceptibility of the 
cooling mixture by using a mutual inductance 
bridge. As in the papers of Samoilov and co- 
workers, to change from magnetic to thermodynam- 
ic temperature we used the old scale for a single 
crystal of chromium potassium alum,!*-#8 Later it 
was shown that this scale is not exact for low tem- 
peratures (1/T > 20). 

As we see from Fig. 2, when 1/T © 25—30 one 
already observes a significant deviation of the ex- 
perimental points from a straight line. This effect 
is mainly caused by a temperature drop between 
the sample and salt. If we use the results of ref- 
erences 14 and 15 for the change to the thermo- 
dynamic temperature scale, the curve Ve =f (am) 
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deviates from the straight line at the smallest 
values of 1/T. However, for the determination of 
the effective internal field one can use the straight 
line for values 1/T < 20, and the difference be- 
tween the temperature scales has practically no 
effect on the value of Hef¢ obtained in the experi- 
ment. 

From Fig. 2 it follows that the effective mag- 
netic field acting on a Co™ nucleus in an alloy 
with iron is equal to 3.5 x 10° oe, for cobalt con- 
tent <1%. This value is in good agreement with 
results for Her¢ for the case of an alloy of iron 
with 5% cobalt, obtained both from the asymmetry 
of the y radiation of Co” and from the nuclear 
specific heat of Co” (reference 16) (Hef = (3.1 
—3.2) x 10° oe). The values for alloys with low 
cobalt content are somewhat higher than for 
permendur" (Heff = 2.4 x 10° oe) and for a cobalt 
single crystal!®’!® (Hog = (1.8— 2.0) x 10° oe). 

These data were interpreted by Kurti!® as a con- 
firmation of the theoretical estimate made by 
Marshall of the effect of the main component of 
the cobalt-iron alloy on the internal field produced 
by the d-shell electrons of the cobalt ion. How- 
ever, recently Daniels and Le Blanc”? found that 
the internal field in a hexagonal single crystal of 
cobalt is*Heff= 2:7 x 10° oe; this value practically 
coincides with the data for alloys with low cobalt 
content. It was shown that the values Heff * 2 
x 10° oe found in earlier work are explained by 
the presence in the cobalt crystals of the high- 
temperature cubic crystalline phase. 

It is obvious that for a satisfactory comparison 
of experimental data with theory it is necessary to 
increase significantly the accuracy of the experi- 
ment. We note that the quite sizeable differences 
between data obtained in various laboratories may 
arise simply because of errors in the determina- 
tion of the absolute temperature of the sample in 
the range ~ 107? °K. 
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FIG, 3. Asymmetry of y radiation of Sc** nuclei polarized 
in an alloy with iron. On the graph we indicate (in percent) 
the ratios of the number of pulses recorded by scintillation 
counters over a time interval of 64 sec, in the direction of the 
axis of orientation, N,, (solid dots), and at an angle of 90°-N,/2, 
(open circles), to the average number of pulses recorded in the 
corresponding counters after heating of the sample. The arrow 
shows the time when the sample was heated from 0.03°K to 
1.2°K. The mean square statistical errors of the measurements 
are indicated. 
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EXPERIMENTS WITH Sc“* 

Scandium irradiated with neutrons was intro- 
duced into pure iron in the form of a metal. The 
scandium content in the iron did not exceed 0.5%, 
the activity of the sample was equivalent to ~1 
uC of Se" 

The solubility of scandium in iron has not yet 
been investigated and it was not known whether a 
solid solution of scandium in iron occurs* 

We carried out a long series of measurements 
of the asymmetry of the y radiation of Sc*® for a 
temperature of the cooling mixture down to 0.015°K. 
The asymmetry obtained at these temperatures 
was € = 2.5%. Its sign is in agreement with the 
known dipole character of the cascade y transi- 
tions in Ti‘®. As was already stated above, the 
thermal contact used by us did not achieve equality 
of temperatures of sample and cooling mixture for 
1/T > 25. 

In Fig. 3 we give the data on the asymmetry of 
the y radiation of polarized Sce*® nuclei for tem- 
peratures of the cooling mixture of 0.025 — 0.03°K. 
The counting of the y quanta lasted ten minutes on 
the cold sample, during which time the tempera- 
ture of the sample hardly changed. After forced 
heating, measurements for this same length of 
time were made at a temperature ~1.2°K. The 
asymmetry value € = 1.8% obtained here was some- 
what lower than the maximum value given above 
which was obtained for a temperature of the cool- 
ing salt T ~ 0.015°K. For a temperature ~ 0.04 
—0.05°K, the value of € for Sc*® is only 1%, so 
that the temperature dependence of the asymmetry 
of the y radiation cannot be investigated for low 
values of 1/T with sufficient accuracy. The mag- 
netic moment of Sc‘* has not been determined ex- 
perimentally, but its value can be estimated suffi- 
ciently well on the basis of the shell model. The 
values of , obtained from the formulas for a 
spherical and an elongated nucleus are close to 
one another, and their average is 3.5 nuclear mag- 
netons, with an error not exceeding 0.5 magnetons. 
The comparison of the theoretical formula for the 
asymmetry of the y radiation of Sc** with the ex- 
perimental value for 1/T = 25 enables us to deter- 
mine the effective magnetic field acting on the 
scandium nucleus in the alloy of scandium and iron: 
Heff © 10°oe. 
~ *L.M. Shestopalov of the Physico-Technical Institute, 
Academy of Sciences, U.S.S.R., made a study of microslices 
of two samples of iron-scandium alloy with contents ~1% and 
~8% Sc, obtained by melting without crucible in vacuum. The 
results obtained show that formation of a solid solution occurs 
at normal temperature for a scandium content somewhat less 
than 1%. For large scandium content the more clearly observed 
phase inhomogeneities indicate a limited solubility. 


POLARIZATION OF 
EXPERIMENTAL ERRORS 


Errors in the determination of Heff are caused 
by: a) error in the determination of the magnetic 
moment of the nucleus, b) error in the measure- 
ment of € (the asymmetry of the y radiation), 

c) error in the determination of the absolute tem- 
perature, and d) possible error because of incom- 
plete orientation of domains. 

For Co the first and second sources Ob Error. 
are unimportant Since its magnetic moment is 
known to high accuracy and the precision of the 
measurement of the asymmetry of the y radiation 
is sufficiently high. 

The error in determining the absolute tempera- 
ture results from: 1) errors in going from mag- 
netic temperature to thermodynamic temperature 
(according to the estimate of the authors it amounts 
to ~ 10%) and 2) errors in converting from mag- 
netic temperatures measured for the cylindrical 
sample to magnetic temperatures for spherical 
samples for which all the computations were made. 
The overall error is around 15%. 

The error mentioned in point d) is related to the 
fact that the external magnetic field used by us 
may not have completely oriented the domains of 
the ferromagnetic sample. 

One might assume that iron with a small im- 
purity of cobalt will be practically saturated for a 
field of 1500 oe; for the alloy of iron with scandium 
the situation may be somewhat worse since the 
magnetic properties of the iron-scandium alloy are 
not known. The inclusion of the corresponding 
correction would require additional investigations. 

Taking account of all this we may state that the 
values of effective magnetic field measured by us 
lie within the following limits: 


DptoraGo?: 3.0 -10°< H ere < 4.0 -10°0e, 


2) forse: 0.70 -10®°< Hoge < 1.30 -10° oc. 


POSSIBILITY OF INVESTIGATION OF f-y COR- 
RELATION FOR ORIENTED Sc“ NUCLEI 
According to computation, the limiting aniso- 

tropy of y radiation for completely oriented Sc‘ 
nuclei is 80%. It is obvious that, for the insignifi- 
cant degree of orientation achieved by us, experi- 
ments on B-y correlation can give no information 
concerning the conservation of combined parity. 

However, if one achieves temperatures of the 

sample of 0.01°K or lower, one can obtain up to 

25% polarization of the nuclei and then the preci- 

sion of the experiment will increase significantly. 

There is information in the literature concerning 

indirect cooling which reached a temperature of 

0.015°K.2! If one succeeds in obtaining still lower 
temperatures and maintaining them sufficiently 
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long, one may count on successful correlation 
measurements with Sc*°. 

The authors express their profound gratitude to 
Prof. N. P. Sazhin for providing the metallic scan- 
dium and to Prof. A. Z. Dolginov for computing the 


por aule for the asymmetry of the y radiation of 
Se"*. 
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A study has been made of the intensity of satellites in NaNO;—AgNO; mixed crystals asa 
function of the AgNO, content. The critical sphere model has been shown to be applicable, 
and the sphere radius has been determined and found equal to 13 A. 


Ag present there exist several publications !”? 
dealing with quadrupole effects in nuclear magnetic 
resonance (NMR) incrystals containing impuri- 
ties. All this work deals with cubic crystals. 

In a perfect cubic crystal the energy of the 
quadrupole interaction of the nucleus with the elec- 
tric field of the crystalline lattice is equal to zero, 
since in virtue of the high symmetry of the crystal 
the gradient of the electric field at the nucleus is 
equal to zero. This leads to the result that ina 
cubic crystal the system of the energy levels of 
the nucleus in a magnetic field remains equidis- 
tant, i.e., the frequencies of all the possible N.M.R. 
transitions coincide. As a result of this coinci- 
dence only one ‘‘total’’ absorption line is observed 
in a cubic crystal. In the presence of an impurity 
the cubic symmetry of the lattice near the impurity 
atom or ion is destroyed and this leads to gradients 
different from zero. The interaction of nuclei with 
such gradients leads to a displacement of the nu- 
clear energy levels and, correspondingly, to a dis- 
placement in the transition frequency. Since the 
magnitude of the gradient is different for nuclei 
situated at different distances from the impurity 
the frequency shift will also be different, and this 
in turn leads to a broadening of the absorption line. 
According to Pound’s theory,® in the first approxi- 
mation a broadening of the satellites occurs (the 
m— m-— 1 transitions for m= 4, where m is the 
magnetic quantum number ), and in the second ap- 
proximation a broadening of the central line m = 4 
— m =—3) takes place. 

Experiments with cubic crystals have shown 
that at low impurity concentrations the intensity of 
the absorption line diminishes with increasing con- 
centration of the impurity, attaining a value corre- 
sponding to the intensity of the central line. This 
effect is explained in the cited publications with the 
aid of the so-called critical-sphere model. Ac- 
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cording to this model the frequency shift is so 
great for nuclei situated at a distance from the 
impurity which is smaller than the radius of the 
critical sphere that these nuclei cease making a 
contribution to the absorption line, whereas nuclei 
situated at greater distances contribute only to the 
initial line. It might appear natural to suppose that 
the nuclei can have intermediate positions which 
must lead to a broadening of the line. But such 
broadening is not observed in cubic crystals. 
However, experiments with cubic crystals do not 
yield complete certainty that the satellites are not 
broadened, since in such crystals we cannot ob- 
serve the satellites independently of the central 
line. More definite information on the behavior of 
the satellites can be obtained from a study of crys- 
tals of symmetry lower than cubic. In such crys- 
tals the gradient of the electric field in the lattice 
is different from zero, and the absorption line is 
split into components, i.e., into a central line and 
satellites. The amount of splitting is given for the 
case when the gradient is sufficiently small and 
has cylindrical symmetry by the following formula:° 


vee 3e? gQ (2m — 1} 
es aaa 


(3 cos? — 1), (1) 
where I is the nuclear spin, eq is the component 
of the gradient along the symmetry axis, ¢ is the 
angle between the axis of symmetry and the mag- 
netic field, and Q is the nuclear quadrupole 
moment. 

Thus, by carrying out investigations on a non- 
cubic crystal, we are able to make separate ob- 
servations of the behavior of the satellites. We 
have utilized NaNO; for such a crystal. These 
crystals belong to the rhombohedral system, and 
the Na”? NMR spectrum in them consists of three 
lines: a central line and two symmetrically situa- 
ted satellites. In accordance with (1), the magni- 
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tude of the splitting depends on the orientation of 
the crystal in the magnetic field. The experimen- 
tal curves fall smoothly on the curve:3 


Av = 83,5 (3 cos*@ — 1) ke/see (2) 


where ¢ is the angle between the third order axis 
and the magnetic field. 

In order to study the effect of impurities on the 
Na** spectrum in NaNOs, we have studied NaNO, 
—AgNO3 mixed crystals in which an Ag* ion re- 
places a Na® ion. 

NaNO; crystals and mixed crystals, weighing 
from 100 to 250 g, were grown in a crucible furnace 
by Steber’s method‘ from chemically pure sub- 
stances. Cylindrical samples of 1.2 cm diameter 
and from 1.42 to 2.7 cm high were cut from these 
crystals by means of a wet thread and were then 
polished on damp cloth. 

The absorption spectra were studied (with 
apparatus described elsewhere’) under the follow- 
ing conditions: intensity of the magnetic field 4400 
oe, modulation amplitude 0.7 oe, and synchronous- 
detector time constant 10 sec. The voltage in the 
oscillator circuit was set at 0.15v in order to ob- 
tain the best signal-noise ratio. Such a voltage 
leads to some saturation of the central line,’ but 
experiment has shown that a decrease in the volt- 
age does not alter the results obtained, and leads 
only to a slight increase in the intensity of the 
central line. 

The single crystals of NaNO; and NaNO; 
—AgNO; grown by us had a sufficiently pronounced 
mosaic structure. In the investigation of the ab- 
sorption spectra in these crystals it was found that 
the widths of the satellites depended on the orienta- 
tion. For g = 0 and 90° the satellites and the 
central line have a width of the order of 2 or 2.5 
kc/sec, which approximately corresponds to the 
dipole-dipole width;’ at intermediate angles the 
satellites become broader, but their intensity re- 
mains constant independently of the orientation. 
This effect can be explained by the mosaic struc- 


FIG. 1. NMR spectra in various crystals: 
a) NaNO,, b) NaNO, + 0.5% AgNO,, 
c) NaNO, + 2.1% AgNO,. 


FIG. 2. Dependence 
of the relative intensity 
of the satellites on the 
concentration of AgNO,. 
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ture referred to previously. Indeed, as can be seen 
from (2), the ‘‘disorientation’’ of individuai regions 
of the sample even within 5° can lead to consider- 
able broadening for y = 45° without producing any 
noticeable broadening of the satellites for g = 0 
and 90°. 

Figure 1 gives as an example some NMR spec- 
tra in NaNO; and NaNO,;—AgNO, for g = 90°, 
which are derivatives of absorption lines. (For 
gy = 0°, completely analogous spectra are obtained. ) 
Figure 2 shows the dependence of the intensities of 
the satellites on the concentration of Ag” ona 
semi-logarithmic scale. It is seen that a decrease 
in the intensity of the satellites becomes notice- 
able even at a concentration of 0.001, which corre- 
sponds to 1 Ag* ion for each 1000 Na* ions. Ata 
concentration of 0.021 the satellites disappear 
completely while the central line still remains 
practically undistorted. The decrease in the inten- 
sity of the satellites is not accompanied by broad- 
ening. The width of the satellites measured be- 
tween points of the maximum and minimum of the 
derivative of the absorption line remains the same 
in mixed crystals as in pure NaNOs, and only a 
slight broadening of the wings of the line is ob- 
served. 

Since the width and the shape of the satellites 
remain approximately the same, their intensity is 
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proportional to the maximum value of the deriva- 
tive. Therefore in Fig. 2 the maximum values of 
the derivative have been adopted as a measure of 
the intensity of the satellites. 

The lack of broadening of the satellites allows 
us in our case also to utilize the critical sphere 
model for the analysis of the results, i.e., to con- 
sider only two cases: either the Ag* ion lies in- 
side the critical sphere, so that for a Na* nucleus 
lying at the center of this sphere the frequency 
shift is so great that the given nucleus ceases to 
make a contribution to the observed absorption line, 
or the Ag* ion lies outside the critical sphere and 
then the Na* nucleus at the center of the sphere 
makes a contribution to the initial unbroadened 
line. For a random distribution of the Ag* ions, 
the intensity of the satellites must consequently be 
proportional to the probability that the impurity ion 
does not lie inside the critical sphere, i.e., 


ida (lL o)2, (3) 


where Jy and J are the intensities of the satellites 
in a pure and a mixed crystal, c is the molar con- 
centration, n is the number of lattice points con- 
taining Na* ions inside the critical sphere. Since 
c is small, we can rewrite (3) in the following form 


In(J/J 5) = nln (1 —c) = —ne. 


As may be seen from Fig. 2 the dependence of 
J/Jy on c does indeed have the shape of a straight 
line on a semilogarithmic scale. From the slope 
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of this straight line we obtain n = 138, i.e., the 
critical sphere contains 138 Na* ions. This num- 
ber of ions corresponds to a critical sphere radius 
approximately equal to 13A. (In the case of a non- 
cubic crystal we should really introduce a critical 
ellipsoid, but the absence of any angular dependence 
in the observed spectra gives some justification for 
using a spherical model. ) 

The results presented above show that in non- 
cubic crystals, too, an impurity leads only to a de- 
crease in the intensity of the satellites without 
broadening. This fact, together with the fact that 
the experimental dependence of the intensity of the 
satellites on the concentration of the impurity has 
the form (3), supports the view that the critical 
sphere model is applicable. Nevertheless, the 
reasons for the absence of satellite broadening are 
not sufficiently clear, as has been noted previously, 
and this question requires further investigation. 
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The electron paramagnetic resonance of Co*” in corundum has been observed and the spin- 
Hamiltonian constants for the two nonequivalent ion systems have been measured. The 
temperature dependence of the spin-lattice relaxation time has been studied. It was found 
that at liquid helium temperatures Co** has an anomalously large relaxation time. Effects 
were observed which are associated with spin-spin cross relaxation between hyperfine 


structure components. 


Ir is important to investigate the electron para- 
magnetic resonance (EPR) of iron-group ions in 
corundum for both theoretical and practical rea- 
sons. For example, the working material in most 
paramagnetic amplifiers is corundum containing 
an admixture of chromium or iron ions.'~* An im- 
portant part in the future development of para- 
magnetic amplifiers may be played by corundum 
containing two paramagnetic ions, one of which 
serves as the working material for the amplifier 
while the other shortens the spin-lattice relaxa- 
tion time of the first ion. In one investigation‘ 
cerium ions were used to modify the relaxation 


time of gadolinium ions in lanthanum ethyl sulfate. 


In the present work the EPR spectrum of Co?* 
in corundum was studied, the spectrum was inter- 
preted theoretically and the spin-lattice relaxa- 
tion time was investigated. 

1. The ground state of the free Co** ion is 4F 
of the 3d’ configuration. The other term of the 
same symmetry, 4p, is located 14 000 em! 
above the ground level. In the corundum single 
crystal the Co?" ion levels undergo Stark splitting 
induced by the electric field of neighboring ions. 
The crystalline electric field is generated by an 
octahedron of ©” ions and is of cubic symmetry 
with a small admixture of trigonal symmetry. 

The behavior of Co?* energy levels in crystal- 
line fields of different symmetries has been in- 
vestigated in references 5 and 6. Ina cubic field 
the lowest level, which possesses sevenfold or- 
bital degeneracy, is split into a singlet and two 
triplets, with the triplets lying below the singlet. 
The trigonal field further splits a triplet into a 
singlet and a doublet (neglecting the spin-orbit 
interaction). The singlet can lie either above or 


below the doublet, depending on the specific form 
of the crystalline field. Each orbital level pos- 
sesses fourfold spin degeneracy. When spin-orbit 
coupling is taken into account the trigonal field 
splits the lower triplet into six Kramers doublets. 
Abragam and Pryce! have shown that the orbital 
moment /’ = 1 can be assigned to the lower orbital 
triplet and that the behavior of the energy levels 

in the trigonal field with spin-orbit coupling can 
be described by the fine-structure Hamiltonian 


A 


W=A(1—12) — ant8,—a (GS, +1,8,), (1) 


where A is the splitting of the lower triplet by the 
trigonal field, X is the spin-orbit coupling con- 
stant (A = -—180 em”'), a@ and a’ are factors de- 
pending on the admixture of higher states belong- 
ing to the 4F and *P terms in the wave functions 
of the lower triplet. When these admixtures are 
omitted we have a =a’ =3/2.° The z axis of the 
rectangular system is a trigonal crystal axis. 

@ and a’ can be calculated only if the complete 
scheme of level splitting by the crystalline field 
is known. 

The fine-structure levels can be classified by 
means of the quantum number m = 1’, + Sz. In the 
representation where is and S,, are diagonal it is 
easy to write the secular determinant of the Ham- 
iltonian (1), which undergoes triple splitting cor- 
responding to m =+%, +°4, +°%. The solution of 
the secular equation gives three Kramers doublets 
belonging to m = 1s two doublets for m =+%, 
and one doublet for m = ne The lowest energy 
level is a doublet with m =+ Vp; its wave functions 
are superpositions of the wave functions for the 


states with m = +44: 


41 


42 G. M. ZVEREV and A.’ M. PROKHOROV 


|*/e5 = a|— 1; 8/a> +6( 0; 4e> +11; —*/2), 


p= sal) eee One lee, 


with the coefficients a, b, c depending on a, a’, 
A. When the wave functions of the lowest doublet 
are known we can calculate the spectroscopic 
splitting factors gy and g, of the level.® Vice 
versa, when the g factors are known, A, a, a’, 
can be calculated. 

The hyperfine splitting constants can be repre- 
sented as the sums of three terms:® 


A=AL+Ass + Asa; B= B, + Bs, + Bsa. (3) 


Here A;, and By, depend on electron orbital mo- 
tion, Agg and Bgg result from the d-electron 
spin, and Ag, and Bg, are associated with the 
admixture of configurations containing unpaired 
s electrons. The first and second terms in (3) can 
be represented as follows: 

Ar= Pgiy, Bu= Pgis, Ass = — (R/2) Pgsy, 


Bss= — (R/2) Pgs... (4) 


Here gy, and gg are the orbital and spin parts of 
the g factors; P = 2y88,r™3, where y is the nu- 
clear gyromagnetic ratio, 6 is the Bohr magneton, 
f, is the nuclear magneton and k characterizes 
the admixture of s electrons. 

The terms Agq and Bgq make only a small 
contribution and may be neglected in approximate 
calculations. 

2. We have reported our observation of the 
EPR of Co*’ in corundum at 4.2°K in an earlier 
paper.® The spectrum consists of two strong 
lines, each having eight hyperfine components 
(corresponding to the nuclear spin I = Up of Co”), 
and a few weak lines which also exhibit the char- 
acteristic hyperfine structure of cobalt. 

All lines become stronger with decreasing tem- 
perature. They therefore belong to transitions be- 
tween levels of the lowest Kramers doublet and 
are not associated with excited states. 

The strong lines can be interpreted by means 
of the spin Hamiltonian with effective spin 
S’ = We 
# = g BHS, +g B(H.S, + H,S;) 

+ Al,8, + B (LS, +1,8)),° (5) 
S-, oo are projections of the spin, 

Ix, i, [, are projections of the nuclear spin, and 
H,., Hy, H, are the external magnetic field com- 
ponents. Measurements of the EPR spectrum at 
9000 and 38 000 Mes yielded the following values 
of the constants in the Hamiltonian: 


where Sy; 


line I: gy = 2.292220, 001; g, = 4,947= 0.003, 
A = 3.24220,01 B ==.9,72)220,05; 

line II: gy = 2.808-40.003, g, = 4.855+0,005, 
A == 2,08220,09; Be= Tol00si. 


A and B are given in units of 10% ents 


Line I of Co?” in corundum was also measured 
at 9100 Mcs and T = 1.6°K by Geusic,’ whose hy- 
perfine constants are in good agreement with our 
values, although there is a small but appreciable 
difference of the g factor. 

The hyperfine splitting of both cobalt lines is 
greater for perpendicular than for parallel ori- 
entation. Therefore the parallel orientation is 
accompanied by strong second-order effects 
which destroy the equal separation of hyperfine 
components for line I and even cause partial 
overlapping of the components at one end of the 
spectrum of line II (Fig. 1). 

As the crystal departs from parallel orienta- 
tion a slight splitting of each hyperfine component 
appears, which disappears for both @ = 0° and 
8. >730°; 

Lines I and II evidently belong to different 
nonequivalent ion systems. The existence of two 
Co?” ion systems in corundum may be accounted 
for as follows. The lattice contains two kinds of 
octahedral cavities in which the cobalt ion may 
be located. One system of cavities in the normal 
lattice is occupied by aluminum ions, while the 
second system is not entirely occupied and there 
is one unoccupied site for every two occupied 
cavities.!9 Aluminum is included in the corundum 
lattice as the trivalent ion Al®” while the cobalt 
ion is divalent. Charge neutralization therefore 
requires the replacement of two Al** ions by 
three Co” ions, two of which occupy the Al” ion 
sites while one fills an unoccupied octahedral cav- 
ity. The separation of cobalt ion centers from the 
centers of the nearest oxygen ions is identical 
for both ion systems, so that the cubically sym- 
metric field should be approximately the same for 
both systems. However, the trigonal field may 
differ considerably, since in the trigonal axis di- 
rection a Co*” ion has one Al" ion as its nearest 
neighbor, while in the second case there are two 
Al” ions (Fig. 2). The measured ratio of inte- 
grated intensities for lines I and II in the case of 
parallel orientation was 2.3:1, in good agreement 
with the expected value of 2:1. The weaker cobalt 
lines in corundum probably result from ions having 
anomalous crystalline environments resulting 
from other cobalt ions, dislocations, etc. 

Using the values obtained for g|; and g), we 
calculated a, a’, A, the constants of the Hamil- 
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FIG. 1. Traces of the derivative of the 
EPR lines of Co”* in corundum for parallel 
orientation at 4.2°K. a—line II, b—line I. 
The magnetic field increases from left to 


right. 


FIG. 2. Positions of 
two nonequivalent Co?* 
ions in the corundum 
lattice. 
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tonian (1), in first approximation. When only one 
ion system is considered, two equations for the 
g factors cannot determine all three unknown con- 
stants. We therefore imposed the additional con- 
dition that @ and qa’ should approximately agree 
for both ion systems. The calculations gave 

= 1.32, a’ =1.38, A = —760 cm ° for line I, 
and A = —400 cm! for line II. It is difficult to 
obtain the complete level scheme of Co?” from 
an investigation of EPR alone. It is desirable to 
use optical data in addition, as was done by Low 
for Co? inthe MgO lattice." 

It is interesting that the parameter A for 
Co" in corundum does not have the same sign 
as in zinc fluosilicate, which also possesses a 
crystalline field of trigonal symmetry .® 

An attempt to calculate the hyperfine interac- 
tion constants A and B by using the values 
P = 0.0225 cm and k = 0.325, which were se- 
lected by Abragam and Pryce, did not yield satis- 
factory agreement with experiment. For line I we 
must have P = 0.017 em~ andk = 0.27; for line 
II we must have P = 0.027 cm™ and k = 0.30. 
These values are fairly rough estimates, but we 
note that even for reasonable changes of a, a’, 
A the values of P and k that are calculated 
from experimental hyperfine data do not change 


much. 
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3. At room temperature Co?” has a very short 
spin-lattice relaxation time 1T,, which hinders 
the observation of EPR lines. This difficulty is 
associated with the closeness of the lower orbital 
levels, which have separations of a few hundred 
cm’. The short relaxation time 7, hinders de- 
tection of EPR even at the temperature of liquid 
nitrogen. 

T, was measured at liquid helium temperatures 
for the saturated 9500 Mcs resonance line, using 
corundum single crystals containing 10 °% cobalt. 
The absolute accuracy of T, in the saturation 
technique was +50%, although the relative error 
was considerably smaller. For line I in parallel 
orientation at 4.2°K we obtained T; =1 sec and 
the temperature law T, ~ T "in the range 1.8— 
4.2°K. Relaxation above 4.2°K was investigated 
during the heating of the cavity resonator from 
liquid helium temperature to liquid nitrogen tem- 
perature. In the range 4.2—22°K the relaxation 
time drops off sharply from 1 sec at 4.2°K to 
3 x 1078 sec at 22°K. 

In the range 22—50°K we were able to calcu- 
late 7, from the broadening of the EPR line as a 
result of spin-lattice relaxation. Below 22°K the 
magnetic field width of a single hyperfine com- 
ponent of line I at half maximum is 7.5 oe. The 
line begins to broaden with heating up to 22°. At 
31° the width is 15 oe; with further heating the 
hyperfine components begin to overlap. At 50°K 
the line is ~200 oe wide with no trace of hyperfine 
structure. The temperature dependence of 7, in 
the interval 22—50° fits the formula tT, ~ T™ 
with n =5 + 0.5. Figure 3 shows the overall tem- 
perature dependence of 7. 

A few additional remarks are needed regarding 
the use of the saturation technique for measuring 
T,. This procedure does not determine T, but 
rather the product 7T,T2;, where T, is the spin-spin 
relaxation time. T, can be calculated from the line 
width Av when the latter is associated with ho- 
mogeneous broadening, i.e., when it is induced, 
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FIG. 3. Tempera- 
ture dependence of 
the relaxation time 7, 
of Co?* line I. 
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for example, by dipole-dipole interaction or spin- 
lattice relaxation.'? We employed very dilute 
samples with ~1072% concentration. Consideration 
of the hyperfine structure reduces the concentra- 
tion of ions with identical nuclear spin projections 
by an additional factor of 8. At such a low con- 
centration the dipole-dipole interaction makes an 
extremely small contribution to the total line width, 
which in this case is determined mainly by spin 
interaction with the nuclear magnetic moments of 
the diamagnetic environment and by crystal im- 
perfections. An analysis showed that at liquid 
helium temperatures the line shape is Gaussian 
with somewhat broadened wings and that it is not 
affected by saturation. The hypothesis that ho- 
mogeneous broadening determines the line widths 
is thus confirmed. For small concentrations of 
paramagnetic ions the interactions that cause ho- 
mogeneous broadening result in a Lorentz line 
shape.'? The concept of cross relaxation enables 
us to conclude that even in the case of inhomogen- 
eous broadening the line is saturated identically 
over its entire contour and that the saturation 
factor in (1 + y"H? mney requires replacement 
of tT, by T}, which is determined from the ob- 
served line width. We performed this substitution. 

We also note that cobalt exhibits a spin-spin 
cross interaction between different hyperfine com- 
ponents. This was first noted by Townes et aula 
for copper ions, and when one component is satu- 
rated leads to partial saturation of the other com- 
ponents. This effect distorts the measurements 
obtained by the saturation technique and results 
in lowered values of T,. 

The results presented here for the spin-lattice 
relaxation time of Co” exhibit an anomalously 
long relaxation time of this ion at liquid helium 
temperatures compared with Cr° and) Fe" . 
These ions are weakly coupled to the lattice and 
spin-lattice relaxation does not impede the ob- 
servation of EPR lines even at room temperature, 
while at liquid helium temperatures 7, is of the 
order 10° — 10° sec. We might attempt to at- 
tribute the anomalous relaxation time of cobalt 
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to low thermal conductivity of the corundum lat- 
tice containing cobalt, i.e., we may assume that 
the true spin-lattice relaxation time is short but 
that the rate of energy removal from the spin sys- 
tem is limited by the process of energy transfer 
from lattice phonons to the helium bath. This hy- 
pothesis is refuted as follows. When one hyper- 
fine component of line I was saturated at frequency 
v, we were able to observe the behavior of another 
hyperfine component at frequency v2, both com- 
ponents being observed in the same external 
magnetic field. In this case an emission line was 
obtained at v, instead of an absorption line, i.e., 

a negative spin temperature was attained. In the 
presence of strong ion-lattice coupling a negative 
temperature cannot exist between levels, since 

the lattice temperature is always positive because 
of the absence of an upper limit to the phonon en- 
ergy spectrum. The cause of the anomalous re- 
laxation of Co”* in corundum must therefore be 
sought in the nature of the ion itself. We note that 
in experiments using parallel fields Van den Broek 
et al'® also observed anomalously large values of 
T, in certain cobalt salts at liquid helium tem- 
peratures. 

The relationship Tt, ~ T~! at liquid helium tem- 
peratures may be associated with the relaxation 
mechanism resulting from direct emission and 
absorption of single phonons. The steep drop of 
the relaxation time in the range 4.2—22° is still 
unexplained. The relationship between T, and T 
at higher temperatures may be represented as 
the superposition of direct processes and com- 
bination scattering of phonons, resulting in a 
strong temperature dependence (tT, ~ T '). We 
note that the temperature dependence of line II 
relaxation in parallel orientation practically co- 
incides with that for line I (Fig. 3). Since lines I 
and II originate in ions having different schemes 
of the lowest orbital levels, the relaxation anom- 
alies cannot be accounted for by specific features 
of a level scheme (for example, the existence of 
an excited level ~10 cm7! directly above the low- 
est level). The observed angular dependence of 
the relaxation time for line I at 4.2° and 2° 
showed that, within experimental error, T, is 
independent of crystal orientation in an external 
magnetic field. 

4. EPR of Co?” results in several properties 
associated with spin-spin cross interactions be- 
tween different components. As already men- 
tioned, when a component at frequency vy is 
saturated an emission line can be obtained for a 
neighboring component at frequency Vo. When 
¥; >, this effect is observed for components 
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lying on the stronger magnetic-field edge of the 
line. When pv, > v,; the effect is observed for 
components on the other edge of the line. This 
effect can be utilized in a paramagnetic ampli- 
fier with working frequency above that of the 
auxiliary radiation. 

The cross relaxation processes of cobalt in 
corundum are now being investigated in greater 
detail. 

The authors wish to thank R. P. Bashuk and 
A.S. Bebchuk for preparing the samples of corun- 
dum containing cobalt, and L. S. Kornienko for 
valuable discussions. 
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Luminescent chamber photographs of cosmic ra 


y # meson tracks have been obtained with 


ionization close to minimum. The density of the tracks of these » mesons was measured. 


E. K. ZAVOISKIT and his co-workers’ * recorded 
in a luminescent chamber the tracks of relatively 
slow protons, mesons and a particles. Recently, 
Jones, Perl, Reynolds, et al.* obtained tracks in 
luminescent chambers of fast cosmic ray particles, 
but they did not show quantitatively that the tracks 
recorded were those of particles with minimum 
ionization density. The clarity of the tracks in 
these experiments far exceeded those achieved in 
Zavoiskii’s luminescent chamber. 

The present work was undertaken for the pur- 
pose of observing singly-charged minimum ioniza- 
tion particles ina luminescent chamber, with high 
sharpness of imaging, and for a quantitative deter- 
mination of the density of such tracks. A knowl- 
edge of the minimum value of the density of tracks 
in the chamber enables one to establish an absolute 
calibration of ionization density for all tracks ob- 
served in it. 

A schematic diagram of the equipment is shown 
in Fig. 1. The working volume of the chamber is 
the crystal K, [Nal(T1) crystal 7 cm in diameter, 
with a thickness actually used ~1 cm]. The ob- 
jective 0 of the ‘‘Yupiter’’ type projects an image 
of the luminous track of a particle on to the input 
photocathode © of the multi-stage electron optical 
converter EOC, which has the maximum coefficient 
of amplification of brightness of imaging.?»3»5.§ 

The long magnet winding K produces the longitud- 
inal magnetic field which is needed for focusing 

the electron image in the EOC. The EOC is oper- 
ated in a ‘‘slaved’’ pulse mode on the first, second 
and last electron optical stages. The image of each 
track in the crystal is ‘‘held’’ on the luminescent 
screen S, of the first stage for ~100 psec.’ If 
during this time a gating pulse arrives at the input 
of the control circuit (CC), the image is ‘‘accepted’’ 
from the screen Sj, passes to the output lumines- 
cent screen Soyt and is photographed by the auto- 
matic photographic apparatus PA. In Fig. 1 we 
also show the shape of the control pulses which go 
from the circuit CC to the EOC and to the relay for 
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FIG, 1 


moving the plates of the photographic apparatus. 

Most of the photographs were obtained in this 
synchronized type of operation of the EOC, in 
which the gating pulse to the input of CC came di- 
rectly from the FEU-19 photomultiplier ‘looking 
at’’ the working volume of the luminescent cham- 
ber. About 1,000 track photographs were obtained 
in this way. In 125 of these, there are visible well- 
focused single tracks most of which passed through 
the whole working volume of the chamber in direc- 
tions close to the vertical. Five such tracks were 
recorded per minute on the average, apparently be- 
longing to relativistic cosmic-ray mesons (Fig. 
2a). In addition, there were recorded several 
stars and showers (Fig. 2b). 

To measure the track density for minimum ion- 
izing particles, a special experiment was done in 
which relativistic particles were selected by a 
telescope system of three counters (Ky, Kg, K3) 
connected in coincidence (Fig. 1). A 115 g/cm? 
lead absorber was placed between K, and Kj. The 
gating pulse to the CC came from the coincidence 
circuit (Coinc). The coincidence circuit (Coinc) 
operated once every 2— 2.5 hours. With the ab- 
sorber thickness used in this experiment we could 
record only particles with an ionization differing 
by no more than a factor of 1/, from minimum. 

If we consider that the cosmic radiation at sea 
level consists predominantly of p mesons, it is 
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FIG, 2 


easy to show that the difference in density of the 
tracks recorded from minimum did not exceed 
10— 20%. Under these conditions we photographed 
and measured on the negative a total track length 
of 10.4 cm (this corresponds to 41.6 cm in the 
crystal). In the photographs a track consists of 
individual points, each of which is formed by a 
single photoelectron emerging from the input 
photocathode .* 

The number of ‘‘points’’ m appearing on the 
image of 1 cm of track in the crystal, is given by 
the formula:? 

m = [yk2B?/1600(1 +k)? ne] (dE/dx), 
y = 100 Crpn(1—f) (1) 

In this expression dE/dx is the energy loss of 
the particle per cm path in the luminescent crys- 
tal; n, C[p and € are, respectively, the index of 
refraction, the efficiency and the mean energy of 
photons of the luminescence in the crystal; 7 is 
the quantum yield of the photo cathode of the EOC; 
f is the coefficient for absorption and scattering 
of light along the path from the track in the crystal 
to the photocathode of the EOC; B and k are the 
aperture and magnification of the objective On bhe 
experiment gave for the density of tracks of mini- 
mum ionizing particles a value Mexp = 5 cm™', 
from which it follows that the coefficient in formula 
(1) is Yexp = 0.4 for our chamber. This is half the 
computed value Ycomp: obtained on the assumption 
that f = 0, Cjp = 0.08 and 7 = 0.1. Thus, because 
of light losses in the objective and crystal and 


*Neighboring points sometimes may fuse together, forming 


a ‘‘conglomerate.’’ 


possibly also because of a somewhat reduced 
quantum yield of the photocathode used in the par- 
ticular EOC employed in this experiment, or be- 
cause of a reduced quantum yield of the lumines- 
cence of the Nal(T1) crystal which we used, the 
density of tracks in our apparatus was half as 
great as the maximum possible. 

In conclusion the authors express their grati- 
tude to E. K. Zavoiskii for valuable advice and dis- 
cussion, and to L. S. Danelyan and V. V. Sklyarev- 
skil for providing the crystals. 
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Among 140 decays of long-lived Ke mesons observed in a cloud chamber, one case of a 
four-pronged star was observed, which most probably can be interpreted as a K3 ai 
+7 +° decay with a subsequent 1°— y + e* +e” decay. 


In an exposure of a cloud chamber (see reference 
1) to a beam of neutral particles from the proton 
synchrotron of the Joint Institute for Nuclear Re- 
search, at a distance of 8 m from the internal tar- 
get, there were registered 140 KS decays* and 
among them one four-prong event, a photograph of 
which is shown in the figure. Tracks A, B, and D 
are directed upward relative to the plane of the 
photograph and track C downward. For tracks A, 
B, and D the radii of magnetic curvature were 
measured; for the short track C it was possible 
to determine only the angle and sign of the magne- 
tic curvature. The results of the measurements 
are shown in the table. All tracks, including the 
positive particle tracks A and D, have an ioniza- 
tion close to minimum. 

From the data of the measurements, it follows 
that the positive particles cannot be protons, and 
tracks A and B are probably an electron — posi- 
tron pair. Therefore it is quite natural to consider 
the observed star to be the result of the decay of a 
neutral particle. 

In fact, of the possible reactions of the interac- 
tion of neutrons (in the beam) with the gas of the 
chamber, the only events of this kind which may 
occur are those involving the production, in the 
same act, of two neutral 7 mesons or two charged 
m™ mesons and a neutral one in the absence of pro- 


tons associated with the disintegration of a nucleus. 


In both cases we can observe a four-pronged star 
if each 1° meson decays into y quanta and an e’, 
e pair (Dalitz pair). Under our conditions, how- 
ever, such an event is extremely improbable, since 
the neutrons have a low energy. As a matter of 
fact, the mean energy of protons knocked out from 
the walls of the chamber by neutrons is 75 Mev, 
while among 10,000 recoil protons none were found 


*The direction of the beam of neutral particles was at an 
angle of 97° to the direction of the protons incident on the 
target, 
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to have an energy greater than 400 Mev. Moreover, 
among 15,000 stars recorded in the chamber gas, 
only 15 were observed to involve the production of 
one m meson; no reliable cases of pair production 
of mesons (not to mention acts of triple produc- 
tion) were found. An estimate of the probability of 
observing one four-pronged star with the produc- 
tion, in one act, of two or three a mesons can be 
made on the basis of the experimental facts and 
investigations’ * of the meson production process 
in the interaction of nucleons. This estimate, in 
both cases, gives the value ~ 107’. The probability 
of a chance observation of two V° decays which 
might resemble a four-pronged star is also very 
small. 

At the present time there is known only one type 
of decay which gives rise to four charged particles: 
This is the decay of a neutral 7 meson into two 
electron — positron pairs. In our case this ex- 
tremely rare decay is practically excluded both 
from the magnitude of the probability of its obser- 
vation, and from the kinematic relations. In par- 
ticular, the divergence angle of the electrons in 
one of the pairs (tracks C and D) is very large 
(66°); moreover, the divergence angle is not in 
agreement with the energy of the y quanta. It 
would be most natural to ascribe the event to a de- 
cay, not observed thus far, of a long-lived K® 
meson. There are two possible decays of this type 
allowed from the viewpoint of CP invariance: 


Kg 


>" .+-m- 4+ 7 >e* Le 
Cem 
g—n* a +70 


ss 


1 
According to the theoretical estimate of Dalitz,° 
the probability of a decay of the first type is only 
4% of the probability of the decay of the second 
type; therefore it is more probable to interpret the 


, (1) 


(2) 
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ee 


Teck Momentum Sign of Angle of Dip angle Divergence 
(Mev/c) charge flight (deg) (deg) angle (deg) 

A 8945 ee 43,5+1.5 5205 ke 

B 31,542 uz 43.0+4.5 11.0+0.5 3 

G ? == 3345 33+5 

D 160+16 uf 32.0£4.5 16.5+40,5 66 


four-pronged event observed by us as the decay of 
a K} meson into three mesons with a subsequent 
decay of the 7’ meson through a Dalitz pair. 

For the decay in accordance with scheme (as 
we can determine the mass of the decaying particle; 
it proved to be equal to (400 + 40) Mev. In the 
case of the more probable scheme (2), we found 
the kinetic energy of the Kg particle to be 80 Mev, 
where it was assumed that the K’ mass was 496 
Mev. 

It should be noted that among the previously re- 
ported®~® decays of long-lived K° mesons there 
are three V° events in agreement with the assump- 
tion that the unobserved neutral decaying particle 
is a mr’ meson. The discovery of a four-pronged 
decay of the K} meson is direct evidence of the 
correctness of this assumption, and consequently 
is evidence of the existence of the decay of the 
long-lived K° meson in accordance with scheme 
(2). A few years ago a four-pronged decay! 
was observed in cosmic radiation* similar to that 
observed by us. The authors interpreted it as the 
decay of a 7° meson with a lifetime of 3 x 10°" 
sec. Along with this, they recorded 43 decays of 
short-lived K® mesons. It is difficult, however, to 
bring these facts into agreement with the subse- 
quent theoretical and experimental data, which in- 
dicate that the decay of the short-lived K® meson 
into three 7 mesons is strongly forbidden. At the 
same time, the probability of observing a similar 


decay of a long-lived K’ meson under the conditions 


of their experiment, was small (* 10-°). In our 
case, we were definitely dealing with the decay of 
a long-lived K°® meson, since the internal target, 
which was the source of the neutral particles, was 
at a distance of 8 m from the point of observation. 
Even if we make the improbable assumption that 
the production of the decaying particle took place 
in the chamber wall, then its lifetime would exceed 
the value of the mean lifetime of the K? meson by 
one order of magnitude. As regards the expected 
probability of observation of a decay of a K$ meson 
in accordance with scheme (2), it is 0.1—0.2, in 
agreement with the available experimental data. 
We also observed two electron — positron pairs 
whose direction of flight was at a large angle 


*For this case the signs of the charges of two decay 
products were not determined. 


(* 90°) with the collimator axis, so that it could 
not be caused by y quanta present in the incident 
beam. There are grounds for considering these 
electron — positron pairs as Dalitz pairs arising 
from the decay KS — 35, the probability of which, 
apparently is not too different from the probability 
of the decay K$ — n* + 7° + 1°* 

To arrive at a final conclusion, however, it is 
necessary to accumulate further data and study the 
background conditions more carefully. 

In conclusion, the authors express their gratitude 
to the members of the proton synchrotron crew for 
providing the experimental arrangement for this 
work; to B. Pontecorvo for his constant interest 
in, and attention to, this work; to M. A. Markov 
and M. I. Podgoretskii for discussion and critical 
comments. The authors also thank D. Nyag for 
help in the calculations, and M. Kh. Anikina and 
P. I. Zhabin for taking part in the measurements. 
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*If it is assumed that the K$,, decay results in a ‘‘sym- 
metrical’? state with an isospin I = 1 (as is the case for Ke 
decay), then, in good agreement with experiment, the selec- 
tion rule |AI| = 4 leads in this case to the relation 
w(K} > 37°) /w(K; > of ened) =o). 
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. . 213 77235 238 
Precise measurements of the energies of a particles from Ate re Poe ae. endeU 
have been performed with an ionization @ spectrometer. 


By means of an ionization @ spectrometer we 
measured the energy of the a particles from some 
emitters. The measurement of the value of the 
ionization was carried out by the method of com- 
parison of the pulse amplitudes from the a parti- 
cles with generator pulses, whose amplitude was 
measured with great precision (~ 0.01%). In order 
to completely exclude the effect of positive ions, we 
used two screening grids. The chamber was filled 
with a mixture of argon and methane (97% Ar, 3% 
CH,). Here, the correction for the pulse rise time 
was negligibly small. The half-width of the a lines 
was 35 kev. The required stability of the gain of 
the amplifier channel was provided by a forced- 
stabilization circuit. In determining the energy of 
the @ particles it is necessary to know the rela- 
tion between the ionization and energy. The cali- 
bration measurements shown in Table I indicated 
that the relation between the ionization and energy 
can be represented by a straight line intersecting 
the energy axis at Eg = 84 kev, which coincides 
with the results of reference 1. Therefore the en- 
ergy of the @ particles was calculated from the 
formula 


(Eo — 84)/(E., — 84) = Fella, (1) 


where Ee and Eq are the energies (in kev) of 
the @ particles from the standard and the investi- 
gated emitters; I, and Ig are the values of the 
produced ionization. 

In Table I are shown the results of the measure- 
ment of the energies of some emitters used for 
calibration. We took the Th?* line as a standard. 


TABLE I 

E;, ag Bj niz 

Element (Mev) | I | (Mev) 
Th228 DPA 4.0000 5.421 
Ra?24 5,684 1.0485 5.680 
Rn220 6.278 4.1602 6.276 
Po246 6.775 4.2533 (0/7) 
P0212 8.780 1.6306 8.786 


In the first column are shown the results of the 
energy measurements known from magnetic analy- 
sis,* in the second column is shown the value of 
ionization in relative units, and in the third column 
is shown the a-particle energy determined from 
(1). The measured values of the energies are in 
good agreement with the known values, which indi- 
cates the reliability of the a-particle energy meas- 
urements by means of the ionization @ spectro- 
meter. 

Table II lists the results of the measurements 
of the a@-particle energy of some emitters. 

The measurement of the At?!", Fr7*!, and Po?!? 
spectra were made simultaneously with the meas- 
urement of the energy-ionization relation. There- 
fore the check points shown in Table I serve as 
standards in the given case. 

Ate The measured energy values sharply dif- 
fer from the results of references 3 and 5, and ex- 
ceed by 14 kev the energy values obtained by 
Stephens.‘ In the first two experiments an ioniza- 
tion chamber was used. The results of the energy 
measurement in reference 3 should be considered 
only as an estimate. As regards Cranshaw and 
Harvey,° their method of energy measurement is 
highly inaccurate. Moreover, errors due to the 
poor screening of the grid and the low resolving 
power of the spectrometer are possible. It is char- 
acteristic that the energy values of other a@ emit- 
ters (U3, Pu?) obtained in this work differ from 
subsequent measurements by 10 — 15 kev, although 
the error of measurement indicated by the authors 
is 3 and 5 kev. Thus, there are grounds for con- 
sidering the results of the energy measurements 
in reference 5 to be in error. The difference be- 
tween the energy value measured by us and that 
measured on the magnetic spectrometer? lies within 
the limits of experimental error. 

Fr™!_ The measured energy value is in good 
agreement with the results of Stephens,‘ but, as in 
the case of At?!’, it sharply differs from the energy 
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TABLE II 
a 
Eq, (Mev) 
Element 
our data data of other authors 
au 7,064+0.005 (002: 0,05) [5] 7-05 0,04 se 0280201 {°] 
Fr221 6 ,3386+0.005 6.30+0.05 [8]; 6.332+0.04 [4]; 6,298+0.04 [°] 
Po218 8 ,368+0.010 8.34+0.01 [8]; 8.35 +0.01 [4]; 8.33640.005 [5] 
U 7288 4,396+0,003 4.354 [8]; 4.40 [*] 
Uy,235 4.211+0,003 4.4117 [8]; 4.20 [") 
U288 4,190+0.005 4.195 [2]; 4.18 {°) 


values obtained in references 3 and 5. 

Po?!8. In this case the basic line broadens out 
towards the higher energies, owing to the ionization 
produced by the £ particles preceding a decay, 
which decreases the accuracy of the energy meas- 
urement. The value obtained is 18 kev greater than 
the result of the energy measurement by the mag- 
netic spectrometer. The results differ from those 
of references 3 and 5 by approximately 30 kev. 

U*. For the energy measurement the basic 
line from U**4 present in the same source (Eg 
= 4.768 Mev) was used as a standard. In Table I 
are shown the energy values for the two largest 
intensities of the lines of Uy’ and Uy;”*°. These 
values are in sharp disagreement with the results 
of the energy measurements of Pilger et al. on the 
magnetic spectrometer. ® Better agreement was 
observed with the results of Ghiorso,’ although 
these measurements bore only a qualitative char- 
acter. Recently, an investigation of the @ spectra 
of U?> was made on a new magnetic spectrometer 
of greater luminosity (Baranov, Zelenkov, et al.°); 
the following energy values of the line spectra we 
are considering were obtained: 


E;= 4.394 + 0,002, Ey =(4,213 + 0,002) Mev. 


These values are in excellent agreement with 
our results. The obtained agreement is also evi- 
dence of the fact that the ionization — energy rela- 


tion remains linear, at least up to the energies of 
Eq =4 Mev. 

Bae The measurement of the energy of the 
ground line of U8 was carried out with a source 
containing a natural mixture of uranium isotopes. 
The U8 ground line served as the standard. The 
obtained energy value coincides with the results of 
reference 1. 
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The set of equations for a non-ideal plasma in the hydrodynamic approximation is reduced 
to a linear one without assuming that the signal is small. Propagation of finite amplitude 
waves in the presence of a magnetic field is investigated; a comparison is made with well 
known results obtained on the basis of other assumptions. 


l . The set of equations of the hydrodynamic ap- 
proximation for a plasma consisting of N kinds of 
ions (each of which is treated as an incompres- 
sible fluid) has the following form!~! 


N 
x. uw oh _ 8 @ 4n 
Cue cua hs g 21 ei 
N 
divh = 0, div cee = 4x >) ein, Gh? Wn = 0, 


l=1 
Ov, | Ot + Vwp=Iv, xlcurlve + (uez/cr,) h)] + (ex/me) e 


N 
a > Vet (Vi — Ve) — ve Curl curl vy 
_—1 


(ale Ns (1) 


where wy = vj./2 + Py /My,Ny, + F, is the sum of 
the kinetic, thermal and potential energy per unit 
mass of ions of the k-th kind; v, is the kinematic 
coefficient of viscosity; »,7 is the effective fre- 
quency of collisions of an ion of type k with ions 
of type 1. 

We resolve the field a consisting of the set of 
quantities (h, e, vk, Wk) into a field I) (Hp, Eo, 
Vio» Wko) which represents some known solution 
of the system (1), and an auxiliary field to be de- 
termined II(H, E, V;, Wy) 


h=H,+H, e=E£&,+E, 


Ve=Vio + Veg We= Weot We. (2) 


On introducing the vector potential A for the 
auxiliary field II 


H=curlA,  E=—c-0A/dt, (3) 


the system of equations for the field II(A, Vz, Wx) 
may be re-written in the form 


div Ay = 03 div V, = 0, 


N 
ey 02 An 
ona = eM 
=1 


(curl curl+ 
(4) 
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Mk A \ 
| 


CMp / 


Wg == [vex curl (Vi + mA )| 


N 
ale Sh ve (Vi — Ve) — vg curl curl V, + 


=] 


ve, \ 


H, )| “Ff | V,,% cur! (Vi. = 


[Vex (curl Vic 


)) 


Equation (5) can be made linear if we restrict 
ourselves to the consideration of ‘‘helical’’ motions 


(6) 


~ 


pep 
CM p 


(5) 


cmp 


curl [V, + (wex/cm,) A] = az, 


where a, =ak(Yr, t) satisfies the condition 
(VK Vv) ak = 0. The method of linearizing helical 
fields in ordinary hydrodynamics ,®»? applied! to 
stationary helical motions of the form (6) is gen- 
eralized in this paper to non-stationary fields. On 
setting ax =ax(t) (‘‘homogeneous’’ helical mo- 
tion) and on substituting (6) into the equation of 
motion (5), we obtain 

N 


) - VW, = Sa (Vi — V2) 


rT 


we 
aA 


cm, 


—v,eurl curlV, + [ Vex (curl — Ar) Vig + = H,)| : 


(7) 
On replacing (7) by the condition that the equations 
are soluble (by taking the curl) and on taking (6) 
into account we obtain 
- N 
OL (aeV x) = > v,,curl (V, == V;) —==VE (curl) Vy 


f=] 


at, {{(curl — az) Vig + ae H, | i } Ve 


Pep 
ae H, |. 
In the simplest case when the quantity in the 


square brackets does not depend on the coordi- 
nates, i.e., when 


— (V;,V) | (curl — a) Vig + (8) 


(curl — ap) Vig + (ueg/em,) Ho= fp (2), 
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equation (8) assumes a particularly simple form 
N 


0 
+ (a2) = 2 vee curl (V; —V,) — ve (curl )°V; 
=I 


+ {[(curl => Ax) Ve + (wex/cme) Ho] Vv} Ve. (9) 

Thus, when the set I) —a certain solution of 
the system (1) —is known, then (4), (6), and (8) 
represent a system of linear partial differential 
equations. Since this system is linear, the vector 
fields II(A, V,) satisfy the superposition princi- 
ple. We note that the problem of the validity of 
the superposition principle for finite amplitude 
fields has been previously studied in a number of 
papers .°-!2 

2. By utilizing the method developed for sta- 
tionary helical motion! we obtain an equation for 
the vector potential A, and also expressions for 
the partial currents. On introducing the notation 
Q? = 2 QF, U, = 4mepnc—V,, 

=1 

@_ = a,—curl, g = —curl, 3 =curl curl+ euc~202/At?, 


(10) 
13,14 


Oh = Ane?n,/mz, 


where all the operators @, and @ commute 
with each other (and also with 8, if a, = const), 
we rewrite the system (4) and (6) in the following 


form * 


>) U;= BA °a,U; +( Q,/c)2a,A = 0, 


cA 0. di = 0. (11) 


On multiplying the first equation of (11) by the 
operator o 


L=Mle,=Lz,, (12) 
l 


where the product is taken over all the different 
Qj» and on utilizing the second equation of (11), we 
obtain the equation for the vector potential A 

N 

[26 + @, Dd (Q/c)*L, | A = 0. (13) 

l=1 
On multiplying the second equation of (11) by apo’ 
and on summing over all k we obtain the recur- 
rence relation” 


N N N 
> apt, = curl [3 aU, + AD a7 (Qi/c)| 

tT jail (=1 
from which with the aid of the first of relations 
(11) we obtain 


N N n 

0 — [curly"3 +3 (Q@/e2 SY arm (curl)| aa 
1=1 l=1 m=1 

Onuisetting in (14) n=1,2,,.., N— 1 we obtain 
together with the first equation of (11) a system of 
algebraic equations linear in U,. It is soluble if 
among the a, there are no equal ones (a, ~ 47; 

k #1), since its determinant is a Vandermonde 


determinant.'4 On solving it we obtain a linear 


differential operator Vk which on being applied to 
the vector potential A yields 


Us = 2A. 

3. We consider fields in a neutral plasma in 
the presence of a constant homogeneous magnetic 
field Hy = const. On setting 
E,= Vio = Yet = Ve = 0, 


(15) 


dp— COnsy 


Wo = const, B=} = I, 


we obtain from (9) with the aid of (15) the follow- 
ing equation 


Yn [a,0/0t — (en/cmp) (HoV)] A = 0, (16) 


which must be solved simultaneously with (13). 
For a progressive wave of the simple harmonic 
form 


A = A, exp {i(wt — xnr)}, Vi = Vorexp {i(wt — xnr)} 


(17) 
(w is the frequency, k is the wave number, n is 
a unit vector in the direction of motion of the wave, 
A) and Vk are complex amplitudes) on substi- 


tuting (17) into (16) we obtain 


——— xnw;,/w , On = ex H/cm . (18) 


On substituting (17) into (6) we obtain the am- 
plitudes 
Vor = (ex/cmy) (snwp/w — 1)-1A,, Ay>=[nxb] + is [nx[nxb]], 
(19) 

where b is an arbitrary constant vector, the quan- 
tity s characterizes the polarization of the wave 
Ss =+1l. The vectors A and V;, whose amplitudes 
satisfy a relation of the form Aj)A, = 0 are cir- 
cularly polarized. 

On utilizing (4), (17), and (19) we obtain in the 
usual manner!” the dielectric constant of the 
plasma €) 


N 
e, = 1 — >} (Q,/w)? / [1 — (sno,/o)], 
a 
and from the condition that the equations are sol- 


uble we obtain the phase velocity Vph = 0/K 


(20) 


V oh +¢/V &%. (21) 


It follows from (20) and (21) that there exist two 
waves (corresponding to s =+1) of different 
polarization (leading to different €)) which are 
propagated with different phase velocities. 

If w — snw,, then for a fixed Ay the velocity 
Vo, Should in accordance with (19) increase with- 
out limit. However, the relation (19) and the ap- 
proximation itself cease to hold when Vy, becomes 
comparable to the corresponding thermal velocity 
eit eye 

4. We now give the principal conditions under 
which the hydrodynamic approximation is applic- 
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able to plasma. Let L and T be the characteristic 
length and time for the process; let Ax and TK be 
the mean free path and the corresponding time, and 
let V7 be the thermal velocity for the k-th type 
of ions. We can consider the medium to be con- 
tinuous if the process is sufficiently slow 

(T > 7.) and the gas is sufficiently dense 

(L > A,)- The pressure p, is scalar if the mag- 
netic fields are sufficiently weak (27cm,/He,> 

The plasma may be regarded as incompressible 
if its temperature is sufficiently great, i.e., if the 
velocity of thermal motion V;,7 is considerably 
greater than both the velocity of ordered motion 
Vk (VET > lv, 1), and also the velocity of propa- 
gation of the disturbance being considered in the 
given approximation (V7 >> Voh )- 

If for a certain type of motion one of the kinds 
of ions (there may be several such kinds) plays 
no essential role (for example, the partial cur- 
rents due to it are small), then the above condi- 
tions need not necessarily be satisfied for it. 

The latter conditions are similar to the conditions 
for the applicability of ordinary magnetohydrody- 
namics,‘’!”)!5 put are not so restrictive. 

We assume that the plasma has two components. 
Then with the aid of (20) and (21) we obtain the 
expression for the phase velocity 


Von == (co/ Q)2(1 — snw,/w) (sno,/o — 1), (22) 


which coincides with the expression obtained from 
formula (13) of Braginskii’s paper? if the plasma 
is regarded as incompressible, and if the transi- 
tion is made to the limit Cpa eres 

On assuming that the frequencies in formula 
(22) are small (nw; > w) we obtain an expression 
for the phase velocity 

Viph & (HolV 4nMn) cos (nHo), 
which coincides respectively with expressions 
(2.23) and (2.18) of Syrovat-skii’s paper’ for the 
Alfven and for the slow magnetoacoustic waves 
(in the limiting case of high temperature Viquagence ye 

We note that the well known expressions!” for 
the dielectric permittivity tensor were obtained 
for the case of zero temperature (ViT —~ 0) and 
for infrequent collisions (T <«< T)-)s1.€.,,inia 
limiting case which is the opposite to the one con- 
sidered here. 

5. The boundary conditions which have to be 
adopted in solving the system (1) assume different 
forms depending on the properties of the plasma 
boundary and on the nature of the process. If an 
ideal (Yy7 = VY, = 0) plasma is bounded by a di- 


electric, then on integrating (1) in the simplest 
case when there are no surface charges or cur- 
rents we obtain the following boundary condi- 


tions:° 


[hy] = fer] = [phal 


[een] = Vin = 0. (23) 


The square brackets denote the difference be- 
tween the values of the quantity contained within 
the brackets taken on the two sides of the bound- 
ary; the index t denotes the tangential (to the 
plasma boundary) components of the vectors, 
while the index n denotes the normal components. 
On utilizing (2) we bring the conditions (23) into 
the form 


[(H,+ H):] = [(E,+ E);] = [u(H + H)nl 


= [e(E, 4 E)nl == (Vio Vin = 0, 


which is the most convenient one for the solution 
of problems by means of the present method. 

In conclusion the author expresses his deep 
gratitude to N. V. Saltanov and E. F. Tkalich for 
discussions. 
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J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 78-79 (July, 1960) 


The ratio of the lifetimes of the decays Au? — He® +77 and AH? —>d+p+m- is considered 
in the impulse approximation, with the interaction in the proton — deuteron system taken 

into account. It is shown that for a spin j = Up of the jie hypernucleus the value of this ratio 
is in good agreement with the experimental value. 


As is known, the study of the different channels 
of decay of hypernuclei can supply information on 
the character of the A-nucleon forces and the spin 
of hypernuclei.+~? Picasso and Rosati! showed 

that the ratio of the half-lives for 


4 2H 4+2-, (1) 
Had +p +n- (2) 


indicates that for the spin of the AL hypernucleus 
the value ab is a preferable one; however, full 
agreement on the values of this ratio obtained from 
experiment is still lacking. 

In the present article we shall show that, by 
taking into account the effect of the interaction in 
the final state, which has not been done in refer- 
ences 1 and 2, one may obtain better agreement 
between theory and the experimental data. The in- 
teraction of 7 mesons with other decay products 
at the energies considered is small, since the basic 
effect is associated with the interaction in the pro- 
ton — deuteron system. 

The amplitude of the A- particle decay ina 
hypernucleus has the form 


M = gs + 8p (ck) | ho, 


where ky is the 7-meson momentum in the decay 
of a free A particle (~101 Mev/c). 

The square of the matrix element of the decay 
(2) as a function of the spin j of the Fak hyper- 
nucleus, after averaging over the spin states (our 
choice of the wave function for the p—d system 
was analogous to that of Buckingham and Massey‘), 
takes the form 


1 Rk 8 2 : 
| MiP (er yee Slt + yet all*e for j= %s, 
0 


P p2 
ky 


‘ 4 Rk? d\ k2 
RGAE oy 2? all oe : 


(ei ge) II for j= Ys 
: (3) 


Here 


qd oe, 
H = leet (ra, Tp, fn) Lia (are SOE 
X(fas tp, fn) Or adr, ak, 


Wil = ee + (kip) te 
x Di (—1)/(2l + 1) exp (— i874} sin 87“; (cos6) , 


vf 
q,d 
6] are the phase shifts in the states with spins 
%, and (reference 5), k is the -meson mo- 
mentum, Ky is the relative momentum of the p—d 
system, p =r, — 72 (2, +1,). 

We took into account for the p—d system only 
states with 1 =0 and 7 =1, since at the energies 
under consideration the phase shifts for 7 = 2 are 
small. Thus, inclusion of the interaction in the 
final state leads to the probability of decay (2) 
being dependent on the spin of the ARG hypernu- 
cleus (cf. reference 1). In the absence of such an 
interaction I¢ =I, and from (3) we find that the 
probability of this decay does not depend on j 
(conclusion from reference 1). 

For a decay of the type (1) the square of the 
matrix elements was calculated by Picasso and 
Rosati:! 


| Muy ? = 35 (9g? + g2k/k2) |? for j = 4s, 


| Mi)? = = g? (R?/k2) [TP 
Here 


for j = %/s. 


(4) 


Ste “ik 
I =] | Wik (ra, Tp, Tn) Cee (irae Tp, Tn) dra dr, ater 
A 


-Using (2) and (3), one may calculate, as in 
reference 1, the ratio of the lifetimes wi of de- 
cays (1) and (2) for the two spin values of j of 
the ak hypernucleus. The wave functions 
VHS and Vye3 Were taken the same as in 


reference 1. The account of the Coulomb inter- 
action was similar to that used by Tang.® In ac- 
cordance with recent data, the ratio x = 2 / ie 
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was limited to the values 1= x <5. Witha 
change of x in the given limits, the ratio of the 


lifetimes of decays (1) and (2) changes within the 
following limits: 


0.67 >a"? > 0.53; 142<0%< 5,31. 


Thus the spin value j = Ue for the ae hyper- 
fragment is in satisfactory agreement with ex- 
periment, which gives wexp < 1. Here, the agree- 
ment is better than in the case of Picasso and 
Rosati, who obtained for the same x values of 
w!/? greater than unity. 

In conclusion, I thank Professor D. D. Ivanenko 
for his interest in this work, and also N. S. Il’ina 
for performing the numerical calculations. 
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The results of some recent studies of cyclotron resonance in metals are discussed. Some 
additional opportunities for an experimental investigation of this phenomenon are indicated. 


iL Many recent papers have been devoted both to 
experimental! #3 and to the theoretical!* *° investi- 
gations of cyclotron resonance in metals. Faweett,! 
Bezuglyt and Galkin,? Kip et al.? and Khaikin‘* ob- 
served resonance in tin, while Bezuglyi and Galkin 
carried out additional investigations on lead? and 
indium.® Bismuth and its alloys with tin and thal- 
lium were studied by Aubrey and Chambers’ and 
Galt et al.,®° copper by Fawcett! and Langenberg et 
al.,°!9 zinc by Galt et al.!! and aluminum by Lang- 
enberg and Moore! and also by Fawcett.’ Thus, 
cyclotron resonance has been observed by now in 
seven metals. It is consequently of interest to 
evaluate the experimental results, to ascertain the 
degree of their agreement with theoretical predic- 
tions, and to indicate certain supplementary possi- 
bilities of experimental investigation of cyclotron 
resonance in metals. This is the purpose of the 
present article. 

The authors have shown earlier??~® that in 
metals at low temperatures in a constant magnetic 
field H parallel to the surface of the metal there 
is resonant absorption of energy from the high 
frequency field. The absorption has a minimum at 
resonance. The resonance takes place in magnetic 
fields corresponding to the values of the cyclotron 
frequency* Qq © v/d, where wis the frequency of 
the alternating magnetic field and q = 1, 2, 3.... 
Variation of only the resonant frequencies Q 
=eH/mce or the distances between them (e is the 
absolute value of the electron charge and c the 
velocity of light) permits a direct determination 
of the effective mass m of the electrons (‘‘holes’’) 
in the metal and its anisotropy.t 


*We emphasize that the multiplicity of the resonant frequen- 
cies is connected with the anomalous character of the skin 
effect, and not with the deviation of the dispersion from quad- 
ratic, and takes place even with a square-law dispersion. 

In the case of a non-quadratic dispersion, when the effec- 
tive mass depends on the projection pz of the electron momen- 


The effective mass will be determined the more 
accurately, the greater, on theone hand, the av- 
erage mean free time of the electrons Tp, (that is, 
wT)) and the more accurately, on the other hand, 
are satisfied in the experiment the theoretical re- 
quirements that the magnetic field be parallel to 
the surface of the metal and that this surface be of 
highest quality. As wt, tends to infinity, the equa- 
tion 2 = w/q, which determines the position of the 
resonance, becomes exact and not approximate, as 
in the case of finite value wT). If wT») does not 
have the finite value called for by the theory, the 
absorption minimum shifts towards the smaller 
magnetic fields. However, independently of the 
satisfaction of these requirements, the value ob- 
tained for the effective mass will be approximately 
COnGeeu 

In contradistinction, the shape of the resonance 
curve and the sharpness of the resonance are quite 
sensitive to the parallelness of the magnetic field 
and to the surface finish; furthermore, the stronger 
the magnetic field, the more stringent these re- 
quirements. Failure to satisfy these requirements 
may lead to a change in the order of magnitude of 
the depth and width of the resonance. A quantita- 
tive comparison of these characteristics of the 
resonant curves with theory is possible only when 
the theoretically predicted law of decrease of sur- 
face impedance of the metal, Z ~ H~¥3, is satis- 
fied in strong magnetic fields, where Z =R + iX 
(see references 20, 24, and 25). If the theoretical 
requirements are satisfied and the dependence R 
~ HB is experimentally satisfied in a strong 
field, a more detailed quantitative comparison of 


tum p in the direction of the magnetic field H|| z, we have in 


mind here the extremal value of m(pz) with respect to pz- In 
this case the sharpness and width of each resonant line differs 
for the minimum and maximum (with respect to pz) values of 
the effective mass.??~?° 
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the experimental data with theory is possible. 

Since the law of dispersion of current carriers in 
the metals is not known beforehand, and the depend- 
ence of Z on H is essentially connected with the 
form of the dispersion law, comparison with theory 
must be carried out either near resonance, or in 
strong fields where all the dependences can be de- 
termined in explicit form. 

The use of a simple formula for the quadratic 
dispersion law in the reduction of the experimental 
data, as was done in many papers (see, for exam- 
ple, reference 11), is naturally not permissible in 
the general case. 

2. All the experiments!’ have confirmed the 
theoretically predicted high ‘‘sensitivity’’ of the 
effect to the parallelness of the constant magnetic 
field to the specimen surface finish. A large num- 
ber of harmonics are observed in tin, copper, zinc, 
and aluminum (up to 15 or 17 in tin,?”4 up to 12 in 
copper!” and up to 8 in zinc!!), thus splendidly 
confirming the multiplicity of the resonant frequen- 
gies, 

The anisotropy of the effective mass in one of 
the crystallographic planes was fully investigated 
for single crystals of tin,?’** bismuth,’ and copper.! 
In particular, the data of Aubrey and Chambers’ 
and of Galt et al.° have confirmed the three- 
ellipsoid Fermi-surface model proposed by Shoen- 
berg”! for electrons in bismuth, and made possible 
the calculation of some of their parameters. 

The results of the investigation of cyclotron 
resonance in copper!” agree with the shape obtained 
by Pippard”’ for the Fermi surface. The shape of 
the surface is thus confirmed for copper by four 
independent methods: the anomalous skin effect 
(Pippard?*), the de Haas—van Alphen effect 
(Shoenberg?’), galvanomagnetic phenomena (Alek- 
seevskii and Gaidukov®’) and cyclotron resonance 
(Langenberg and Moore”’). 

The low effective-mass values, m ~ 0.2m), ob- 
tained by Langenberg and Moore” and by Fawcett® 
with cyclotron resonance in aluminum, agree with 
the ‘‘cushion-like’’ Fermi surface for ‘‘holes’’ in 
aluminum, constructed by Gunnersen?! from data 
on the de Haas—van Alphen effect. This Fermi 
surface, according to Heine,** is located in the 
corners of the first Brillouin zone and corresponds 
to a ‘‘hole’’ concentration on the order of 4 x 1057 
per atom. The ‘‘heavy’”’ carriers with mass on the 
order of 1.5mg, not observed in the de Haas—van 
Alphen effect and observed by Langenberg and 
Moore” with cyclotron resonance, are connected 
with the main group of carriers in aluminum, the 
Fermi surface of which is located in the second 


0 
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Brillouin zone. The smallest electron group 
(~10-° per atom), responsible for the long-wave 
oscillations in the de Haas-van Alphen effect and 
located at the corners of the third Brillouin zone, 
was naturally not observed in cyclotron-resonance 
experiments. 

3. Many experimenters?’?’!9!2 measured direct- 
ly not the surface resistance R(H), but its deriva- 
tive dR/dH with respect to the magnetic field. 
Plots of dR/dH vs. H have a clearly pronounced 
resonant character. The resonant cyclotron fre- 
quencies and the effective masses are determined 
from the position of maximum of the derivative 
dR/dH. At first glance this may appear to be incor- 
rect, since R(H) has a minimum at resonance,?2~*° 
and it is natural to expect dR/dH to vanish at the 
resonance point. It must be borne in mind, how- 
ever, that the function R(H) has a cusp at the res- 
onance points when wT, = ©, and the derivative 
dR/dH goes to infinity when H = Hyeg + 0. 

By way of illustration, let us consider a quad- 
ratic dispersion law, when 


Z(H) = 2R (0) [1 — exp (— 2miw/ Q)]**exp (in/3), 


aZ ee am 7 (0) ee [! — exp {- Ph ety 


x exp {— 2ni (1 + iwt,) / Or}. 


(1) 


The phase 1—exp(—27iw/Q) is chosen in the in- 
terval (— 7/2, 7/2) to make R(H) positive. Near 
resonance, when |k,|« 1 (kK; =1 - qQres/w, and 
q is an integer), 


R(H)=2(25g)*R (0) |" cos (1/3 + 2 tan” (xqua)-?). (2) 
To the right of resonance (H> Hres, Kk; < 0) 
R(H) = V3 (2q)"4R (0) |x|", 
dRIdH = 3~R(0)H-\(20q)' | x |, 


(3) 


To the left of resonance (H< Hres, K;> 0) 
R(H) = R(0) (2uqu1)", 
dRIidH = — + R(0)H-*(2nq)%* xy". 


Thus, dR/dH tends to zero to the left of reso- 
nance and to infinity on the right. Consequently, 
the position of resonance is best determined from 
the maximum of dR/dH. The position of the mini- 
mum of dR/dH does not coincide with H = Hres. 
Figure 1 shows schematically the variation of 
R(H) and of dR/dH as a function of the magnetic 
field near one of the resonance points. 

Similar curves are obtained in the case of a 
non-quadratic dispersion, when the resonant fre- 
quency corresponds to the minimum effective 
mass. In the case when the resonance corresponds 


(5) 
(6) 
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to the largest value of effective mass with respect 
to pz, dR/dH = —« when H = Hyeg — 0 and dR/dH 
=+ when H = Hyeg + 0 (see Fig. 2). In the 
latter case the resonant magnetic field can be de- 
termined both from the maximum and from the 
minimum of the derivative dR/dH. The fact that 
the minimum and the maximum of dR/dH are 

close together (even for a finite value of wT)), 
makes it possible to distinguish between the maxi- 
mum and minimum effective masses. 


R 
7 H 
res 
dk/aH 
H 
H H 
H res 
res 
FIG. 1 FIG. 2 


4, The resonant frequencies can be determined 
and were determined experimentally both by the 
minimum of absorption, and by the maximum of its 
derivative with respect to the magnetic field. 

Many experimental curves show clearly (see, for 
example, reference 10) that the resonance is much 
more clearly pronounced in the dR/dH curves than 
in the R(H) curves. To understand the reason for 
this, it is necessary to consider the dependence of 
R and dR/dH on the magnetic field at large but 
finite value of wT) = fae ee Ale 

Differentiating the expressions for the surface 
resistance given in Eqs. (3.18), (4.6), (6.3), and 
(6.8) of reference 24, we readily obtain equations 
for both the height of the resonance maximum 
dR/dH and for the shift in the resonant cyclotron 
frequency relative to w/q. The results of these 
calculations and of their comparison with the cal- 
culated values of R(H) (see reference 24) are 
listed in the table, where H, is the magnetic field 
at which Q =w and T) is the mean free time.* 

Thus, only when the dispersion is quadratic does 
the relative depth of the resonance minimum of 
R(H) have the order of magnitude of the resonance 
height of the maximum of dR/dH. For any essen- 
tially non-quadratic dispersion law, the relative 
height of the maximum of dR/dH is greater than 
the relative depth of the minimum of R(H), by 


*The mean free time 7, for the anomalous skin effect was 
cogently introduced in reference 26. 


(wr))%/3 and (wt,)'A8 for the maximum and mini- 
mum effective masses, respectively. This agrees 
well with experiment. The comparison of the 
R(H) and dR/dH curves affords an additional de- 
duction of the dispersion law (naturally, if the 
theoretical requirements are satisfied). 

The relative shift of the resonant cyclotron 
frequency (magnetic field) for dR/dH, for any 
dispersion law, is positive and on the order of & 
= (Or) « 1, i.e., it is of opposite sign and sub- 
stantially smaller than the corresponding shift for 
R(H) when the dispersion is quadratic (Kk ~ EM/2), 
or non-quadratic with m =Mypjp (Ky ~ &/3).”4 
This conclusion can be used for an experimental 
determination of the effective mass. 

The minimum of dR/dH does not have a reso- 
nant character when the dispersion is quadratic 
and the mass is a minimum (with respect to pz), 


since it is far removed from H = Hyesg. For the 
maximum mass (with respect to pz) 
(dRIdH) min ox ea (R(0)/H1) q‘(w To)", (7) 
Q 2. — 0/9 nm \—1 
ome = —(or, tan; | ; (8) 


the minimum of dR/dH is a resonant one, and 
(dR/dH)min tends to —%© as T)— ~, as already 
mentioned (see Fig. 2). 

5. A characteristic feature of the experimental 
curves is their considerable asymmetry in the 
vicinity of resonance: the derivative of dR/dH to 
the left of the maximum (like the value of R(H) 
to the right of the minimum) changes much more 
rapidly than on the right (see, for example, ref- 
erences 3 and 10). This feature is manifest also 
in the theoretical curves — see Figs. 1 and 2. A 
similar variation of dR/dH and R(H) with the 
magnetic field can be seen also in Fig. 5 of refer- 
ence 24; it must be borne in mind, however, that 
R is plotted in this figure as a function of 1/H and 
not of H. 

6. Certain experimental curves exhibit an in- 
crease in the height of the maximum with increasing 
magnetic field (this is seen particularly clearly on 
the figure of reference 10), beginning with harmonics 
of a definite order. This can be attributed to the fact 
that when 27/Qr,) > 1, the derivative dR/dH dimin- 
ishes exponentially [ ~ exp (— 27/Q7))] with di- 
minishing magnetic field and the resonance maxima 
disappear. This affords a convenient method for 
estimating the value of t) from the number Qo of 
the distinctly noticed resonant harmonics T9 
~ 2mq)/w. Thus, for example, q) ~ 10 in the ex- 
periments of Kip, Langenberg, et al. on tin and 
do = 9 in the experiments of Langenberg and Moore! 
on copper. When w = 27-24 x 10° eps this yields 
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Resonant values of the surface resistance Rres, the derivative 
(dR/dH)reg, and the relative shift of the minimum of R and of the 
maximum of dR/dH; —k, = qQres/w—1 
A ee ae Oey Oe ee 


Rres/R (0) |(4R/dA)peg/R() Hi —*, for R(H) | —% for dR/dH 
Quadratic dispersion ; | =1 
| / a 2/ | Rea Tg 
law, m(p,)=const | Gr glor)"*) ~(g%en)"* —2mgon)—*| (ox cot) 
Non-quadratic dispersion Rock ; : | 7 ee 
law, m(p)=m,... ~(q?/@t) ”° —~7. /5(et9) /s ~— (9 @T)) =| (0%, cot x) 
Non-quadratic dispersion : GN omc 
| 2) /s */s teil | = Oe 
law, (P,)=" nay aM /@0) ee. (@0) —(orstanz) (oro Go ea) 


Ty~ 3 x 10°! sec, in good agreement with the val- 
ues To ~ 3x 10°! sec given in these papers. 

There is, however, a circumstance that casts 
doubts on this conclusion. The point is that, ac- 
cording to theory, the instant that a clearly pro- 
nounced resonance appears, the height of the reso- 
nance maxima should decrease with increasing 
magnetic field (i.e., with decreasing number of the 
harmonic q): 


(4R/dH) max ~ q'? ~ Hy”. 


The opposite takes place in the experiments of 
Langenberg and Moore: the resonant maxima in- 
crease with increasing H. This can be explained 
only by assuming that even in relatively strong 
magnetic fields on the order of 2000 oe, we get 
QT) & 27, owing to failure to maintain the magnetic 
field strictly parallel to the surface of the metal 
and to the insufficiently smooth surface; an alter- 
native is to consider the presence of anomalous 
zones. Such factors can cause the value of Tp, 
which determines the surface impedance, to be 
itself dependent on the magnetic field and to be 
considerably less than in the bulk metal.”* In this 
case, when the effective magnetic field is weak, 
the formulas of references 22 — 25 are naturally 
inapplicable. 

When 27/27 « 1, strictly speaking, there is no 
resonance, but the impedance Z has a small 
periodic increment AZ: 

a) in the case of quadratic dispersion 


0) il 
Oman 


20 , 
eS on 
exp { oe 


LAVA 
f oO 


b) in the general case 


ane aed" /p 
6Po . p? (Qt) om, 
2 a) 
x exp { (@1) dni ty | 
[ pp is the point of maximum of Q(pz)T (pz) J. 


There exists, naturally, in addition to this incre- 
ment, the increment obtained in reference 24, 


AZZ = 


max 


which is monotonic in H and of order ([’/ée¢f)* 
(7 is the mean free path, r the radius of the orbit, 
and w, the plasma frequency). Obviously 


dln X/dH ~ gq" exp (— Qng/ert) 


(n = 2 for quadratic dispersion and n = 7 for a 
nonquadratic law). 

Unfortunately, the knowledge of 2(p,) deter- 
mines the effective mass at an unknown point and 
thus affords merely an estimate of the order of 
magnitude of m*. The substantial temperature de- 
pendence of d In X/dH in the experiments of 
Khaikin‘ shows that the measurements have been 
performed, possibly for the most part, in the re- 
gion where {1/27 2 1. Nevertheless, the effect is 
quite noticeable because of the high accuracy of 
the experiment. 

When 1 >> 1, the derivative d In X/dH depends 
little on the temperature and (d In X/dH)ryes 
© 4wWT)/24Hmq when (Ores — w/q)/(w/q) 
= +27q/wt). The high-frequency oscillations (rel- 
ative to the magnetic field) observed in Khaikin’s 
experiments may be due to the quantum oscillations 
predicted in reference 33 for the high-frequency 
region, oscillations which are quite useful for the 
construction of the Fermi surface. 

For a detailed comparison of the theory with 
experiment, an experimental verification of the 
theoretical requirements becomes particularly 
important. It is convenient to study for this pur- 
pose the measurements of dR/dH and d In X/dH 
in a strong magnetic field. In a strong field we 
have, independently of the dispersion law 


dRidH~H-? for 2nw< Q<nw*t, 


dRidH ~ H-‘*», dinX/dH = — = for Q Ss aw?t. 

We emphasize that the law of decrease of dR/dH 

in a strong magnetic field strictly parallel to the 
surface of the metal should be independent of the 
rotation of the vector H in the plane of the sample. 
Another criterion for the satisfaction of the theo- 
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retical requirements is the ‘‘regular’’ dependence 
of the height of the maximum (GR/du ja nos 

(d In X/ dH Ves on the number of the harmonic q 
(dR/dH ~ q*/, d In X/dH ~ q‘°). 

7. In spite of the large number of experiments 
on cyclotron resonance in metals, the dependence 
of the absorption on the direction of polarization 
of the alternating electric field (direction of the 
high-frequency current) was not investigated for 
a fixed direction of H. Therefore, naturally, the 
previously predicted ‘‘resonance at a selected 
polarization’? was not observed”4””® at effective 
masses corresponding to a central section and 
elliptical reference points (at which the electron 
velocity v is parallel to H) of the Fermi surface. 
The result is modified for dR/dH in the following 
manner: resonance will be observed for any direc- 
tion of polarization of the electric field E relative 
to H, with the exception of those directions, at 
which E is perpendicular to the direction of the 
electron velocity at the reference point (E 1 H) 
and at the point of the central section of the Fermi 
surface pz = 0 for vp = 0 (Vy is the projection of 
v on the normal to the surface of the metal). 

8. Let us emphasize again that, generally 
speaking, only the ratio 2 © w/q is ‘‘stable,’’ at 
sufficiently large wrt) and in the absence of a 
noticeable superposition of the resonant frequen- 
cies, with respect to experimental errors and with 
respect to different assumptions of the theory. 
Thus, for example, the discrepancy between the 
experimental and theoretical values of the phase 
shift of the oscillation, pointed out by many 
authors,’?!9!! can be caused by many factors: in- 
sufficiently large wT), the approximate character 
of Eq. (3.16) of reference 24 [ used to determine 
the impedance and in which the complex terms of 
order (6/r)'/2 have been discarded], the rotation 
of the principal axes of the surface-impedance 
tensor Rup With variation of the magnetic field 
(even near resonance — in the next higher approx- 
imations ), H not parallel to the surface of the 
metal, etc. 

9. To establish the form of the Fermi surface 
in metals and the electron velocities on it, it 
would be quite desirable to investigate further the 
anisotropy of the resonance, both in different 
crystallographic directions and in an inclined 
magnetic field, where the resonance may be due 
to diamagnetic quantum oscillations.***4 In partic- 
ular, it is interesting to measure simultaneously 
the classical and the quantum parts of dR/dH. We 
note that cyclotron resonance is particularly use- 
ful in explaining the features of closed plane sec- 


tions of the Fermi surface. Open surfaces affect 
little the form of the resonance curves, since 
for a given direction of H, they are encountered 
as a rule together with closed ones. It is pos- 
sible to determine the direction of the open tra- 
jectories only from the reduction and vanishing 
(for a certain direction of H) of a given resonant 
frequency in an investigation of the anisotropy of 
the resonance. Data on galvanomagnetic phenom- 
ena can be used to obtain open trajectories.*?»*? 

In conclusion, we take this opportunity to note 
that the solutions obtained by Mattis and Dressel- 
haus!’ and Rodriguez'® for the kinetic equation of 
electrons in a magnetic field parallel to the sur- 
face of a metal do not satisfy the boundary condi- 
tions. Actually, owing to violation of the symmetry 
of the problem by the magnetic field, the continua- 
tion of the distribution function (even or zero) to 
the surface outside the metal does not correspond 
to the boundary conditions for any orientation of 
H (see references 20, 23, 26, 34, and 37), unlike 
the case H =0. The only exception is a perpendic- 
ular magnetic field with isotropic dispersion. Ina 
parallel magnetic field, the problem becomes 
more complicated by the discontinuity of the distri- 
bution function.?*3" 

The situation is still more complicated in the 
quantum case, where the character of the reflec- 
tion of the electrons from the surface of the metal 
changes the electron energy levels (see reference 
33 for more details). The particular error made 
by these authors is that in solving the kinetic 
equation by Laplace transforms they did not ac- 
count for the jump in the distribution function on 
the boundary between the metal and the vacuum. 

It was precisely an incorrect allowance for the 
boundary condition that has led to differences be- 
tween the formulas of references 17 and 18 and 
those of references 22 — 24 and 33. Incidentally, 
in the case of a quadratic dispersion law, the re- 
flection of the electrons from the surface of the 
metal does not influence greatly the results in 
either the classical or quantum case (with excep- 
tion of the case of pure specular reflection, which 
is only of academic interest”®), so that the results 
of Mattis and Dresselhaus and of Rodriguez are 
qualitatively correct. 

The authors are grateful to A. F. Kip, D. N. 
Langenberg, E. Fawcett, and I. Phillips for gra- 
ciously supplying preprints of their papers. 
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Relations are derived for the generalized reciprocity principle (GRP) in the case when the 


radiation frequency changes during the transfer process. The limits of validity of the GRP 
are determined. The connection between the GRP and the concept of thermodynamic equi- 


librium is established. 


Tue reciprocity principle was quite useful in the 
development of the theory of radiation transfer and 
in the solution of many of its specific problems. In 
this connection, considerable attention has been 
paid recently to this question and to its mathemat- 
ical formulation.! ® Nevertheless, the presently 
used treatment of the reciprocity principle appears 
to us to be far from complete, since it is usually 
assumed that the frequency of radiation does not 
change during the transfer process. 

The authors have indicated earlier’ that the ap- 
plication of the theory of random processes to ra- 
diation-transfer phenomena lead to two systems 
of equations, which correspond to the Kolmogorov- 
Feller equations. It was noted there that a simul- 
taneous analysis of both systems leads to a for- 
mulation of the generalized reciprocity principle 
(GRP) and to an establishment of its limits of 
applicability. This approach is similar to an anal- 
ysis of the reciprocity of Brownian motion, used 
in the theory of random processes.® 1° 


1. DERIVATION OF FUNDAMENTAL RELATIONS 


The transfer of radiation in a scattering, ab- 
sorbing, and reradiating medium filling a certain 
volume V is best described by introducing the four 
fuinetions fk, £¢, i and if The quantity 


lie (11, %15V1,t1302, Mo, Vorto) dV ody2dv2 = fe (ie) AV 2d H2dvo 


is the probability that a photon of frequency 1, 
moving at the instant of time t, at the point r, in 
the direction of the unit vector 4, will be located 
at the instant t, in the vicinity of the point r,, 
will have a frequency (v2, v, + dv,), and will 
move in a direction specified in the interval 

(N2, N2 +d). The quantity 


is the probability that the excited atom will be at 


the instant t. in a state (Y, N2, V2) if it was ex- 
cited by a photon whose parameters were (14; 1, 
v,;) at the instant t;. By 12 and v2 are meant 
here the parameters of the photon at the instant 
of time preceding the absorption. 

The functions f©(1; 2) and f}(1; 2) need no 
explanation. 

In reference 7 we gave two systems of equa- 
tions defining the functions f(1; 2). We present 
these systems here in expanded form, under the 
assumption that the characteristics of the medium 
are independent of the time. The latter is a nec- 
essary condition for the GRP to be valid. 


af2 (1; 2)/dt, = \ (mee eaee ts) 
X AoiPe (To; a, Ys} Ne» V2) dqsdvs 
+| fo (1; Tos Nas 3» to) % (Tas Ya) CPx (Ta; Nas Vas Ne» V2) djs dvs 
— fc(1; 2) 1k (fa; ve) ¢ 4x (To; vg) C 4-6, (To;-V5) €] 
— CYpetads jad: 2), (1) 
Ofe(l; 2)i0ln = fel: 2) ek (teas) 
Agr Oo ita) lee (lee) (2) 
fo (1; 2)/dt, 
= | J0(15 tay ay Yar ta) Anipa (Pas os Yi as ¥2) dd 
+) 75(15 to, May Yor f3) 04 (625 %) Bs (Tas as Yas Mar va) dnadyg 


ae fo(1; 2) tk (tp; Va) C + % (To; V2) C +-O¢ (33 vo) c] 


— om, grad,,fo (1; 2), (3) 
Opals) 2) (Ole =f, (lee (roy, 
— lA +60 (r2)] fo (1; 2), (4) 
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a fe (1; 2)/Oty = k (14; V1) Cfo (ie) 
Sat Uy, a) c\ Px (Tis Thy Vi 3, V3) 


x fe(Ti Ne» V3, 1; 2) dys dvg — f2(1; 2) [k (ry; vy) 


+ (T15 vi) C+ Ge (ty; vi) c] + em grad, fe(1; 2), (1) 
— fo (1; 2)/dt, 

= \ Aas (Ti; hy is Nha» Ys) Fo(T1, ths, Va» t13 2) dypadyg 

— fo (1; 2) [day + oy (14)]; (2’) 


SUR 2)/0t; = k (ry; v1) fale 2) 
= inet \ p (15 Nay V5 Na» Vs) fe (ry, Ns, V3, t15 2) dy3dv5 


aa fae: 2) [k (ty; v1) € + * (Ty; Y) € +6, (tf, v1) c] 


+ en, gtady, fc (1; 2); (3’) 
— fo (1; 2)/dt, 

= \ Ane (T15 Ms V15 Na» Vs) fe (Ti, Na, V3, te; 2) dyads 

— fo(1; 2) [Agr +65 (m4)]. (4’) 


The following notation is used here: k(r; v) is 
the coefficient of absorption of a photon by the 
atoms, A»; is the probability of photon emission, 
Pk (3; 143 443 No, v2) is the radiation indicatrix, 
K(Y; v) is the scattering coefficient, p, (¥T; 4; 

Vi; No, v2) is the scattering indicatrix, o)(r) is 
the probability of collisions of second kind per 
excited atom, oO,(Yr; v) is the coefficient of true 
absorbtion, and c is the velocity of light. 

We introduce the function g§ (11,71, 4, ty; Yo, 
No, Ya, t2,), which represents the probability dens- 
ity of the photon being at the instant t, in a state 
(1%, 4, ¥4) if its state corresponds in a subse- 
quent instant of time t, to the parameters (Yo, 
Na» V2). 

Let us define the generalized reciprocity prin- 
ciple for the function i (1; 2) in the following 
manner:* 


fobs Ni» Vi» 13 Te, Nos Va» te) 
= 2 (Fo, == No, Va, t15 Ta, — Wh» Vi» ty). (5) 


On the other hand, another connection can be 
established between the functions i. and re 

According to the Bayes theorem (see, for ex- 
ample, reference 11), we have 


*This definition of the GRP coincides with the definition 
of the reciprocity of a random process, used in probability 
&10 


theory. 


£2 (1; 2) = fe; 2)@ (t, Ni Vi)/@ (T2, Ya, V2), (6) 
where the function y characterizes a certain sta- 


tionary distribution of the photons. 
From (5) and (6) we obtain 


© (v1) Wee 2) = @ (v2) fe (T2, — No, Ve, ti; M1, — M1 Vis C2). (7) 


We have left out the arguments n and r of the 
function g(v), since the necessary condition for 
(7) to be valid is that g(v) be independent of these 
parameters. The latter can be readily established 
by taking the limit as At =t, —t, 0. 

Expressing fe (1; 2) in explicit form in this 
limiting transition 


je(l; 2) = Ate (; v) px (©; qi, Vis Na, Ve), 


we obtain the necessary condition imposed on the 
characteristics of a medium for which the GRP is 
valid 


@ (V1) * (5 Va) Px (TS Na» Vis No» Va) 
= (V2) (1; Vo) Px (F; — Nos Vo; — Ta, Vi). (8) 
Let us proceed now to examine the functions 
fet; wand ts. 
We substitute in (1) the function is (132) as 


given by (7), and multiply the result by g(). 
Then 


Og (v2), fe (Te, — Nos Vor 13 T1, — Nr» Vi» te) / Oto 
= @ (v1) ou Ty, Ys, Var te) Asie (To; Na, V3; No, V2) Aqadvs 
=: \9 (vs) fe (Te,— Ns» Va» f23 Tr, — Na» V1» Fe) 
X x (123 Vg) CPx (23 Ns» V3 No» V2) ANsdVs 


— @ (V2) fe (T2,—Ne» Vor £1; T1,—%1, V1, te) IR (Fo; Vo) 


X C+x(T5 V2) C +e (Te; V2) Cc] 

— CM, gradz,@ (V2) fe (T2, — as) Vox Li) Lay > igvaala) = 

Let us interchange the indices in this equation, 
remembering that this interchange implies re- 
placement of r, by Yo, of 4; by v2, of ny by —N, 
and of n» by —n,. We subtract from the resultant 
equation the equation (1’) multiplied by g(V};). 
Taking (8) into account,we get 


@ (V1) & (ta; v1) efo(1; 2) 
= An® (V2) Ve (fo, — Yor Voy t15 Ti, Ya» V3, te) 
x pe(lrs Ys, Vai — TM» V1) ANsdv3. (9) 
As t, — t; > 0, this equation becomes 

@ (vi) R(t; Vs) Pe (Ps Mas Vas M2 V2) 


= (V2) R (8; V2) Pe(F3—Tor Vai— Ty V1)- (10) 
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This is the second necessary condition that 
must be satisfied by a medium for which the GRP 
is valid. 

Analogously, we obtain from (3) and (3’), with 
account of (7), (8), and (9), 


a 


® (V1) k (1; V4) \ fo (1; fey sr Var fo) Pe (T2; Ns, Vsi M2» V2) ANadvs 
=p (V2) k (T2;V2) \ fo (fg, — Yas Vo» £13 Tis Na» V3: ty) 


X Peli, Nar V3; — Nr» V1) As,dVs. (11) 
The remaining equations do not yield any new 
relations for the GRP. 


2. RANGE OF VALIDITY OF THE RESULTANT 
RELATIONS 


Relations (8) and (10) express the conditions 
that must be met by a medium in which the GRP 
holds. Let the medium be in the state of thermo- 
dynamic equilibrium. Then (8) and (10) express 
the principle of detailed balancing. The function 
y(v) now acquires a clearer physical meaning: 
it is proportional to the energy distribution of the 
photons in the spectrum of equilibrium radiation. 
From this point of view, relations (7), (9), and (11) 
can be treated as a generalization of the principle 
of detailed balancing to include the case of coup- 
ling between different elements of space. 

The function g(v) is determined by the tem- 
perature; it was shown above that it should be 
independent of the coordinates. It follows therefore 
that the GPR can hold only in isothermal media. 

The requirement of thermodynamic equilibrium 
is not mandatory for the GRP. Thus, for example, 
relations (8) and (10) are satisfied if the distribution 
of the neutral and the charged particles over the 
energy states is in equilibrium while the radiation 
field is not. A similar situation takes place, for 
example, in the case of a gas occupying a finite 
volume, in which kinetic processes cause an out- 
flow of radiation and an intense exchange of energy 
between different states. 

The existence of an equilibrium distribution 
over all the energy states insures satisfaction of 
the GRP for any mechanism by which the radia- 
tion frequency is changed, including transitions be- 
tween different energy levels. 

It is obvious that in each specific case it is 
enough to stipulate equilibrium distribution only 
over the states that influence the transfer of the 
given type of radiation. In no case are we inter- 
ested in the state of the radiation field. This is 
connected with the fact that the transfer of photons 
is determined by their interaction with matter and 
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is not directly dependent on the radiation field. 
The role of induced emission must be considered 
separately. The radiation-transfer equations that 
include induced emission are nonlinear, since they 
take into account the interaction between the pho- 
tons and the excited atoms. Naturally, the linear 
equations which we derived in reference 7 and 
which we cite here cannot account for induced 
emission. This does not impose, however, any 
additional limitation on the validity of (7), (9), 
and (10). We have already noted that the GRP 
holds in the presence of an equilibrium energy 
distribution. Under these conditions the induced 
emission, as is well known, is accounted for by 
multiplying the absorbtion coefficient by 
(1 —e=bv/kT), 


3. SOME PARTICULAR CASES 


a) Let the radiation indicatrix p, (©; ny, V4; 
N2, ¥2) be independent of the first indices n, and 
vy, i.e., let it be spherical, and let a complete 
redistribution of photon frequencies take place. 
It follows from (1)—(4) that the functions fy and 
in will also be independent of the initial parame- 
ters n,; and v;, and consequently the mathematical 
expressions for the GRP will be noticeably sim- 
plified. 

Such is the situation with Eq. (9) which, after 
integrating with respect to n, and v,, can be 
written in the form 


(ry) fo (ti, 43 Te, Ya» Vo, te) 


= 9(v2)\ L (T2, — Mo, Va, ti; Th, Ns» Vs, ts) dys dvs. (12) 


We use here the relation 
reinAs, = c\owe (r; v) dv, 


where n? (r) is the concentration of the excited 
atoms in thermodynamic equilibrium. 
We introduce the notation 


Felts, a Ne, Ve, ie Gris ty) 


i \ i (To, <= N2» Vo, th; Ty, Ns» V3) to) dns dv. 
Then 


n° (r;) ip (C15 275 Pa, Nay Vay ta) 


2 


= @ (V2) His (= No» Vo, 1; T1, tg). (13) 


Similarly, integrating (11) with respect to 11> 
’1, M2, and vy and introducing the analogous nota- 
tion 
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fo (tis ta; a, te) = \ SLR ey, Neo» Va, te) dyz dvo, 


we obtain 
(es) fo (Fay tis To, ty) = n°(re)fo (Pa, £15 M1, ta). 


Relation (7) remains unchanged in appearance. 

b) Let vy — vp = Av be small. Then gp (Y;) 
=  (Vv2),as a result of which the range of validity 
of relations (7),(9), and (11) is increased, since 
the function ¢(v) vanishes in conditions (8) and 
(10) , thus lifting the requirement that the medium 
be isothermal. In this case the GRP will be satis- 
field, in particular, in a medium with a coordinate- 
dependent temperature, provided local thermody- 
namic equilibrium obtains. 

c) Let us now make simultaneously both fore- 
going assumptions, which are usually made in 
studies of the diffusion of resonant absorbtion 
with complete redistribution of photon frequency. 
We are interested only in the form of Eq. (13), 
which becomes, using the Wien distribution and 
interchanging the the indices 

Smgfe(1; 2) = Men (te) Galo (Ta, t13 Pa, — 1, Vi, tx), (14) 

Here i, is the wavelength corresponding to the 
center of the spectral line, n(r) is the concentra- 
tion of the atoms in the normal state, and g and 
q are the statistical weights of the normal and 
excited levels. It is curious that the connec- 
tion between i, and f%, expressed by (14), is in- 
dependent of the specific processes that cause 
the broadening of the spectral lines. 


4. CONCLUSION 


The results of the present paper contain, as 
particular cases, the mathematical expressions 
obtained earlier by other authors for the GRP. 

Thus, considering the case of pure scattering 
and putting v; = V2, we obtain instead of (7) 


Ie (1, Ni 413 Te, No» te) = fi (CRs = Op Une Hn == Th ty). (15) 


Here the condition (8) degenerates into the trivial 
requirement that the scattering indicatrix be 
dependent only on the angle between the vectors 
n, and m2. 

Relation (15) coincides with the formulation of 
the reciprocity principle as given by Minnaert,! 
Chandrasekhar,’ and others. Case® obtained sev- 
eral specific mathematical expressions for the 
reciprocity principle as applied to neutron dif- 
fusion, in which the parameter corresponding to 


the frequency was the neutron velocity. He as- 
sumed that the neutron velocity did not change 
during the diffusion process, and obtained rela- 
tions similar to (15). Actually it is necessary to 
Start out with relation (7), with @(v) taken here 
as the Maxwellian distribution of the neutron ve- 
locities. 

Kadomtsev!* considered radiation transfer in 
scattering and absorbing media, allowing for 
changes in frequency and disregarding re-radia- 
tion processes. Putting 


Px (l; Ni» V1; Ne» V2) = Px (T; — To, Voi — N,V), (16) 


which contradicts the principle of detailed balan- 
cing when vy; #9, he arrived at the particular 
relation (15), which holds only when 1; & vp. 
Furthermore, he required that the absorption co- 
efficient be independent of the frequency. This re- 
quirement is superfluous. 

Sobolev, !? considering radiation transfer in the 
spectral line for a plane-parallel scattering atmos- 
phere, also arrived at relation (15). 

It must be noted that radiation transfer is far 
from always produced in a narrow spectral inter- 
val. Thus, for example, the role of y(v) becomes 
quite important if the foregoing results are ap- 
plied to the investigation of luminescence. In this 
case a relation similar to (7) connects the ab- 
sorption and luminescence spectra in the Stokes 
and anti-Stokes regions. 

It is appropriate to note, in conclusion, that all 
the previously published papers give only partic- 
ular relations between the function i (1 2)).) Ebere 
are no relations in the literature for f%, ff, or ie 
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Interference between Coulomb and nuclear scattering is considered in the quasi-classical ap- 
proximation. Results of calculations are presented for scattering of 8.7-Bev protons on light 
and heavy emulsion nuclei. The magnitude and sign of the real part of the amplitude for 
scattering of protons on protons are discussed. 


‘Tae amplitude of elastic scattering of nucleons on 
nucleons and nuclei has, in the general case, the 
form 


i @) = A) + (Boz, ®), (1) 


Where A(w#) is some complex function, and 
B(oj, ~) is the part of the amplitude dependent on 
the spins of the interacting particles. At high en- 
ergies it is usually assumed that the real part of 
A(#) and the term B(gj, #) in expression (1) are 
equal to zero. Experiments on elastic scattering 
of 8.7-Bev protons on hydrogen! and on emulsion 
nuclei? apparently indicate that this assumption is 
incorrect. However, the results of these experi- 
ments, in essence, only raise the question of taking 
into account the real part of A(#) and the spin de- 
pendence of the nuclear forces, but do not give any 
clue as to their role in the interaction. In the 
present article we consider the interference be- 
tween nuclear and Coulomb scattering, the study 
of which can give the magnitude and sign of Re A. 
In the quasi-classical approximation for spin- 
zero particles the scattering amplitude has the 


form 
Cc 


A(o) = ik \ [1 —e%8)] Jo (kOp) pd p, 


0 


(2) 


where £ (p) is the sum of the Coulomb and nuclear 
scattering phase shifts. Thus the Coulomb inter- 
ference is determined by the value and sign of the 
nuclear phase shifts. In the optical approximation, 
the latter depends in turn on the magnitude and 
sign of the real part of the nucleon—nucleon for- 
ward scattering amplitude, Re fyy (0). 

Formula (2) is approximately valid also for the 
case of the scattering of particles with spin on 
spin-zero nuclei, for example, for the scattering 


of protons on light emulsion nuclei (C', N'4, 018), 
Strictly speaking, the spin-orbit interaction should 
be taken into account in this case, but it does not 
play an important role in the small-angle region. 

We used expression (2) to calculate the inter- 
ference between Coulomb and nuclear scattering of 
8.7-Bev protons on light and heavy (Ag, Br) 
emulsion nuclei.* The phase shifts of the nuclear 
scattering were calculated by the usual method 
(see, for example, reference 2). The Coulomb 
scattering phase shifts were obtained from the 
formula of Bethe.? The magnitude of Re fyy (0), 
according to the data of Markov, Tsyganov, 
Shafranova, and Shakhbazyan (see reference 4), 
was set equal to 14.4 x 10° em. The results of 
the calculations are shown in Fig. 1. In order to 
obtain the differential cross section for the mixture 
of emulsion nuclei, it is necessary to combine the 
cross sections for the light and heavy nuclei with 
respective weights of 0.58 and 0.42. 

The differential cross section was also calcu- 
lated from the approximate formula of Bethe:° 


do/dQ = | gn (0) — (2n/k9?)e2 2 F? (ka), 


hi Lea, q = n(0,058 — Inka —1n9), (3) 


where gy (0) is the forward nuclear scattering 
amplitude, a is the mean square radius multiplied 
by ¥2/3. The form factor was taken in the form 

F = exp {— (kiva)%/4}. Here we wished to consider 
the degree of applicability of this approximate for- 
mula in connection with the critical remarks of 
Batty.® As a result of the calculations, it turned 


*We neglect the spin of the heavy nuclei as it does not 
play an important role in the scattering process. This is con- 
nected with the fact that the ratio of the spin of heavy nuclei 
to their mass number is small. 
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FIG. 1. Interference 
in the case of emulsion 
nuclei. The curves cal- 
culated for light and 
heavy nuclei are denoted 
by the letters L and H. 
The curves correspond- 
ing to positive, negative, 
and zero values of 
Re fy (0) are denoted 
by the symbols +,-, and 
0. (do/dQ in cm’) 


02 OI 04 Ue) 
#, lab.(deg) 


out that the difference between the cross sections 
obtained from the approximate formula and the 
quasi-classical approach is no greater than a few 
percent for light nuclei. 

In the case of scattering of 8.7-Bev protons on 
protons, it was assumed that the effect of their 
spins can be neglected.* The differential cross 
section was calculated from formula (3). The form 
factor in the same form as for the nuclei was cal- 
culated for a = 0.86 x 10° '3 cm — the value taken 
from the data of Preston.’ The results of the cal- 
culations (in the c.m.s.) are shown in Fig. 2. 

It is seen that the choice of the value Re fyn (0) 
= 13.5 x 10° cm does not contradict the experi- 
mental results if its sign is positive. This state- 
ment, however, should not be considered conclu- 
Sive, since the errors on the histogram are large, 
and the assumptions made above are based on in- 
sufficiently accurate experimental data. 

The authors thank I. I. Levintov, M. I. Pod- 
goretskii, and Y. A. Smorodinskii for their helpful 
discussions. 


*Some basis for this assumption may be found in the fact 
that comparison of the scattering of 8.7-Bev protons on hydro- 
gen’ and on emulsion? indicates that the effect of the spin- 
dependent interaction is small. 
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FIG. 2. Interference 
in the case of hydrogen. 
The solid, dashed and 
dot-dash lines refer to 
the positive, negative, 
and zero values of 
Re fyn(0). The histo- 
gram represents the 
experimental results 100 
of Markov et al. 


200 


150 


50 


UR 


10 12 14 16 18 


°o 
o,c.ms. 


' Lyubimov, Markov, Tsyganov, Cheng Pu- Ying, 
and Shafranova, JETP 37, 910 (1959); Soviet Phys. 
JETP 10, 651 (1960). 

?Bannik, Grishin, Danysz, Lyubimov, and Pod- 
goretskil, JETP 37, 1575 (1959); Soviet Phys. 
JETP 10, 1118 (1960). 

3H. Bethe, Ann. Phys. 3, 190 (1958). 

‘Vv. I. Veksler, Report at the 9th International 
Conference on High Energy Physics, Kiev, 1959. 


5 
C. J. Batty, Proc. Phys. Soc. (London) A 73, 
185 (1959). 


Translated by E. Marquit 
19 


POVIE TS PHYSICS JETP 


VOLUME 12, 


NUMBER 1 JAIN UW APR Y sy L916: I 


A RESONANCE MODEL FOR THE 1+N—~1a+27+WN REACTION AT MESON 


ENERGIES OF 300 ~ 450 Mev 


V. V. ANISOVICH 


Leningrad Physico-Technical Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor January 8, 1960 
J. Exptl. Theoret. Phys. U.S.S.R) 


39, 97-104 (July, 1960) 


It is assumed that the energy dependence of the matrix element is only due to a resonance 
interaction between the nucleon and one of the mesons in the final state Ce es ), and that 
these particles carry away most of the energy of the system. Under these assumptions, 
expressions containing six parameters are given for the reaction cross sections. It is 
shown that the results based upon such a model are in agreement with the available 


experimental data. 


Ir is not possible at present to calculate the cross 
sections for the 7+N—~>7+7+N reaction using 
the field theory. It is therefore very desirable to 
describe the process using some general proper- 
ties of strong interactions or, at least, by means of 
phenomenological models. At not too high energies 
of the incident meson (up to 250 Mev) the reaction 
was studied by Ansel’m and Gribov,! who succeeded 
in showing that the zero-energy amplitudes of the 
meson-meson scattering can be found from the 
study of the behavior of the reaction cross section 
near the threshold. At energies in the 1—1.5 Bev 
range, single m-meson production in meson-nu- 
cleon collisions was investigated quite successfully 
using the isobar model.” In the 300 — 600 Mev 
range, Peierls® and Barshay* studied the possibility 
of obtaining information on the meson-meson inter- 
action from the angular correlation of the particles 
produced in the reaction. 


1. BASIC ASSUMPTIONS. RELATIONS BETWEEN 
THE TOTAL CROSS SECTIONS FOR DIFFER- 
ENT REACTIONS. 


In the present article we consider the case where 
the kinetic energy of the particles produced lies 
within the 100 — 200 Mev range in the c.m.s. We as- 
sume that the meson-meson interaction in the en- 
ergy range under consideration is much smaller 
than the resonance meson-nucleon interaction. It 
is further assumed that, in the final state, one of 
the mesons and the nucleon are produced in the 
(*/, %) state with an energy which is, in the ma- 
jority of events, close to resonance energy. The 
kinetic energy of the second meson will, in general, 
be not higher than 50 Mev. The last assumption can 


be submitted to an experimental test. The matter 


will be discussed in detail below. 
In addition, it is assumed that the energy de- 


pendence of the matrix element is determined by 
the interaction of the particles in the final state 
only. In the majority of cases one of the mesons 
and the nucleon are in the resonant state with high 
energy, while the second meson has an energy not 
higher than 50 Mev. The interaction of a 50-Mev 
meson with a nucleon is considerably weaker than 
at 100 — 200 Mev. We neglect therefore the inter- 
action between the second meson and the nucleon 
in the final state. Since it is assumed that the me- 
son-meson interaction at energies below 200 Mev 
is also weak compared with the resonance interac- 
tion, it can be neglected as well. 

Thus, only the interaction between one of the 
mesons and the nucleon in the (Ge. a) state is 
considered in the final state. A diagram of the 
process is shown in Fig. 1a; it is assumed that the 
shaded circle is constant in the energy range under 
consideration. The upper part of the diagram rep- 
resents the scattering of the meson on the nucleon, 
in which one meson vertex is missing (Fig. 1b). If 
the product rpoq of the meson-nucleon interaction 
radius by the meson momentum is small, then the 
matrix element corresponding to Fig. 1b is given, 
disregarding angle-dependent factors, by the follow- 
ing expression (neglecting the nucleon recoil): 


(1) 


where 6(q) is the phase of meson-nucleon scatter- 
ing in the (Ops yy) state for meson momentum q. 
Since the second meson possesses an energy of the 
order of 50 Mev, we shall assume that it is ina 
state with orbital angular momentum L equal to 0 


g~*e!®(9) sin 6 (q). 


(el 
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FIG. 1 


or 1 with respect to the center of mass of the two 
remaining particles. 

It is necessary to note that when the energy of 
the incident meson is higher than 450 Mev the ki- 
netic energy of the particles produced will be 
higher than 200 Mev. The energies of both mesons 
can then be close to the resonance energy, and it 
becomes necessary to consider the interaction of 
both mesons with the nucleon in the final state. The 
results obtained in the present article are, there- 
fore, not applicable to higher energies. 

Similar assumptions were made by Mandelstam® 
in a study of the N+N—~7+N+WN reaction. His 
results are in good agreement with experiment, 
and one can hope, therefore, that a similar approach 
may be useful in the treatment of the present prob- 
lem. 

Let us now consider the consequences resulting 
only from the assumption that, in the final state, 
one of the mesons and the nucleon are produced in 
the (oe ¥,) resonance state and carry away most 
of the energy of the system. 

If the meson and the nucleon are characterized 
by the isotopic spin projections ¢ and v in the 
initial state, and if in the final state the first and 
second meson and the nucleon have the isotopic 
spin projections £, yn, and yw respectively, then, 
according to the requirement of isotopic invariance, 
the transition matrix element is 


>) (arF? (1, 2) + BrF? (2, 1)), 
Te 


Or = City CimyureCitvees Br = CieyCieyp+aCitne > (2) 
where T and 7 are the total isotopic spin of the 
system and its projection on the z axis (T can 
have the values ¥/, and 4), 1 and 2 are the energy 
and momentum of the first and second meson, re- 
spectively, and Fr, 1, 2) is the transition ampli- 
tude, which is dependent on the total isotopic spin 
and on the energies and momenta of the particles 
produced. The term containing FT (1, 2) corre- 
sponds to the production of the first + meson in 
resonance with the nucleon, while the term with 
BDC 1) corresponds to the production of the sec- 
ond meson in the resonance state. The actual val- 
ues of ay and By for different processes are 
given in the Appendix. 

The square of the matrix element contains terms 
with FT'(1, 2) FT*(1, 2) and FT’(1, 2) FT*(2, 1) 
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Moreover, FT(1, 2) and Fl (a2, 1) cannot be simul- 
taneously large: if one meson is produced in reso- 
nance with the nucleon, little energy is available 
for the second meson and the amplitude FT(2, 1) 

is small, and vice versa. We can therefore neglect 
the terms containing FT’ (1,2) F1*(2;1). The 
square of the matrix element can then be written 

in the following form: 


>) {arar Re(F" (1,2) F’ (1,2) 


i IRY 
+ B7Br Retr (2,1). (2; 1))}- (3) 
The contributions of the real parts of Eq. (3) to 
the total cross section are equal. Using Eq. (3) 
and Eq. (Al) of the Appendix we thus obtain the fol- 
lowing expressions for the total cross sections for 
the processes under consideration: 


O(% “2 ph et ae) 


= */15A3, o(t*+ pop + 7r°+27) = BisAs, 
o(t- +p on +0-+ 07) = /o7A14+ 79/133As—"/o2 V /sA13, 
o(n-+ p >on +n°+ 0°) = 8/o7A14+ 4/135A3 + 8/o7V 2/5Ais, 


( 
o(n-+ p > p + 07+ 5°) =4/o7A141%/135A3 + 10/9 V 2/sAis. 
(4a) 


A>, A3, and A,y3 are functions of the total energy 
only. A, and A; are obtained by integrating the 
squares of the absolute values of the amplitudes, 
with total isotopic spins equal to ¥/, and */, respec- 
tively, over the phase volume, and Aj, is the re- 
sult of integrating the interference term. A; and 
A3 are therefore positive, and Aj3 satisfies the 
inequality | Ayg | = VA,A3. 

The following two relations between the total 
cross sections are a consequence of Eq. (4a): 


o(n*+ p >n +n*+n*) = 0.3 o(a*+ p> p +n°+2x%*), 


1.40 (w*+ p =n +n*1+2%) + Q0(n-+ p 1 4 mv? +. 3°) 
= 0.60(n-+ p >n +n-+2°*) 
+ 2.500 + p > p +47), (4b) 


Thus, using only the assumption that one of the 
mesons is produced in the resonance state (,; *, )) 
two relations between the cross sections in the en- 
ergy range under consideration have been obtained. 
A comparison of Eqs. (4b) with experimental data 
will constitute a test of the assumption made above 
that one of the mesons and the nucleon are produced 
in the (4, ) state with an energy which, in gen- 
eral, is close to the resonance energy. 


2. TRANSITION-MATRIX ELEMENT 


Let us now consider the problem in greater de- 
tail. The following transitions are possible under 
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the assumptions made above: 


Dy, > PxS%,, Ph, > Py, py, 
Pi, — Py,py, Fe, > Pr,py,. (9) 

In (5), the expression Pj,. — P3,p4/ denotes, 
e.g., that in the initial state the meson and the nu- 
cleon had orbital angular momentum 1, total angu- 
lar momentum //;, and positive parity, while in the 
final state on the mesons and the nucleon are in the 
P372 resonance state and the second meson is ina 
p state with respect to the center of mass of the 
first two particles. We shall neglect the transitions 
from an initial F state since, at energies on the or- 
der of 400 Mev, the contribution of the F state to 
meson-nucleon scattering is considerably smaller 
than the contribution of other states. 

As will be shown in the following, the assump- 
tion that one of the mesons and the nucleon are in 
the ee $f) state with an energy close to the res- 
onance energy in the majority of cases is, for the 
given model, equivalent to the assumption that the 
principal transition is 


Dy, ac PpS3/y 


It is possible to write down the matrix element 
F~ (1,2) in an approximation in which the nucleon 
mass is assumed to be infinite. For the case when 
the total angular momentum of the system and its 
projection on the z axis are equal to j and M, re- 
spectively, FT(1, 2) is given by 


TS? id : Ss iM 3/4m 
Q1qy é ia) sin 6 (q1) qa >, (Gi ean ed Ota ee 


ms 


x Varnes (qx) Vien (qo) ? (6) 


where q,; is the momentum ofthe meson which is in 
the (3, %) state, 6(q,) is the phase shift for the 
given momentum in the resonance state, q,; and L 
are the momentum and angular momentum of the 
second meson with respect to the center of mass 

of the first two particles, and aj;j, are certain con- 
stants varying with T, j, and L. It follows from 
Eq. (5) and the assumption about the small contri- 
bution of the F state that there are three such con- 
stants for a given T. 

The matrix element, as given by Eq. (6), is cor- 
rect to a term of the order of the ratio of the ki- 
netic energy of the particles in the final state to 
the nucleon mass. 

The constants aZ should still satisfy certain 
relations that follow from the fact that the S ma- 
trix is a unitary one. As in reference 6, it can be 


found that 
(7) 


Paes! & 
aj, = bj, exp (inj), 
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where nL is the phase of the meson-nucleon scat- 
tering with given T, j, and L_corresponding to the 
incident meson energy, and DiL are real (though 
not necessarily positive) quantities which should 
be determined by comparing the expressions for 
the cross sections with experimental data. 


3. EXPRESSIONS FOR THE CROSS SECTIONS 


In calculating the cross sections for the inves- 
tigated process we assume the nucleon to be at 
rest in the final state. The cross sections can be 
then easily calculated in the usual way. It is only 
necessary to multiply the amplitudes FT given in 


Eq. (6) by a factor et Cyene which is due to the 


expansion of the plane wave in terms of the total 
angular momentum eigenfunctions of the system 
(k is the meson momentum in the initial state, and 
dr is the angular momentum of the meson-nucleon 
system in the initial state). 

The energy distribution of mesons moving within 
a solid angle element with a given @ (angle between 
the z axis and the direction of meson emission in 
the c.m.s.) is given by the expression 


do = {a)+ a,cos6 + =a,(3cos*0—1) Jdwd Q/4x, 
ay= S(w) [Ai + ((e—w)?— 1)By) + S(e—w) [A2+ (w?— 1)B2], 


a, = S(e — w) Vo?—1 Gs 
a2 = S(w)(D, + ((e —w)? — 1)Ey] + S (e — w)(w? — 1) Es, 
= Vite V Me Rk 
Oe A (V1i+ + V M2 + Re 
sin? 8 (w) 


wae Ta ea 

Keo) VE—oF— lo. (8) 
where M is the nucleon mass, w = V1+q? is the 
energy of the meson under consideration (meson 
mass equal zero), € is the energy of both mesons 
in the final state (including rest energy) in the 
c.m.s. (it should be remembered that we neglect 
the kinetic energy of the nucleon in the final state ), 
dQ = 27 sin @dé@ is the solid-angle element, and 
6(w) is the phase shift in the (%/, */,) resonance 
state. Ay, Ag, E,, E, are constants varying 
with Pun Ap, and Bp (i.e., they are different for 
different processes). In addition, these constants 
vary depending on which one of the mesons produced 
is considered. Explicit expressions for the con- 
stants are given in the Appendix. 

The total cross section is obtained from Eq. (8) 
by integrating over all possible values of w and 
the angle 9. Using the data of reference 7 to de- 
termine sin’ 6(w), we can calculate the total cross 
section for the investigated process 


o = (A; +A2)h + (Bi +Bo)1s, 


(9) 
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where I, and I, are functions of the total energy 
only. Numerical values of these functions are given 
in the table. 


Energy of the 
incident meson 
in the laboratory 

system, Mev. 


71-10? | 1,-402 T4:A02 


290 0.83 | 0.42 0.60 
320 1.5 1.0 G23 
370 Boe? 2.9 3.0 
430 6.3 6.6 6.4 


The following expression gives the meson angu- 
lar distribution: 


A4ndo/dQ = by +bicos8 + 14/2 be (3.cos? @ — 1), 
n= (A, i Ay)l; 7 (By | Bz) 12, 
K= CIs, be= DI, +(E,+ E2) le. 


(10) 


The values of I; are given in the table. 

According to the assumptions made, the course 
of the process is such that one of the mesons is 
produced ina (OB: Yo) resonance state and, in 
general, the energy of this meson lies in the reso- 
nance range, i.e., is relatively high. 

It is essential to check whether the formulas 
obtained fulfill the requirement that the number of 
cases in which the meson produced in the (/p a) 
state has an energy substantially different from the 
resonance energy be really small. Integrating Eq. 
(8) over the angle 6, we obtain the energy distri- 
bution for the meson which, to be specific, we 
shall denote as the ‘‘first’’ meson: 


do/dw = S(w)[A,+ ((e—w)?— 1) By] 
+S (¢ 


The first term is responsible for the production of 
the ‘‘first’? meson in the OF ES) state. It is nec- 
essary to check if this term really decreases suf- 
ficiently fast with decreasing energy of the ‘‘first’’ 
meson. The energy dependence of the first term 
is determined by the quantities A,S(w) and B,(€ 
— w* —1)8(w), of which the first has, in fact, a 
maximum for w™ ~Wres (Wres ~ € — 1), while the 
second attains a maximum for smaller w. This is 
a result of the additional factor (€ — w)’—1 = qj, 
which appears in the matrix element (6) because 
of the production of the ‘‘second’’ meson with 
ile, = 1 

If the process goes in such a way that the ‘‘sec- 
ond’’ meson is, in general, produced in a state with 
L = 0, i.e., if A, > B, (the quantities S(w) and 
S(w)[(€—w)?—1] are of the same order of mag- 
nitude), then the basic assumptions are satisfied. 
The same can be said about the second term, re- 
sponsible for the production of the ‘‘second’’ meson 


w) [Ag+ (w?— 1) Bgl. 


Vo Ve OSNTS OVC. 


in the (*%, ¥%) state. This term should decrease 
sufficiently fast with increasing w if € —- w be- 
comes smaller than wreg. 

It is thus necessary that A, + A, > B, + By (for 
the results it is sufficient that A, + A, be greater 
than B, + By by a factor of two or three at least ). 
As will be seen in the following from the analysis 
of experimental data, the condition A; + A, > B, 
+B, can, in fact, be satisfied, although B, and B, 
cannot be assumed to vanish, for if all mesons 
produced are in resonance interaction with the nu- 
cleon the term a, cos 9, which is essential for the 
agreement with experiment, disappears from the 
cross section (8) in the P state. 


4. COMPARISON WITH EXPERIMENTAL DATA 


The results given above for the cross sections 
have been compared with the experimental data of 
Perkins et al.,* who measured the cross sections 
for the 7 +p— 1’ +7 +n reaction at 260, 320, 
370, and 430 Mev (Fig. 2). The expression for the 


6, mb 


250 350 450 Mev 

FIG. 2. Total cross section for the 7 + p>n+a7' +7 
reaction, calculated according to Eq. (9) for A, + A, = 53 mb, 
B, + B, = 3 mb (solid line). Dashed line represents the in- 
crease in the phase volume. 0 — values of the total cross sec- 
tion o(7 +p2»n+a*'+7),° A—values of o(7 +p2enta* 
+m) + 0.350(7° + p>a +7°+p).° The x axis represents the 
incident meson energy in the laboratory system. 


total cross section (9) is in good agreement with 
the experimental results. Attention should be drawn 
to the fast increase of the cross section between 
300 and 450 Mev, which cannot be explained by the 
increase of the phase volume only. The curve 
showing the increase of the phase volume with en- 
ergy is given for comparison in Fig. 2 by the 
dashed line. It should also be noted that, essen- 
tially, the total cross sections (9) depend only on 
one parameter A; +A), since B,+ By, is small 
under the assumptions made above. 

It can be seen from Figs. 3 and 4 that the data 
on the angular distribution of positively charged 
mesons at 320 and 430 Mev also are in agreement 
with the theoretical curves. 
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aS * FIG. 3. Angular distribu- 

tion in the c.m.s. of the 
mesons produced in the 

10 7 +p+n+a7*+7 reaction 
at 320 Mev incident meson 
energy.’ Solid curve repre- 
sents the angular distribu- 
tion calculated according to 


a Eq. (10) for C = 30 mb, 
deg D, = 2.5 mb, and E, + E, 
: a ga eS eabs 


FIG. 4. Angular distri- 
bution in c.m.s. of 7+ 
mesons produced in the 
7 +p>2n+7' +7 reac- 

3.0 ; tion at 430 Mev incident 
meson energy.® 


The mean value of o(m* +p— n* +2°* +n) 
+o(r* +p— 1’ +7° +p) was estimated? for the 
energy range 300 —575 Mev. It was found to be 
equal to (1.8 + 0.6) mb. It follows then from Eq. 
(4a) that A; = (1.6 + 0.5) mb and that the contri- 
bution of the term containing A; to the total cross 
sections o(7 +p—~n+7 +7), o(m7 +p—n 
+79 4+ rw), Ayn! Olay te )9) => jose 1’ +7) is of the 
order of 0.3, 0.05, and 0.2 mb respectively, i.e., 
is small. Neglecting it, we obtain an additional re- 
lation between the total cross sections 


o(t +p—on+n*+ w) +40 (1 +p —p 


4 04+ n-) =30(n +pon+n+n). (11) 


It follows from reference 8 that the mean value 
of o(r7 +p— pt +7 ) inthe energy range 
under consideration is of the order of 2—2.5 mb. 
Since A, ~ 1.6 mb and Ay; = Vv A;A3, one finds 
easily from Eq. (4a) that the mean value of o(7 
Dia Die n° +7 ) = 2 mb in the investigated en- 
ergy range. 

This fact is confirmed by the results of Zinov 
and Korenchenko!® who measured the quantity 
25( ta + Pp — Weg tae) t 0s oCKr HP pra 
+m) (see Fig. 2). From their data, as well as 
those of reference 8, it follows that the cross sec- 
LLOMG. (Wien ae Dor n° +7) cannot be large. 


0 


The available experimental data are not suffi- 
cient to establish how well the proposed model 
describes the two-meson production process in 
meson-nucleon collisions in the energy range under 
consideration. The agreement between the experi- 
mental and the theoretical angular distributions of 
m™ mesons and the total cross sections does not 
provide a decisive proof for the validity of the 
model because of the large number of unknown 
parameters al (six constants ). It should be 
mentioned, however, that the model yields a correct 
increase of the cross sections with the energy, 
which depends only on the variation of I, with the 
energy but is independent of the constants ae The 
model also predicts an increase of the coefficients 
b, and by with the energy in the expressions (10) 
for the angular meson distribution, which is in 
agreement with experiment. 

The author is greatly indebted to V. N. Gribov 
for indicating the subject of the investigation and 
for advice, and to A. A. Ansel’m for helpful dis- 
cussion. 


APPENDIX 


We give here the values of ap and Sp for the 
various processes: 


Lo Ep = ae en 


ay, =By,=0, ay, = By, = Vhs 
I]. "+ p > p +n° (1) +2* (2) 

ay,=By,=0, ay,=—2/V15, By=V%s. 
I.« -+p >n +n-(1) +a* (2) 

ay,=1/V3, By, =1/13V3, 


ay,=—Vihs, By,=-¢ Vhs. 
IV. w-+p -n +n°4+n° 

ay, = By, = —2/3V3, a), = By, = 
V.n--+ pp +m (1) +09 (2 , 


aie 


n= —3Vile y= Ve 

p= — 173 V 15, B= 4/3 V 15. (Al) 

The expressions for the cross sections (8) — (10) 
contain the constants A;, Ao, ... E;, Ey. If we are 


interested in the cross section for the meson de- 
noted in (Al) by 7 (1), the constants are 


2 ¥ , 
a > oe ors Re CH Aiyo) 


Telia 


5 Re(al’,at,) +Re(als at )}, 
OF ANTM NS ae SEVP nest 3 4/1 91 


TTL 
Loy: Re (ai, Fp,0) 


= >) Or 
Wee 


C = 5) Br Br. sre Relat af 
via 
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ata 2 / operas ners 
Dy tr err} 3 5 Re (ais 4,1) — 75 Re (ar, a a)f > 


5) 8 
ee ee oe Ph he \Veeeos i 
Ex = >iBr ve 3 Ve 5 Re (ay,1 4,1) — qe Re (ChgiaN. 


(A2) 


A, and By can be obtained from the expressions 
for A; and A, by substituting By for a7. 

For the meson denoted in (Al) by 7m (2), the 
constants Aj,..., E, are obtained from the cor- 
responding constants in Eq. (A2) by substituting 
By for a7. Thus, e.g., the cross section for the 
m mesoninthe 7 +p—~n+a* +7 reaction is 
obtained by substituting into Eq. (A2) the values 
M4. = 1/V 3, By = 1/3V3, ay. = — V 2/15, Bs 
= %V 2/15, and the cross section for the 7 meson 
is obtained by substituting into Eq. (A2) the values 
4/2 =1/3V3, Byy = 1/V3, O52 = /3V 2/15, Bs/2 
=e 2715, 
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ENERGY SPECTRUM OF CASCADE ALPHA PARTICLES IN PHOTOGRAPHIC EMULSION 
STARS PRODUCED BY HIGH-ENERGY PROTONS 


V. I. OSTROUMOV, N. A. PERFILOV, and R. A. FILOV 


Radium Institute, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor January 15, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 105-107 (July, 1960) 


The energy spectrum of a particles with energies above 30 Mev and emitted in the disintegra- 
tion of heavy photographic emulsion nuclei induced by 140, 200, 360 and 660 Mev protons has 
been computed. The calculations are based on the assumption of a single elastic collision be- 
tween cascade nucleons and particles inside the nucleus. The calculated and experimental 
distributions are compared and found to be in good agreement if the kinetic energy of the a@ 
particle in the nucleus is assumed to equal 5-10 Mev. 


ls our previous work! we presented the results of 
calculations of the effective cross sections for the 
emission of a particles of energy greater than 30 
Mev in the disintegration of emulsion nuclei in- 
duced by high energy protons. The calculations 
were based on the assumption of single elastic 
collisions between the secondary fast nucleons pro- 
duced in the cascade stage of the disintegration 
process and clusters of nucleons of the a-particle 
type, which may exist in the nucleus as a tempo- 
rary formation. Comparison with the correspond- 
ing experimental data allowed the determination of 
the relative time during which the nucleons remain 
in the group of a clusters for light emulsion nu- 
clei (C, O, N) and in the peripheral region of 
heavy nuclei (Ag and Br). The probability for the 
production of a particles in the nucleus calculated 
in this way proved to be a decreasing function of 
the value assumed for the momentum of the a par- 
ticles inside the nucleus. 

In the present article we present a calculation 
of the energy spectrum of fast cascade a particles 
in order to obtain definite information on the value 
of the velocity of the a particles in the nucleus, 
since it is natural to expect that the shape of the 
energy distribution curve of the recoil particles 
will depend on their initial momentum. 

The computational and experimental methods 
are quite analogous to those described earlier.'’? 
In order to obtain the energy spectrum of the 
emitted a particles, formulas! with the corre- 
sponding values of T (the lower limit of the kin- 
etic energy of the recorded a particles) were 
used. 

Shown in the figure is the experimental a- 
particle spectrum (with a lower limit of 30 Mev) 


an\\? 
4T 


Energy spectrum of ® par- 
ticles knocked out of Ag and Br 
nuclei by 660-Mev protons. The 
histogram represents the experi- 
mental data; curve 1 was calcu- 
lated for W=0 Mev; curve 2 
was calculated for W = 5 Mev. 


30 50 70 T, Mev 


obtained from the observation of stars produced in 
Ag and Br nuclei by protons of energy Ey) = 660 
Mev. The a-particle spectra obtained in the ex- 
periments for proton energies of 140, 200, and 360 
Mev have the same shape and therefore are not 
shown. The statistics of the observations are given 
in reference 2. The calculated results are shown in 
the same figure. The calculated and experimental 
distributions are reduced to the same total number 
of particles. In view of the fact that the energy 
spectra of the emitted a particles, calculated for 
a-particle kinetic energies in the nucleus of W = 5, 
10, and 20 Mev, lie very close to one another, only 
the curves for W=0 and W=5 Mev are given in 
the figure. It is seen from the figure that the ex- 
perimental data corresponds to the calculations 
based on elastic collisions of nucleons with moving 
a particles; the same good agreement is also ob- 
tained at Ey = 140, 200, and 360 Mev. 

The choice of the particular value of the a- 


(we 
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particle momentum is not critical for the shape of 
the observed energy spectrum (at least if W re- 
mains between 5 and 20 Mev). Therefore attempts 
to choose some function for the momentum distri- 
bution of the a particles inside the nucleus in 
order to obtain good agreement between the calcu- 
lated and experimental spectra serve no purpose. 
Thus, for example, a uniform momentum distri- 
bution within W = 0 to 20 Mev or a Gaussian dis- 
tribution with the value e~! corresponding to an 
energy of 5 or 10 Mev give practically the same 
good agreement with experiment. 

A certain excess of high energy a particles 
above the calculated value can be attributed, at 
least in part, to an admixture of He? nuclei, 
which have a smaller energy for the same range. 
If we take the amount of He® nuclei as equal to 
20% and assume that the spectra for He’ and He? 
are identical, then the correction to the experi- 
mental spectrum brings it closer to the calculated 
one. Moreover, a certain effect in this direction 
can result from the dependence of the a-particle 
mean free path in the nucleus on its kinetic energy. 

Detailed calculations of the energy spectra of 
cascade a particles emitted from light emulsion 
nuclei lead approximately to the same results, 
since the distribution function of the emitted a 
particles is related to the concrete type of nucleus 
only by the shape of the energy spectrum of the 
cascade nucleons, which spectrum changes little 
from nucleus to nucleus. Comparison with exper- 
iment, however, is difficult, owing to the low accu- 
racy of observation of stars from light nuclei. 
This was done for the disintegration of light nuclei 
induced by 360-Mev protons. In this case, too, the 
values W=5 or 10 Mev proved to be most suit- 
able. This result does not contradict the data of 
Ciier and Samman’*, who found that a particles in 
the C'* nucleus have a broad energy distribution 
with a mean value W=6 Mev. 

Comparing the data on the value of W obtained 
in the present work with that calculated from the 


expression for w (W) (see reference 1), where w 
is the probability for the production of an a par- 
ticle, we can conclude that there is a strong tend- 
ency for the nucleons at the periphery of the heavy 
nuclei to produce a clusters which behave as a 
single entity in the cascade process of nuclear 
disintegration. Of course, the agreement between 
the calculated results and the experimental data 

is not yet sufficient to establish the absoluteness 
and uniqueness of the chosen model. The possibil- 
ity of some other mechanism, for example, of the 
complex ‘‘pick-up’’ type (p, @) cannot be com- 
pletely excluded. 

For further verification of the correctness of 
the ideas we have developed to account for the 
occurrence of high energy a particles in nuclear 
disintegration, it is necessary to have additional 
criteria. Such a criterion can be the agreement 
between the calculated angular distribution of the 
cascade a particles and the expermental dis- 
tribution, since it is difficult to expect that any two 
different mechanisms lead to the same angular and 
energy distributions over a wide energy range of 
incident nucleons. Extrapolation of the calculated 
curves to lower a-particle energies will probably 
not be successful, since the application of the 
model based on collisions between a single nucleon 
and an a particle is not suitable for low energies. 
~ Ty 1. Ostroumov and R. A. Filov, JETP 37, 643 
(1959), Soviet Phys. JETP 10, 459 (1960). 

2 Ostroumov, Perfilov, and Filov, JETP 36, 367 
(1959), Soviet Phys. JETP 9, 254 (1959). 

3A, A. Rimskii-Korsakov, Thesis, Leningrad 
Polytechnical Institute, 1959. 

44. Samman and P. Cuer, J. phys. radium 19, 
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The giant-resonance curves for a number of intermediate nuclei (Ca*, v®!, Ni®8, and CuS3+85) 
are calculated on the basis of the shell model. It is shown that if spectroscopic data on the 
lower nuclear levels are employed the shell theory calculations yield in a natural manner the 


correct position of the giant resonance. 


WN oieepeet application of the shell theory to 
calculate the dipole absorption of gamma quanta 
has permitted a qualitative explanation of the. width 
and area of the giant resonance. However, the en- 
ergy of the giant resonance turned out to be approx- 
imately half as large as the experimental value. 
To obtain agreement with the experimental value, 
Wilkinson made use of the concept of ‘‘effective 
mass’’; the correct position of the giant resonance 
is obtained for an effective mass equal to half the 
true mass of the nucleon. For such a value of the 
effective mass the distance between single- 
particle levels belonging to neighboring shells is 
increased by a factor of two and amounts to ~ 14 
Mev for the usually accepted dimensions of the 
nucleus. However, the latest experimental data? 
show that the spacing between the above levels is, 
just as in the usual shell model, 6 —7 Mev. 

We wish to show that for nuclei with A < 70 ac- 
count of the residual pair interactions in the calcu- 
lations of the giant resonance according to the shell 
model, and a more accurate estimate of the nucleon 
binding energy in closed shells yield an energy 
value in agreement with-experiment, so that the 
giant-resonance phenomenon can be understood 
within the framework of the usual shell theory 
without the introduction of an ‘‘effective mass.”’ 
The effect of the residual interactions is apparent 
from empirical data on the lower states of nuclei 
without the introduction of any kind of explicit pair 
potential. 

The method of taking account of these effects 
will be presented below by the example of a calcu- 
lation of the dipole absorption curve for the Can. 
and vV*! nuclei for which sufficient spectroscopic 
material is available. 

For instance, in the E1 absorption of a gamma 
quantum by the v*! nucleus the following transition 
is possible: 
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(vfrz)® (fy)? > (vFy)® (vd) (vfsp) (th). (1) 
We have no direct information on the energy of the 
final state, but we can calculate this energy by 
analyzing the data on the lower states of neighbor- 
ing nuclei. The literature contains information on 
the position of the single-particle levels 1f;,, 
2p3/2> 2P1/2, U5/2, 1gg/, and 2ds7, in the Ca‘! and 
Sc‘! nuclei.” For the calculation we must, in addi- 
tion, know the following: 

a) the change in the binding energy of the 1f5/», 
23/2 2Pi/2, 1gg/, and 2ds5/. nucleons in the transi- 
tion from Ca‘! and Sc*! to a heavier nucleus with 
a configuration of (f7/.)"f5/., or (™f7/2)"gop’ etc; 

b) the change in the binding energy of the whole 
nucleus in the transition from (vf7/2)", for in- 
stance, to (vd3/,)( mf7/.)™; 

c) the value of the spin-orbit splitting constant 
of d3/,—d5/, in Ca®®. 

To obtain this information we make use of the 
following experimental data: 

a) the energy E (f5/.) of the single-particle 
level f5/ is equal to 2.0 Mev in Ca‘! (reference 2), 
7.8 Mev in Ni*! (references 3 and 4), 7.0 Mev in 
Cr®® (references 3, 5 and 6), and 4.1 Mev in Sc*? 
(reference 6), and must on the average depend 
linearly on the number of f7/, nucleons above Gacy 
(cf., for example, reference 7), which is in ap- 
proximate agreement with the values cited above. 
As a result AE (f5,,) © (0.3 to 0.4)n Mev (where 
n is the number of f;/, nucleons), i.e., there oc- 
curs, by comparison with Ca‘!, a shift to lower en- 
ergies. Analogously, we conclude from data on the 
Ca‘! (reference 2), Ca‘®4 (reference 9), Ni™, 
Cr® (reference 3), and Fe (reference 8) nu- 
clei that AE (2p3/.) * (0.3 to 0.4)n Mev. From 
the more scanty data on the Ca‘!, Zn", and Ge® 
(reference 3) nuclei we obtain AE (g9/.) ~ 0.1 n 
Mev. 
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b) In the K*" nucleus the neutron is bound more 
weakly than in Ca*!, on the average by 0.95 Mev 
[ the d3 fz /2 states form a system consisting of 
four levels in an interval of 0.9 Mev (reference 
9) ]; in the K*! nucleus the two a nucleons are 
bound more weakly than in the Ca*? nucleus by 
1.95 Mev (reference 9), and in the K® nucleus* 
the f*0/2 nucleons are bound more weakly than in 
Ca‘! by 3.90 Mey, i.e., the energy change is, as 
was expected, approximately linear with the num- 
ber of f7/2 Beene and can be described by the 
formula AE (dyj,) = (0.9 to 1.0)n Mev. When we 
deal with a ‘‘hole,’’ the energy of the system no 
longer increases, but decreases instead. This last 
effect is thus the most important manifestation of 
residual interactions. 

2) We take the spin-orbit splitting BONE for 
d3/; ds}, in Ca*® to be the same as for Pip 
—p3 ah in N!? (reference 10), so that AE (d5 /p 
= ds /s) ~ 8 to 10 Mev. In the ie we will 
take the excitation energy of the 2s, h state to be 
3 — 4 Mev, corresponding to the position of the un- 
split d level. 

Now it is possible to estimate the energy of 
transition (1). We have AE =15.8—6 + (9 to 10) 
= 19 to 20 Mev; this is one of the most intense 
transitions. 

The calculation of the absorption cross sections 
is carried out according to the shell-theory formu- 
las for mixed configurations with a summation over 
all the spins of the final states for a given final 
configuration, so that very simple expressions for 
the cross section are obtained: 

a) in transitions from an unfilled shell 


| o(B)dE = © (ate’? | fic) Exny (2h + 1)(2l-+ 1)(2j2+ 1) 


A 
ead Bs ty Yi 3 
an | alae (a) 
b) for transitions from a filled shell 


\\0 (BE) dE = 4 (ate' | ic) Ex(2jo-+ 1 —na\(2h + Y2h+1) 
A 


Ig 1 Ly\?2 (ly jo 2 
<(2b+1) (06) Yin tf alr >* (0) 


rt Thi 


Here e’ is the effective nucleon charge equal to 
Ne/A for a proton and — Ze/A for a neutron, n, 
is the number of nucleons in the unfilled shell, ny 
is the number of nucleons in the shell into which 
the transition takes place (n, and n, refer to the 
initial state ), 1,, j,, l,, jg are the orbital and total 
momenta of the nucleon in the initial and final state, 
respectively. The integration is over the region A 
in which the levels of the given configuration are 
located. 
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The results for V*! and Ca*® are presented in 
the figure. Without account of residual interactions 
the curve for V°! would have been shifted to the 
left by ~ 6 Mev. For Ca", for which additional 
account of residual interactions is naturally unnec- 
essary, the maximum of the curve is in the region 
of 17 —18 Mev, and not 14 Mev, owing to the fact 
that in Ca*® a decisive role is played by the high- 
energy 1ds5/. — lfyj transitions, while in VL sin 
which the neutron lf7/, shellis filled, these tran- 
sitions are less important than the sum of the 
TV1d3 72> 1f5/ and ™2s;/, — 2p3/2 transitions 
which makes the main contribution to the giant- 
resonance maximum. 
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El absorption curves for various elements. The solid 
curves are calculated; the dot-dash curve is the experimental 
curve of the total absorption cross section for Ni®*; the dashed 
curves are the experimental curves for (y,n) reactions. 


For V*! and Ca‘ only the excitation curves for 
the (y, n) reactions have been measured.!!)!2. 4 
comparison of the integral cross sections of these 
reactions with the theoretical curves for the total 
absorption cross section shows that fo (y, p)dE 
should be somewhat larger than, fo (y, n)dE for 
v°!, and considerably larger for Ca*, Experiments 
to measure the total absorption cross section of 
gamma quanta by nuclei close to those considered 
[Ni®® and Ar*? (references 13 and 14)] confirm 
this conclusion. 

In all substantial transitions with neutron exci- 
tation in nuclei in which N is close to Z the ex- 
cited neutron is bound with respect to the frame- 
work in spite of the fact that the excitation energy 
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is larger than the energy of the neutron threshold. 
Such excited states can emit nucleons but only on 
account of the mixing of configurations, i.e., the 
nucleon disintegration will, apparently, obey the 
laws of the statistical model of the nucleus. How- 
ever, proton excitation, due to the fact that the 
Coulomb energy raises the proton levels, will, in 
the majority of cases, lead to the emission of 
‘“‘direct’’ protons with energies larger than those 
predicted by the statistical model. For instance, 
in the v1d3/.— v1f5,. transition the excited v*! 
nucleus cannot emit a lf; neutron (the direct 
photoeffect is forbidden), and in the 71d5/. 

— T1fs57 a 1f5/. proton with an energy of ~3 Mev 
can be emitted. We note that although such terms 
as ‘“‘neutron excitation’’ are not fully correct if the 
isotopic spin is considered a good quantum number, 
their use nevertheless has a certain intuitive ad- 
vantage for the description of the disintegration of 
a state. 

We have also calculated the dipole-absorption 
curves for Ni®®, Cu®’, and Cu®. The figure shows 
a comparison of these curves with experimental 
data.!*»!5 The agreement of the experimental data 
with the calculations is entirely satisfactory. It 
must be noted that for the calculations of Ni°®, 
Cu®, and Cu® the spectroscopic material is con- 
siderably scantier and the results are, therefore, 
of a more approximate nature. 

In conclusion, we again emphasize that our anal- 
ysis indicates good correspondence of the calculated 
giant-resonance position and the spectroscopic data 
on the lower states of nuclei in the investigated re- 
gion. It seems important to us that extensive spec- 
troscopic investigations be conducted in the same 
order in which they are needed for the analysis of 
photonuclear reactions. Until now such investiga- 
tions have been carried out only for a small num- 
ber of nuclei, and their absence hampers the analy- 
sis of photonuclear reactions in many portions of 
the periodic table. 
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The application of dispersion relations to the analysis of the energy dependence of scattering 
(and reaction) amplitudes near thresholds of new reactions is discussed. General expres- 
sions are obtained which characterize the nonmonotonic behavior of forward-scattering am- 
plitudes as functions of the energy. The energy dependence of one of the amplitudes for 
elastic scattering of y-ray quanta by deuterons is examined near the threshold for photo- 


disintegration of the deuteron. 


l . An examination of the scattering of y-ray 
quanta by nucleons near the threshold for pion 
production! has shown that the dispersion re- 
lations automatically lead to the appearance of 
discontinuities of the derivative of the real part 
of the amplitude, if one takes account of the en- 
ergy dependence of the reaction cross section 
near threshold.* Within the framework of the 
dispersion relations the problem of the appear- 
ance of discontinuities of the derivative of the 
forward scattering amplitude involves the anal- 
ysis of integrals of the form 


ke ( dw o(w) 
An? ioe © F Wy’ 
where the usual notation is used, and the total 
cross section o(w) includes both the elastic 
scattering cross section 0g(w) and the inelastic 
interaction cross section 0, (w). 

The behavior of og(w) near the threshold of 
the binary reaction 


atb—-c-d (2) 
involving particles with masses yw (incident), M 
(target), m andMis given by the expression 

Oc (w) = BaclRe; (3) 


where qo and kg are the momenta before and 
after the collision (in the c.m.s.) and B isa 
constant. It is not hard to see that 
(c!Rc)® = (w — wz) (w +0; — 8) / (w? —p2), (4) 
where w = (k? +2)! is the total energy of the 
*The nonmonotonic behavior of the cross section near the 


threshold has been treated phenomenologically in a diploma 
research by G, Ustinova, and also by Capps and Holladay.’ 


incident particle in the laboratory system (l.s.), 


(M + p)*)/2M (5) 


Op [(M + m)? 
is the threshold energy of the reaction (2), and 
6 = {M? + m? — w— M*}/ M. (6) 


The application of dispersion relations makes 
it possible to examine both ‘‘local effects’’ near 
the very threshold, which in some cases lead to 
sharp ‘‘peaks,’’ ‘‘dips,’’ and ‘‘steps,’’ and also 
the general influence of inelastic processes oc- 
curring in some energy range on the processes at 
a given energy. We recall that the unitarity rela- 
tions for the S matrix make it possible to take in- 
to account the influence on a given process of other 
processes occurring at the same energy. 

2. The study of y-N scattering has shown that 
there are ‘‘local effects’? in only two of the six 
scalar amplitudes needed to describe the transi- 
tion matrix in this case. The presence of other 
strongly energy-dependent amplitudes hinders the 
analysis. For a detailed analysis of the inelastic 
processes it is necessary to examine the disper- 
sion relations for nonvanishing momentum trans- 
fers ov and possibly also double dispersion re- 
lations. 

In the present paper we confine ourselves to 
the examination of dispersion relations in the total 
energy for (ay = 0 for a scalar function A(w), 
which is the trace of the scattering matrix, 


A (w) = Sp M (w, @ = 0), (7) 


and whose imaginary part is related to the total 
cross section. The contribution of inelastic proc- 
esses to D = Re A(w) is characterized by the two 
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integrals 
Re % 
0 dw % () 
42 P| Rk O—W ’ (8) 
ko dw % (®) 
42 P| kw ae Wo ) (9) 


where 0, (w) is the total cross section of reaction 
(2) and os (w) is the cross section of the reaction 
cross-Ssymmetrical to (2). 

Being interested in the energy dependence of the 
real part of the quantity A(w) in Eq. (7), let us 
calculate the integrals 


ko widen os Eee : do [(o — o,) (@ + o,—3)]" 
4x k W—W 4x? ) 2? W — Wo 
of oy; 
B® T1 (wo), (10) 
Ar? 
Re Cd ot R2B™ 
0 2 c 0 ‘ 
4n2 BP \ k o+0 48? Tit @,)) (12) 


Gh 


in these integrals the range of integration is from 
the threshold w, to w,, the limit of the region of 
the s state in o, in which Eq. (3) is still valid. 
If we introduce the notations 


A (wo) = (Wo — 2) (Mp + we — 9), 


A(— Wo) = (9 + 2) (WH) — ow; + 4), 
R = (o; — w+) (my + wo — 9), (12) 
it is not hard to show that 
RGM (0) = — {9 (0) — | (1 + 0/4) $ () 
— +(1—/t) $9 (— »)}, (13) 
where 
SS —1(2p — 8) (o; — p) + 2a (1) 
$(¥) =V—alv) | > +tan 5 SE | 
o(—») =V—4ae) | > 
-1 (2p +3) (o1+ p) — 2a(— 2) : BY? 
eat 2V—a(—wR | ee) 


For the function ~ (w) at the point uy, we get the 
expressions 


b(@) = V — a() E + tan 


Mo KF; 


~41 (20 — 8) (1 —_— Wo) oo 2a (@o) , 
2V—a (a) R * 
(14) 


2a (wo) + (209 —B) (1 — @) +2 Va (wo) R | 
(®1 — ®o) (20; — 3) 2 


b(@o) = Va (@) In 
(149 


Wo = Wt. 


The expression for k?II (— wo) is obtained from 
(13) and (14) by the replacement wo ~~ — 9. 
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It follows from (14) and (14’) that the first de- 
rivative has a discontinuity at the point wy. The 
resulting energy dependence has the characteris- 
tic feature that the derivative is infinite on the 
side wy < w; and has a finite value when we ap- 
proach the point wy = wt from the region 
Wy < Wt. 

It might seem that the quantity k?II (- W) ob- 
tained as the result of substituting (3) and (4) in 
(9) would also have a discontinuity of the deriva- 
tive at wy = wt — 6. On changing the sign of wy 
in (14), however, we easily verify that this is not 
so. The values of the derivative of kT (— wo) 
calculated with approach to wy = w;, from the two 
sides are identical. Thus although in a relativis- 
tic treatment cross-symmetrical inelastic proc- 
esses indeed contribute to the real part of the 
scattering amplitude, they do not lead to nonmono- 
tonic energy dependence of the amplitude. 

The application of dispersion relations enables 
us to get detailed information about the magnitude 
and half-width of the anomaly near the threshold. 
The half-width € of the drop in the region wy < wt 
can be estimated roughly in the following way. 
Near wy =Wt(Wo < wt) the argument of the arc 
tangent is large; using this fact, we find 


p(.) =V—a a. (15) 
Defining the half-width € by the condition 
D (wi — 8) = +D (w)) (16) 
and using Eq. (15), we then get 
D (w1) —(BI4m) V (w= ©) (&) + o1—8) = =D (wy), (17) 
from which we have 
oa (we — 8/2) [4D (w+) /BI?. (18) 


In the limiting case in which the contribution to 
D(wt) not associated with the expressions (10) 
and (11) can be neglected, 


D (w,) = BJ (wz) /40", (19) 
and from Eq. (13) we have the result that 
J (os) = + (UL + op) py) +(L—o:/p) o(— 2). (20) 


3. Let us consider the photoproduction of neu- 
tral pions 


Y+tp-p+q7° (21) 
near the threshold of the reaction 
lePpenan, (22) 


In this energy range it suffices to consider the 
electric-dipole transition. We denote by E° and 
E+ the transition elements for neutral and 
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charged mesons, respectively. From the condition 
of unitarity and the experimental fact that 
Re E° = 0, we get the result 


lm E° = 23 (a,—a,) Ree, (23) 


where a, and a, are the phase shifts for 7-N 
scattering. Substituting the experimental data for 
a3, @4, and E*, we get 


Im E? = V 2/3 (a, —ay) qo'g,'V q,/v-3,3-10-% em, (24) 


where 


1 ¢ 2 1/ 2 Vy 
Gn —— ae) oe Ne ar) 


(v is the energy of the photon, and ag, a; are the 

scattering lengths). The anomalies at the thresh- 

old are determined by an integral of the form 
p \ dv (v? a vei’ (v? ror viv) ive (v = Vo), 


Vit 


(25) 


which undoubtedly gives ‘‘peak’’ singularities. 
In analogy with this, in the general case we can 
consider the cross section of the reaction 


atb—ctd (26) 
near the threshold of the reaction 
a+b—e-f. (27) 


If the threshold of reaction (27) is far from that of 
reaction (26), we can always find an energy range 
where 


Im M (ab — cd) = M (ab ef) M* (ef +cd) +... = Ag+...; 


(28) 
here A is a weakly varying function of the energy 
and q is the relative momentum of the system ef. 
The other terms in the sum (28) are also slowly 
varying functions of the energy if there are no 
thresholds of other reactions in the neighborhood. 
In this case the dispersion integral has the usual 
form, and we can determine the magnitude and 
half-width of the ‘‘peak’’ or ‘‘dip’’ in the same 
way as for the case of scattering. 

In the case of such a process as the photopro- 
duction of pions 


Im M (ab cd) = Aqq?+..., (29) 


since the threshold of the reaction ab — ef is 

close to that of the reaction ab — cd. In these 
cases the dispersion integrals are rather com- 
plicated and we have not been able to carry out 
the integration. 

4. It thus follows from the conditions of 
causality and unitarity, together with Eqs. (3) and 
(4), that the first derivative of the real part of the 
scattering amplitude has a discontinuity, and that 
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the derivative from the side wy < wt is infinite. 
That it is precisely the first derivative that is in- 
finite is due to the form of the relations (3) and 
(4). The behavior of the cross section forthe re= 
action (2), when its products are in states with 
nonvanishing angular momentum /, is given by 
the expression 


oS BO a) ee Oe 


Substitution of (3) in (8) makes the /th derivative 
infinite. 

It is perhaps interesting to note that, unlike the 
nonrelativistic treatment, this use of the disper- 
sion relations has not required the assumption 
that the partial amplitudes are analytic. It has 
turned out that it is enough to use only the ana- 
lytic character of the scattering amplitude with 
respect to the total energy, with a bounded value 
of the momentum transfer, Q? < Qanax. 

As Baz’ has pointed out, the unitarity of the S 
matrix has the consequence that as the number of 
channels increases the effect in each channel de- 
creases. An analysis of y-N scattering near the 
threshold for photoproduction of pions, for which 
there are ‘‘peak’’ effects in only two out of six 
scalar functions, has shown that there is alsoa 
smearing of the effect with increase of the spin 
of the particles. 

An important feature of the theory of disper- 
sion relations is the discussion of the convergence 
of the dispersion integrals at high energies or, 
what is the same thing, of the number of subtrac- 
tions. The main calculations in the present paper 
are made for dispersion relations with one sub- 
traction. In the case of dispersion relations with- 
out subtraction one must make the replacement 


2( dw o ” dw ko 
Ks | k wW—Wo — i 
With sufficiently high experimental accuracy the 
difference between Eq. (8) and Eq. (31) can give 
information about the number of subtractions. 
Let us note briefly what sort of singularities 
can appear near the threshold of the reaction 
a+b—-c+d-+f. (32) 


By substituting in Eq. (8) the cross section of the 
reaction (32) in the form 


(30) 


(31) 


CB Pee (@ — o;)* 
(reaction products in the s state ), we get 
——-AD.r y 
OF Coy 
— (@; — @o)?] + 2 (9 — wz) (©; — 2) 
+ (9 — w2)? In| (©; — @o)/(¢ — w) |}, 


dw (® — w,)? aif a 
———— =I {> ((@1— ©)° 


© — Wo 


(33) 
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which leads to a logarithmic infinity in the second 
derivative of D(w) with respect to w. 

For a reaction with four particles in a final 
s state the quantity (w» — w,)? In | we — w | is re- 
placed by (wo — wt)? In | wo — wt|. Similar beha- 
vior of the real part of the scattering amplitude 
appears at the thresholds of all reactions. 

An example of the application of dispersion re- 
lations that is well known in the literature is the 
analysis of the coherent scattering of photons in 
the Coulomb field of a nucleus® (cf. also reference 
4). It is not hard to convince oneself that near 
w =2m (y =w/2m =1)—the threshold for pro- 
duction of an electron-positron pair — the real part 
of the scattering amplitude has an energy depend- 
ence of the type xK In x (x =y —1). To see this 
we have only to examine the expression for the 
real part of the amplitude: 


e2 


Dw) = = (Fe) fag PAD) 


+e [(109+ Sy 


(67 —){1— =)Fii()|—gr— 4}. 


(34) 


where 


C1(1) = Re\ “"S"* cosh! (L) dx, C.(1) = 1.62876; 
0 


x 


Da(Os= Ree dx, _D (1) = 1,83193; 
JE Gea eet 

Bi) YIE (yy +(y¥—- TK (y), 1X1’ 
KG ied 

Fu) = {Ken <1? 


and K(y) and E(y) are the complete elliptic in- 

tegrals of the first and second kinds. As is well 

known, for 1 — y <oi{ Ata In (4.41 = NE 

K(yy=A+2(A-—NUIL—-Y+ZA-DU 7) 
reg Cpe) ie) le - 


266 30 
E()=1+¢(A—$)0—)+4g(A—F) 0 


Cae eee 
(35) 
which indeed shows that the dependence is of the 
form In x. It is not hard to check that the scat- 
tering of light by light near the threshold of the 
reaction y +y — e* +e” is a process, well 
known in quantum electrodynamics, for which the 
amplitude is characterized by a ‘‘local’’ anomaly 
(cf. Figs. 2—4 in the paper by Karplus and Neu- 
man’)*. The amplitude for the Compton effect near 


*Regarding effects of the Coulomb interaction see papers 
by Baz’ and by Fonda and Newton.’ 


the threshold of the reaction y +e — 2e +e* has 
the characteristic dependence x? In x. 

5. The elastic scattering of y rays by deuterons 
near the threshold for photodisintegration of the 
deuteron is an example of a process for which use 
of dispersion relations is necessary for the anal- 
ysis of the anomaly near the threshold. The non- 
monotonic behavior near the threshold in this case 
comes from the magnetic-dipole disintegration. 
The electric-dipole disintegration leads to appre- 
ciable changes in the energy dependence of the 
amplitude for elastic y-d scattering in a certain 
relatively wide range of energies. 

The amplitude for forward elastic y-d scatter- 
ing can be represented in the form 


e; Tix ex = Ae'e + iBS [e’e] + = C [(Se) (Se’) + (Se’) (Se)] 
+ = D[(S [kxe])(S [kxe’])+ (S [kxe’])(S [kxe])]. (36) 


The cross section for scattering of unpolarized 
y vays by unpolarized deuterons then takes the 
form 


(0) = (A (C4 DP CP 
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jay Vel 2 yl le (37) 
and we have 
ko; = 4nIm(A +2C+D). 
By means of the dispersion relation for the 
quantity L =A +%4C + 4D, 


Im L (o’) 
w’ (w’? — w?) 


Rel eee “P| daa’, (38) 
Od 

where wg is the threshold for photodisintegration 
of the deuteron, let us examine the effect of ine- 
lastic processes on the energy dependence of the 
real part of the amplitude L. In the calculation of 
the dispersion integral it is convenient to use the 
theoretical expressions for the cross sections for 
photodisintegration of the deuteron (cf., e.g., ref- 
CLreEnGers)): 

Let us begin with the examination of the ‘‘local 
effects.’? The expression for the cross section for 


magnetic-dipole disintegration is 


h 


Qn e 2 (y— 124+ Ve' J lel)? 
a(n) = = (an) (4p — Pn)® 


ieee ee ae 


where y = w/|e|, w being the energy of the photon; 
|| = 2.22 Mev and «’ ~ 70 kev are the binding 
energies of the np system in the *8, and 'S, 
states; and the rest of the notation is as usual. 
Because of the factor [y — 1+ «’/|e|]* the ex- 
pression (39) does not admit of the simple ana- 
lytic continuation 


86 Renee 
x= Vy—1—i|x|, 


since in this case yo,(™) goes to infinity below the 
threshold at |x|? = e’/|e|. Substitution of Eq. (39) 
in the dispersion integral 


co 


do (7) 


r-—% 


72 
0 
Zt. (Yo) Se On 


for yp ~ 6 gives 


een € 


Zi (Yo) om 3 2Mc2 Mc2 (Up Hn)? (1 +Ve/le]) 
Vi—-% View 2  4%MVe/lEl 
ne oy ae eee aes } 
(40) 


where 6 =1— «’/|e|,@(x) =1 for x21, and 
@(x)c= 0-for x <1; for yg =0 


S sae ete)? 1 EY fie)? 


X{V 14+ 8/28—2/842Ve'/le| /38+ Vie[/e’ /2}. 
(41) 


Zi(8) = 


The dependence of the quantity A; (Yo) = 
Zr, (¥)/(e2/2Mc?) on the y-ray energy is shown 
in the diagram (curve 1) 


v/Vo 


] ’ 


For extreme values of yp) we get from Eq. (40) 
D) Vo Ge. 2 
At (to) = 3 yr (He —ba)*(14+-V Zp) 
3} fo ee roa D) 
xfs +25 -Y oI +275) ft 


9 No A ; 
= Ee toed V rey) ot ToS ts (42) 


LAT 
At (to) = — Fg (Hr — tm)? (I+ V ee eee 48) 


At the photodisintegration threshold with 1 — 6 = 
1730: 


Zi (1) = 0.24 e? /2Mc?. 


On the side of energies smaller than the thresh- 
old energy the half-width of the peak is somewhat 
smaller than ¢’, i.e., about 50 or 60 kev. 

The contribution of the cross section for dipole 
absorption 

é? hey — 1)" 
Mc? « ie 
at D =Re L is of the form 


o(@) — 4r 
Cc 


(44) 
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Ap (Xo) = 2Mc? Zp (Yo) / e? 
= 27>? [(1 — to) 9 (1 — Yo) + + 0) — 2] —*/a} 


(45) 


The quantity Ap = Ap (yo) is shown in the diagram 
by curve 2. In the limiting cases 


Ap (%o) = = o> %<15 (46) 
Ag(t)=—S> Yoo>l. (47) 
At the threshold for photodisintegration 
A, (1) = 0,156. 


The total effect of the dipole and magnetic- 
dipole disintegrations on the real part of the am- 
plitude L is shown in the diagram by curve 3. 
Right at the threshold the effect of photodisinte- 
gration leads to a change of the amplitude by about 
40 percent. 

The contribution of photodisintegration of the 
deuteron to the polarizability of the deuteron can 
be seen from Eqs. (42) and (46). Since the value 
of the cross section for photodisintegration of the 
deuteron at high energies is larger than the sum 
of the expressions (39) and (44), the estimates ob- 
tained here can be regarded as lower limits on the 
quantities, although the contribution of high en- 
ergies is small. 

The treatment carried through here for one 
amplitude of the y-d scattering can serve as an 
indication that inclusion of the effects of inelastic 
processes, and primarily those of the photodisin- 
tegration of the deuteron, in the analysis of elas- 
tic y-d scattering can be important over a wide 
range of energies. 

Similar effects must naturally occur also in the 
scattering of y rays by heavier nuclei. A study of 
the elastic scattering of y rays by nuclei shows? 
that for quite a number of elements the cross sec- 
tion for nuclear scattering of y rays near the 
threshold of the reaction (y, n) is characterized 
by a peak of considerable height with an energy 
width of about +2 Mev, which is evidently due to 
nonmonotonic effects near the threshold. Fur- 
ther improvement of the accuracy of the experi- 
mental data on elastic scattering of y rays and on 
the energy dependence of the cross sections of 
(y,n) reactions near threshold is necessary for 
a more reliable analysis of this effect. 
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It is shown that it is possible to satisfy with asymptotic exactness the entire chain of equa- 
tions for Green’s functions constructed on the basis of the model Hamiltonian of Bardeen, 
Cooper, and Schrieffer. Thus the asymptotic exactness of the known solution for the super- 
conducting state is proved without the use of perturbation theory. It is shown that the trivial 
solution that corresponds to the normal state must be rejected at temperatures below the 


critical temperature. 


INTRODUCTION 


In a previous paper! it has been shown on the 
basis of the model Hamiltonian of Bardeen, Cooper, 
and Schrieffer (BCS)? that the thermodynamic 
functions of a superconducting system, which were 
obtained by a variation method in BCS, are asymp- 
totically exact for V — ~, N/V =const (V is the 
volume of the system, and N the number of par- 
ticles). This conclusion was based on the fact that 
each term of the perturbation-theory series, by 
means of which the correction to that solution is 
calculated, is asymptotically small for V > -. 
Certain objections can, however, be raised against 
such a proof. In fact, if in the model Hamiltonian 
of BCS one takes as the zeroth approximation the 
Hamiltonian of noninteracting particles, then each 
term of the thermodynamic perturbation theory will 
also be asymptotically small, whereas it is well 
known that the existing theory of superconductivity 
is based on the inclusion of precisely these terms. 
On the basis of a partial summation of the dia- 
grams (ladder approximation), Prange® has even 
expressed a doubt that a solution of the supercon- 
ducting type with a gap in the spectrum of ele- 
mentary excitations exists at all for the model 
Hamiltonian of BCS. 

In the present paper we show how to obtain the 
same asymptotically exact solution as in references 
2 and 1 without resorting to perturbation theory. 
Besides this it will be shown that for temperatures 
® below the phase-transition temperature @, the 
Solution that appears for V — © and corresponds 
to the nonsuperconducting state (the trivial solu- 
tion) must be rejected as failing to satisfy the nec- 
essary conditions for the exact Green’s functions. 


Arguments about the absence of the trivial solution 
for © < @) have already been put forward by 
Wentzel* and by Thouless.° Thouless based his 
argument on an examination of a special model 
that admits of exact solution. 


2. THE MODEL AND APPROXIMATING HAMIL- 
TONIANS IN THE THEORY OF SUPERCON- 
DUCTIVITY 


The model Hamiltonian of BCS is of the form 
4 rue 
==> 1 oa ay yd (FP) a; at, a, a, + vO, 
f fie 


Y= > S)y, (2, a; + a; Gl) Oe 0; (2.1) 
f 
where f = (k, a0), —f = (-k, -o); o is the spin in- 
dex, which takes the values +/, and —", and k is 
the momentum; Tr = k?/2m — pw, and pw is the 
chemical potential; and ag and af are operators 
that satisfy the commutation relations of Fermi 
Statistics. J(f, f’) and wy are real functions which 
have the properties 


MP) = SG 1) = Ss Cin), eo (22) 
For example, 
J(f, f) = EI (k, k’) [8 (6 —0')—8(c +0')], J (k, k’) 
= J(k’, k) =J(—k, k’) (2.3) 


[5(o — 0’) is the Kronecker symbol ]. 

In the Hamiltonian (2.1) we have introduced a 
supplementary operator v%, which will play an 
auxiliary part in the selection of the required so- 
lutions (see later argument, Sec. 4). In the final 
results we shall set vp =0. 
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Following reference 1, we introduce certain 
real functions Ar¢ and write the Hamiltonian (1) 
in the form 


H = H,+ Ay, (2.4) 
Hy = S\Ay = DE A; (ow; —Cy) + Tia; a; 
F i 
te CE, G+ G70), (2.5) 
4 + 
Hy=—sy SI (f, Pf) BE By, (2.6) 
rf’ 
B; = O20 A (ae) 
4 , 
CF Op (hs I’) Ap. (2.8) 
f 
We now set 
A; = <a; apo = (ap a; Dae (2 9) 


where the symbol <...>) means that the averag- 
ing is taken over a grand ensemble with the Ham- 
iltonian Ho. (We note that the operator Hy does 
not satisfy the condition that the total number of 
particles N = ZX pagar is conserved, and therefore 
in general Af =0). Then 


and it can be shown (cf. reference 1) that the 
operator H,, treated as a perturbation, gives an 
asymptotically small contribution for V~ © 
(N/V =const) in each term of the thermodynamic 
perturbation theory. Neglecting the term Hy, in 
Eq. (2.4) for this reason, we get the following ex- 
pression for the thermodynamic potential: 


Q = — Ol1n Sp {e—*#-/8}., (2.11) 


The Hamiltonian Hy, which we shall hereafter 
call the approximating Hamiltonian, is a quadratic 
form in the operators a,, at, and can be diagon- 
alized by means of a linear transformation (cf. 


reference 6): 
a; = Uf oF +. Opa, “ ue UF => ih. 


Up = U_}, UF = See Ceic (2.12) 
We get as the result 
Hy = U+ SE; ap ap, (2213) 
f 
Q=U—OHin(l+e, (2.14) 
f 
=i (2.15) 


U = Dit A; (vz — Cj) + T7 — Ep). 
j 


The energy of an elementary excitation is given 
by 


Ep=V 734}. (2.16) 


The parameters of the canonical transformation 
(2.12) are connected with Cr and Er by the re- 
lations 


ue— v= Ts /Es, 


j UpOp = — C; / 2E;. 


(2.17) 


Carrying out the averaging over the grand en- 
semble with the Hamiltonian (2.13) explicitly, we 
get the following expressions for the quantities 
A, and the mean occupation numbers ng: 


Ap = (a-f apy) = — (C;/ 2E;) tanh (E;/ 20), (2.18) 


ny = (ay Of = + {1— (T;/E;) tanh (E;/20)}. (2.19) 


Substituting Eq. (2.18) in Eq. (2.8), we get the 
equation for Cr: 


Cy = way +a SI (f, f) tam (Ey /28)Cp/Ey. (2.20) 
: 


These same results can be obtained starting 
from the equations for the two-time (retarded or 
advanced) Green’s functions constructed for the 
approximating Hamiltonian Hp: 


idG; (t — t’)/dt = 6(t — t') + T;G;(t —t’) + C; I; (t— 7), 

aa idl’; (t a Pi dt =] T; rs (t es t’) ae C; G; (t ae my (2.21) 
where, for example, the retarded functions are 
given by (cf. references 7, 8) 


G; (t—t') = (a; (0); af (t’) ae 

= — ib (t—t’) <[a; (d); a(t) 1,0; 
Debt) = «a2 (i) a(t) pete 

= —i6(t—1')< lat, 3 oF ©), 


and [...], is the anticommutator. The system of 
equations (2.21) can be solved by means of spec- 
tral representations, which supplement it with the 
necessary boundary conditions. (Analogous equa- 
tions for the causal Green’s functions have been 
considered by Gor’kov.’) The system (2.21) is 
closed and reduces to (2.20). For @ < @), where 
@) is the temperature of the transition from the 
superconducting to the normal state, this equation 
has two solutions, one of which, Cr = 0, is trivial. 
The nontrivial solution goes to zero for @ = @. 

If we adopt for ® < @) the nontrivial solution, 
which corresponds to the lowest value of the 
thermodynamic potential (2.14), the thermodynam- 
ic functions will give a good description of the 
properties of superconducting systems. 


(2.22) 


3. THE ASYMPTOTICALLY EXACT SOLUTION 
OF THE CHAIN OF EQUATIONS FOR THE 
GREEN’S FUNCTIONS 


We shall now prove, without resorting to per- 
turbation theory, that Eq. (2.14) is indeed asymp- 
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totically exact for V — ~ (N/V =const) as the 
expression for the thermodynamic potential © of 
the system with the model Hamiltonian (2.1), and 
(in Sec. 4) that for © < @) and v =0 the trivial 
solution Cs =0 of Eq. (2.20) must be rejected. 

Starting from the Hamiltonian (2.1), we get for 
the operator a¢(t) in the Heisenberg representa- 
tion the equation 


a = T+ a; — vy J(f, Pat, ap a + vopaz, (3.1) 
Let us consider Green’s functions of the form 

Come t') = da; (MA; af (’)), (3.2) 

Peg —#) = (a!, (t) R(d); a; (t'))s (3.3) 


where the operators ® and ® are products of 


pairs of operators atag aa oy and a_,4,> for 
example, 

M = ay ag,.- Oy Cay + : G7 On, ++. -nOn,--., (3.4) 
andagvnerealietheindices £,.q,,0.-.001.,: - 


Signed hj, ... are different. We note that for 
the Hamiltonian (3.1) the operator for the total 
number of particles, N = Lafar, is not an integral 
of the motion, and therefore the Green’s functions 
(3.3) are different from zero. 

Using Eq. (3.1), we get for the functions Ge gp 
and Ty x the equations 


idG, gp / dt = d(¢ — 1) <[apM, a; ,>+7;G 


iP A - a Mia (L')) 


+ vor T, gp + a, if i a; Ly, (3.5) 
idD’, y/ dt = 8(¢ — t’) <la=,®, af ],> —T; Dig 
1. 1 + (4! 
—>\J (Ff, F) Kap at, a B; aF (t’)) 
r 
+ . dM “Bei 
+ vx Gin + Caz, ia af (E y» (3.6) 


(for brevity we omit the argument t in the opera- 
LOS). 

These equations are an infinite system of 
coupled equations. We shall assume that the sum- 
mation in (3.5) and (3.6) is taken over those values 
of f’ that are equal neither to +f nor to any of 
the indices of the operators involved in M and ®. 
We are then making in each equation an error of 
the order 1/V, which is admissible. But then the 
Green’s functions under the summation signs in 
(3.5) and (3.6) will belong to the same class as the 
functions Gf gy and If y , and consequently the 
chain of equations for these functions will be a 
closed one. 
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We shall now show that we can satisfy the en- 
tire chain (3.5) and (3.6) to within terms of order 
1/V if we carry out the averaging in (3.2) and 
(3.3) not with the model Hamiltonian (2.1), but with 


the approximating Hamiltonian (2.5), i.e., if we set 
G, gn = (Mo Gi, Gr= «a ()a; (CY), (3.7) 
P= MoT,  Tr= Cat 0 a (Yo (3-8) 

where, for example, 
CWS al ni align oe Ae oe eee (3.9) 


and Dy and A,, are defined by the relations (2.18) 
and (2.19). Then the entire chain of equations re- 
duces to the pair of equations (2.21) for Gr and I¥. 

In fact, substituting (3.7) and (3.8) in (3.5) and 
(3.6), we get 


CM), idG; | dt = <M), 3(¢ — t’') + Ty <MYy G; 
— TM (fF) Kap ap Md, Ty 
a 


+ VW CM), Ly + i <dmM Id De G;, (3.10) 


1 
—= 1; Mots >, 7 
7 


+ vw (Ro Gp + (idM/ dt, T;. 


<M), idl; {dt = f) (aj, az, Ro G 


(3.11) 


We now use the fact that 


Ca-j Ap My = Ap (My, (aj, at, Ry = Ap (Ro. 


Then, according to (3.1) and (2.18)—(2.20), we have 
apart from terms of order 1/V 


idaja,/ dt), == ry J (q, q') (a7 at a_,. ay — a), a, a_, a,), 
+ vw; (a, at, —a_,4,>) = 0, 
— Cidatat, | dt)y = 2TpAg— 7 DIG g') (1-219) Ag 
+ vwg (1—2ng) = 0 ; 
and consequently 
<idM/dty,=0, <idM/dty,=0. (3.12) 


Thereupon (3.10) and (3.11) reduce to the system 
(22217 

Thus we see that (3.7) and (3.8) are an asymp- 
totically exact solution (for V — », N/V = const) 
of the entire chain of equations for the Green’s 
functions. We have convinced ourselves [see Eqs. 
(3.7)—(3.9)] that all the Green’s functions for the 
model Hamiltonian (2.1) and the approximating 
Hamiltonian (2.5) coincide, and consequently these 
Hamiltonians are equivalent in an asymptotic sense. 

We have here considered Green’s functions (3.2) 
and (3.3) which, in general, do not satisfy the con- 
dition of conservation of the number of particles 
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(the number of creation operators is not equal to 
the number of annihilation operators), and for 
v=0 [cf. Eq. 2.1)] averages of the type <a_fag>, 
where the averaging is over a grand ensemble with 
the Hamiltonian H, are equal to zero. We can, 
however, obtain all of the results of the theory of 
superconductivity by starting with a chain of equa- 
tions for Green’s functions in which the numbers 
of creation and annihilation operators are equal 
to each other. 

Let us consider Green’s functions of the forms 


Gm (t — t’) = a, (0) M (A); at (’)Y, (3.18) 
Dep a(t —t') = (at, Oa, an () R(D: af (t')), (8.14) 
where the operators S® and N are made up of 
products of operators of the form Agagaga* y a _pap: 
Pree + Og Ang Ap A: eae (3.15) 
Assuming that all the indices of the operators oc- 
curring in the Green’s functions (3.13) and (3.14) 
are different, we have the following closed chain 
of equations: 


idG, gy / dt =8 (t 


i ea 


— 1) <M +7; Gg 
—v PF) (atop ay ®; af (t')) 


(é)), 
—TsT, om 


Ca; i = = 7 at 
een id 


—7 SJ Geeta (a,a; Ap, App Ap MN; a; (t')» 
” 


da_¢r Apr 
mM; at (')) 


(t’)) 


(the summation index f’ is not equal to any of the 
other indices). 

It is easy to verify that the system (3.16) can 
be satisfied, apart from terms of order 1/V, if 
we perform the averaging in (3.13) and (3.14) with 
respect to the approximating Hamiltonian, i.e., 
if we set 


Gy, gp = DOG; 


+ Cas 1 


+ (ap Apt 2 ) a; (3.16) 


Typ, y= <RoApTy. (3-17) 


The system (3.16) then again reduces to the system 
of equations (2.21). 

By repeating these same arguments one can 
show that the chain for the many-time causal 
Green’s functions of the form 


Gti Botects) 
= <T ajry (Gayo fra (t741) 6.6 4% a; (alps 


where T is the chronological-ordering operator 
and the averaging is taken with respect to the 


- Af, (t;) a; (3.18) 


model Hamiltonian (2.1) (v ~0 or vp = 0), can 
also be solved with asymptotic exactness. 


Let us now examine the solutions of (2.20). We 
set 
C, = Co, = (1) Coe, 


4 1 
sires aN 


5 = I, 
(3.19) 


where ky is the magnitude of the momentum at 
the Fermi surface, C is the size of the gap at the 
Fermi surface, J, = Jk, ko and J, x is the 
kernel J(k, k’) averaged over the angular vari- 
ables. Setting k =k in (2.20) and using (3.19), 
we have 


C=vJ + 9p 24; tanh io (3.20) 
where J = Adk,: enna ae (3.20) by J-/J and 
subtracting the’ result from (2.20), we get an equa- 
tion for gf: 


+ BYE — 


Unlike the ie ie expression in (2.20) the 
integrand in (3.21) already has no singularities 
Asi 10 cans) ram). 

For sufficiently small interaction parameter 
(cf. references 1 and6), C~ © ~ e!/P are small 
quantities (po «1), and we can set C =0 and 
© = 0 in (3.21). As the result we then get a linear 
inhomogeneous equation for @f: a8 


fap. =e, 


oF Sra Way 
from which, confining ourselves to the first step 
of iteration, we have 


i 


Jed ¢, , 
g=+t ce UE tyne Ee A) 


(3.22) 


p, =I, /J. (3.23) 


Substituting (3.23) in (3.20), we bring the equation 
for the gap C into the following form: 


J; tanh(E; / 28) 
a, 


Ca7 +5 ape (3.24) 


We note that in the case of a factorizable kernel 


J PM=JSer, J+=—Ip (3.25) 
the function (3.23) is an exact solution of (3.21) as 
well as (3.22). Consequently (3.24) will in this case 
be valid also for strong interaction. For definite- 
ness we shall hereafter assume that the interac- 
tion is factorizable. 

Equation (3.24) has two solutions. One of them 
goes over for v — 0 into the well known solution 
of (2.20) (cf. references 1 and 2), which gives a 
gap in the spectrum of the elementary excitations 
(for small interaction p we have C~e erly and 
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the other goes to zero for v — 0 [the ‘‘trivial’’ 
solution of Eq. (2.20) ]. 

Let us find the solution that goes to zero as 
v — 0. In doing so we confine ourselves to the 
case of zero temperature, © =0. The extension 
to the case of nonzero temperature presents no 
difficulties (cf. reference 10), and does not change 
the character of the solution. 

Let us set © =0 in (3.24) and go over from the 
summation over f = (k, o) to integration over the 
variable — =k?/2m —p(é = Ty), assuming that the 
Fermi energy is much larger than the mean Debye 
frequency w(w/u «1) at which the kernel in 
(3.20) changes rapidly. We get 


CSvi oC | d&g? (&) /VB + Cg? (8, 


(3.26) 
0 
where [cf. Eq. (2.3) ]. 
p= mkoJ/ n°, p> (&) = Wyld)’. 
For small C (we are looking for the solution 
Cie VNasey 20) we can set o(c) ~o0(0) =! 


in the radicand in (3.26). Integrating by parts and 
neglecting the small quantity C/w where possible, 
we get 


C= vJ —Copln(C/ w), (3.27) 
~ Ce eeMiehe) 
® = @ exp In Fi dé}. (3.28) 
[fn aeea) 
Solving the equation (3.27), we find 
Cv /pin—-->0 for v0 (v> 0). (3.29) 
pw 


For weak interaction (p «1), C/w is small, and 
on setting v — 0 in the same equation (3.27), we 
get the well known expression for the gap in the 
spectrum of elementary excitations of supercon- 
ductors: 


C= we ¥, (3.30) 

4, THE UNACCEPTABILITY OF THE TRIVIAL 
SOLUTION AT TEMPERATURES BELOW THE 
CRITICAL TEMPERATURE 


We shall now show that the ‘‘trivial’’ solution 
(3.29) must be rejected. For this purpose we use 
the following exact property of the average of the 
operator % that appears in the Hamiltonian (2.1): 


* My <0 


This property can be established in the following 
way. Regarding the operator Av% as a small per- 
turbation, we have for the increment of the aver- 
age value (cf. reference 8) 


A <> = (Av / 2x) CH | Meno, 


(4.1) 


(4.2) 


where < %|% => is the Fourier component of 
the corresponding retarded Green’s function 
<9 (t); H(t’) >. For Av — 0 we get from 
(4.2) 


at ae ae 
18 SV <TD ens =i (4.3) 
On the other hand, 
(4/8) =—3e \ J(w) (2 —1)o2do, (4.4) 


—co 


where J(w) is the spectral intensity of the two- 

time correlation function < %(t) %(t’) >.’ Since 
y+ = 4, we have J(w) >0. The second factor in 

the integrand in (4.4) is also always positive, and 
from this there follows the property (4.1). 

One comment must be made about the formula 
(4.3), namely that the averaging in its right mem- 
ber must be done not with the approximating 
Hamiltonian Hy, but with the complete Hamil- 
tonian H. In fact, the quantity whose derivative 
is taken in the left member of (4.3) is given by 

<V-19p = 7 Dds + aj> (w; = Jj), (4.5) 
which remains finite as V—~ ~. 
ber of (4.3), 


In the right mem- 
on the other hand, we have 


«V9 | 8) = ae eS J, Jy, (apart, + a_a, | afar 


yo + @_ Gp). 
lie i 


(4.6) 

The summation in (4.6) is taken over two indices. 
Therefore in Eq. (4.6) the terms of order 1/V that 
are dropped in averaging over the ensemble with 
the Hamiltonian Hy give a finite contribution and 
must be taken into account. If we were to do the 
averaging in the right member of (4.3) with the 
Hamiltonian Hj, we would get zero, whereas the 
left member, as we shall see, is different from 
zero. In the left member of (4.3) we obviously 
can do the averaging with the approximating Ham- 
iltonian Hp). 

Using the formula (2.18) (averaging with the 
Hamiltonian Hy) and the solution (3.23), we re- 
write the expression (4.5) in the form 


- Gh tanh(E; / 20 
Vt === ga (4.7) 
f 
According to Eq. (3.24), 
C=wW4+yJ, (4.8) 


and for the quantity y we get the transcendental 
equation 


_ (ts : a i Ye , tanh os 


=VT?+(v + )?. (4.9) 
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The condition (4.1) can written in the form 


dy | dv >0. (4.10) 


Calculating this derivative by using (4.9), we have 


ae Ted a E; 
o = ly UF ee tanh >> 


BOs 


Ws E; 
i EV 


1 ab} ie 
210;Ef cosh 1 
: 2 
i >| ae tanh = 
x [ay Ta) ate 2) 


Wa Ng 2 -1 | as 
ZQV a cosh 56 | 


>0. (4.11) 
Let us now set vy ~ 0. The first factor in the 

expression (4.11) is always positive. For y #0 

(C #0, © < @9) the second factor is also positive, 

since by using (4.9) we can put it in the form 

IC? SV a p-s sinh(E;/9) — 5; / 9 

wv DE; 2 cosh? (E;/208) > 


For the trivial solution y =0 (C =0) the sec- 
ond factor in the expression (4.11) is given by 


1d, S gg tambl 29) 
aad LF 
J S tanh (/7;|//20)—tanh(|7j|/ 260) 
sag ; Ff [T; | j 


where the phase-transition temperature @,) is 
determined from Eq. (4.9) under the condition 

y =0 or C =0 (the condition that the gap in the 
spectrum (2.16) of the elementary excitations 
vanishes ): 


J , tanh! 7; | / 29) ; 
l=s, D9 = (4.12) 


f [Ts 
Consequently, in this case the second factor is 
positive for @ > @) and negative for © < @); that 
is, for @ = @ the trivial solution C =0 (vy =9) 
does not satisfy the relation (4.1), which is a 
direct consequence of the spectral representation, 
and therefore this solution must be rejected at 
temperatures below the critical temperature. 

Thus the exact criterion (4.1), which is ob- 
tained without neglect of terms of order 1/V, 
enables us to reject the superfluous solution 
C =0 that was obtained as a result of the passage 
to the limit V — © (N/V = const). 

In conclusion we formulate briefly the results 
we have obtained. 

1) It has been shown that with asymptotic ac- 
curacy, dropping terms of order 1/V from the 
equations, one can satisfy the entire chain of 
equations for the Green’s functions constructed 
on the basis of the BCS model Hamiltonian. In 


this connection we verify that one can use instead 
of the model Hamiltonian a simpler approxima- 
ting Hamiltonian, which is a quadratic form in 
the operators. 

2) It has been shown that at temperatures be- 
low the critical temperature the ‘trivial solution’’ 
does not satisfy the necessary conditions for the 
exact Green’s functions and must be rejected. 

3) Thus without resorting to perturbation the- 
ory we again confirm the asymptotic accuracy of 
the results obtained in references 1 and 2. 

From a rigorous mathematical point of view, 
however, certain objections can be raised against 
the proofs presented here. It still has to be shown 
that when terms of order 1/V are dropped from 
the equations the solution also changes by an in- 
finitesimal amount. One of the writers!! has 
carried out all the necessary estimations by an 
entirely different method and has shown that 
the fractional discrepancies between the eigen- 
values of the model Hamiltonian and the approxi- 
mating Hamiltonian, and also between the corre- 
sponding Green’s functions, will vanish in the 
limit V — © (N/V =const). 
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The inelastic interaction between a 7 meson and a nucleon is considered, taking into account 
the exchange of one virtual meson. The cross section of a process in which two mesons 
are produced is computed. Relations between the cross sections for various channels of the 


process 7 + p—N+ 37 are given. 


In the present paper we consider the peripheral 
interaction between a 7 meson and a nucleon (7™N) 
using the method proposed earlier in reference 1. 
In this method the cross section for the peripheral 
interaction is expressed approximately in terms of 
the cross sections of two real processes which are 
either known experimentally or about which reason- 
able assumptions can be made on the basis of known 
experiments. We compute the cross section for an 
inelastic ™N interaction which leads to three 7 
mesons in the final state. It is assumed in the cal- 
culation that the interaction is effected through the 
exchange of a single virtual 7 meson while the nu- 
cleon and the meson go into excited states with the 
masses M, =m +p and My, = 2y, respectively, 
i.e., we consider the Feynman graph shown in the 
figure (m is the mass of the nucleon and p the 
mass of the meson). This method is of interest in 
view of the fact that there is experimental informa- 
tion on the important role of such processes at 
high energies.’ 


i) Ga 2 


Sd 


/ 
P, 


In analogy with Eq. (3) of reference 1, we can 
write the cross section for the process under con- 
sideration in the form* 


4 ’ 
FE Io. = a \ ep; (42+ p2)-? WEyJ10nn0E od 202(w), (1) 


*Unless noted otherwise, we use the notation of reference 1. 


where E, and E, are the energies of the colliding 
particles, P,; is the momentum of the isobar, k is 
the four-momentum of the virtual meson, k’ 

=k? — w’, J is the current density of the particles, 
and O77 is the cross section for the interaction of 
a ™ meson with another 7 meson. Here (as in 
reference 1) we neglect the difference between the 
Lorentz-invariant expressions wEJ¢O and the cor- 
responding expressions for the real 7 meson. To 
obtain from this information about the cross sec- 
tion for the ™N interaction, we must make some 
definite assumptions concerning the cross section 
Onn. 

We assume that the cross section for the 77 
interaction is constant, i.e., independent of the 
energy of the ™ meson. We note, however, that if 
there really is a resonance in the 77 cross sec- 
tion for p? ~ 3.5u” (reference 4), where p is the 
square of the momentum in the center-of-mass 
system of the two 7 mesons, this implies that the 
cross section for the ™N interaction will have a 
maximum at € ~ 5 Bev (€ is the energy of the 7 
meson in the laboratory system ), since the function 
under the integral sign also has a maximum at p* 
~ 3.5” for such energies (see below). 

With these assumptions we have, in the center- 
of-mass system of the ™ meson and the nucleon 
[writing k? = Kt J 2Dgr (eos) le 


2 9 2max Ymax 1 

TN == Po : 

i ee Cam dy \d (cos 9) 
mp. pe B 


PL V2 — mp Vy? — psc (z/ m) 
[u2 + x? + 2p )P'4 (14 —cos 9)]? 


Zz = (Mi— m? —p2) /2, y = (M— 2p%) / 2. 


Expanding the quantity K in terms of the ratios 
z/E? « 1, and y/E? « 1, we find 


uy = AzylE® + 4y (z + y) (22 + m?) | Et =-ay* + by, 
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where E is the total energy of the system in the 
center-of-mass system. The limits of integration 
Zmax Ymax, and Bf are determined from the re- 
quirement that the degree of ‘‘virtualness”’ of the 7 
meson be smaller than a certain given value: k2 

= 6”. It is clear that this method is valid for 6 ~ u 
and invalid for 6 > ». However, at the present 
moment it is impossible to give the exact theoret- 
ical value of 6 corresponding to the upper limit up 
to which our method is applicable. A separate 
paper will be devoted to the discussion of this ques- 
tion. We propose here a method of obtaining 6 
from the experimental data on peripheral 7™N and 
NN collisions. After integrating, we rewrite (2) in 
the form 


e ; max 
™N ! 2 
Cae 2n3ppE? | a Ve snes 
mp. 
r4 52 (8? + p?) Ynax — ¥4 
Xa" Bice Cina FR pet | Pou(2) + o,(2), 
ay ax oc ies ea een (3) 


We have made four different assumptions with 
respect to the interaction amplitudes in the differ- 
ent isotopic states of the two 7 mesons. According 
to the experimental data, probably the most correct 
assumption is that the amplitudes are equal in mag- 
nitude and mutually orthogonal (see the Appendix ). 
We note that in this case the cross section for the 
inelastic peripheral interaction with nucleons is 
the same for 7 and 7 mesons. Expression (3) 
was integrated numerically*for the 7 meson 
energy € =5 Bev and the cut-off parameter 5° 
=4y", This yields O7N/[r7 © 0.13. If we assume 
that the cross section for the 77 interaction is 
equal to the geometrical value, i.e., Snr ~ 65 mb, 
we obtain Orn *8.5 mb. This value is in satis- 
factory agreement with the data of references 2 and 
3. 

It must be noted, however, that we can speak 
only of a good qualitative, but not of a strict quanti- 
tative, agreement, because there is some arbitrari- 
ness in the choice of the value of the 77 interaction 
cross section, and moreover, expression (3) de- 
pends strongly on 6 (approximately like oy 

An analogous integration for the case of the NN 
interaction was performed in reference 1, but these 


*In this case the integration goes over the region where 
oy, Ko,. The numerical values of o% and oy were taken from 
the report of Piccioni.* The integration over y is equivalent 
to the integration over the energies of the 7 meson in the 77 
loop up to &’ ~ 3.5 Bev; the function in the integrand has a 
maximum at the kinetic energy of the 7 meson € {jn = 0.8 Bev 
in the rest system of the other 7 meson. 
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authors did not take for the cut-off parameter the 
degree of ‘‘virtualness’’ of the 7 meson, but the 
average value of the perpendicular component of the 
momentum transfer, which was taken from experi- 
ment; this is, of course, less rigorous on account 
of the large experimental errors. If in this case 
the cut-off is also determined by the degree of 
‘‘virtualness’’, one easily obtains the formula 


; 2max 
o.,.,= ——— dz 
NN 3 h2 E2 
(2m) Po EO mp. 
Ymax 
; : 1 1 7 
x d z seat 2,2 Ye et 25,2 ead 
| dyV2— TeV F — mp Eesceercrard 


my. 


: 


The top row in the curly brackets corresponds to 
processes of the type p+ p— N+ N + 27, the 
lower row corresponds to processes of the type n 
+p—> N+N+ 27, and Oj = 9j a]. The values of 
Zmax and ymax are determined from the require- 
ment x? = 6°, 

We note the following relation 


[207,87 + Blo64,04,, + Yooy,0%), | (4) 


14 
90,0, + *loo,oy, +*/soy,01, | 


nv /Ony = Orn /o geom: 


where q@ is a function only of the energy of the in- 
cident particles in the ™N and NN interactions 
and is independent of oo as was shown by the nu- 
merical computation. Indeed, Ory is given by a 
formula analogous to formula (4), the only differ- 
ence being that one of the 9j in the curly brackets 
is replaced by Onn. The difference in the energy 
dependence of 9j and On7z has practically no effect 
on the value of this integral if 6 = 2u. It would 
therefore be desirable to determine the ratio of the 
cross section for the peripheral 7™N interaction 
with formation of two 7 mesons over the cross 
section for the peripheral NN interaction also with 
formation of two mesons by an evaluation of the 
corresponding experimental data. This will enable 
one to determine the 77 interaction uniquely. The 
value of Onn obtained in this way will, of course, 
indeed agree with the cross section for the ™7 
interaction, if the latter does not depend on the 
energy of the colliding 7 mesons or does so only 
very weakly. 

The constancy of the value of Or7, as obtained 
from the above-quoted ratio of the ™N and NN 
interactions for various energies, will serve as a 
criterion of the correctness of our assumptions. 

Furthermore, the parameter 6 is directly de- 
termined by formula (4) if the exact value of °NN 
is known for some fixed energy of the colliding 
particles. The experimental data quoted in the re- 
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Theoretical values Experimental data 
Ratio of x 
cross sections* A | f i | , a o 
p-00 /pt-- 0.5 4 0.23 0.43 <p) <19 
i oe 2 4 Ona 0.36 ON) lit 
ewy roy = 4 0 0.02 0,05 0 <0.4 


* 


port of Veksler® indicate that 6 ~ 3u. For a unique 
choice of 6 it is desirable to find its value from 
formula (3) with S77 obtained by the above-men- 
tioned method. The presently available experimen- 
tal data are not sufficiently accurate to use this 
procedure. 

The author thanks D. S. Chernavskii for valuable 
advice and discussion of the results obtained. 


APPENDIX 


The isotopic spin relations for the process under 
consideration were determined in a way similar to 
that proposed in the report of Tamm.’ The calcula- 
tions were carried out for four different assump- 
tions with respect to the matrix elements of the 77 
interaction. If we denote the matrix element of the 
interaction of two 7 mesons in a state with the 
total isotopic spin I by (1), these assumptions can 
be written in the following fashion: 

a) (0)0, (2) OP]; 

b) (1)0, (0) = 2) = OP; 

c) (2)0, () = (1) =; 

d) states of the 77 system with different total 
isotopic spin are mutually orthogonal and |(0) | 
=|(1)|=1(2)|. 

We note that the contribution of the excited state 
of the nucleon with isospin '/4 to processes of the 
type considered will be negligibly small for 7 
meson energies of € ~ 5 Bev. With the above- 
mentioned assumptions we can therefore obtain 
exact relations between the cross sections for 


. _ (2 (0) 
p~°° denotes the cross section for the process 7 + p+ ptm +a +7, etc. 


various processes. These relations and their com- 
parison with experiment are given in the table. The 
data in this table definitely point to the important 
role played by the interaction of the two mesons in 
the state with total isotopic spin 2. However, it has 
not yet been possible to discriminate in a unique 
way between, for example, the assumptions c) and 
d). 
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Results of calculation of the angular distribution of the radiation emitted by a charged particle 
passing through an isotropic ferrodielectric plate and through a crystalline plate are presented. 
In the case of thick plates the main contribution is due to the Cerenkov radiation. An investi- 
gation of the solution shows that in the frequency range in which the projections of the wave 
vector and the Poynting vector on the particle velocity have opposite signs, the Cerenkov radi- 
ation is emitted through the back wall of the plate. 

The radiation emitted by a charged particle moving through thin dielectric plates is also 


considered. 


| - The problem of energy transfer through bound- 
aries is of a considerable importance in the theory 
of the Vavilov-Cerenkov effect. In particular, it is 
interesting to study the angular distribution of the 
radiation emitted by a charged particle penetrating 
through a plate. Omitting the calculations, which 
are analogous to those carried out in reference 1, 
we give here the final results. The angular distri- 
bution of the radiation energy behind the plate is: 

a) for the case of a ferrodielectric plate 

s sin? $ cos? & 


dQ (14 — B? cos? 3)? |F(o, )[?, 
f (, %) = {[(e — 1) (1 —Bx) — Ben — 11 (1 +8) 


Mle yer ie—1) {1 5 B (en — 1)](1 — Bx) 
x (x — y) e-tordic — 2x [(e — 1) (1 —B?x?) 
8? (ep — 1) (1 py lees) x I(x 4-y)*e/or4" 
— (2 —y)Petoree 4 (1 — Bat), 
t—) sin’ (im x <0), 
y=ecost, dQ=sin Jdtdq; 
b) for the case of a plate cut from a uniaxial 
crystal perpendicular to its optical axis* 


aw, sin? 9 cos? 


12 5 (4 — B? cos? 3)? 
F(o, >) = I vey Ey) eferee- (1 
Se pe Ke ee 
= (x pe 7) 2e—iwxd/c|-1 (1 eae By?) “1 
y= sin? + 1 —B? — e98? sin? 3 — & + epeef”, 
y2=B (1 —B” — &/€0 + £28’), 1 = [e) — (€0/ee) sin? 9] 
(Im yx <9), (2) 
*Formula (2) has been derived earlier.* The results given 
in the present article, in the part concerning the crystal plate, 
were obtained in that investigation. 


dW 


e2u2 


Te 2c8 


Bx) 


(1) 


e2y2 Eo 


m7 2c3 


2 
? 


F (w, %) 


Ee 


x12)(y — noetexdle 


y= &) cost. 


In deriving the formulas it was assumed that the 
particle moves perpendicularly to the plate with 
constant velocity. The following notation has been 
used in Eqs. (1) and (2): e and v are the charge 
and velocity of the particle, respectively, B is the 
ratio of the particle velocity to the velocity of light 
in vacuum, d is the plate thickness, v is the angle 
between the normal to the plate and the direction 
of observation, ¢g is the azimuth angle, and €) and 
€e are the transverse and longitudinal components 
(with respect to the crystal axis) of the dielectric 
permittivity tensor. In the derivation, all the quan- 
tities were expanded in Fourier integrals and, 
therefore, in the presence of damping it was as- 
sumed that the imaginary parts of €, pw, €9, and €e 
are negative. 

The formulas for the angular distribution of the 
radiation energy in front of the plate can be ob- 
tained from Eqs. (1) and (2) by replacing B by —£.* 
It should be noted that (1) and (2) are valid at suf- 
ficiently large distances, where the total field 
forms a spherical wave. 

It is of interest to consider the results obtained 
from the point of view of the Vavilov-Cerenkov ef- 
fect. For simplicity, let us assume in the following 
that the plates are ideally transparent. For the 
direction of the refracted Cerenkov angles, satis- 
fying the equations 


(4) 


an infinity of the type Lim sin* (ad)/a*, where d 


a) B%(eu —sin? 9) =1, b)B?(&> — eo sin? 9)=1. 


*For p = 1 and €= €.= €, Eqs. (1) and (2) coincide with 
the results of the author given in references 1 and 2. [In ref- 
erence 2, typographical errors occurred in the signs of the 
second and third exponents in the numerator of Eq. (2)). 
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is the plate thickness, occurs in (1) and (2). In the 
case of thick plates (compared with the wavelength), 
(1) and (2) exhibit sharp intensity maxima, propor- 
tional to the square of the plate thickness. The 
width of these maxima is inversely proportional to 
d. As the result of reflection of the Cerenkov rad- 
iation from the front surface, similar maxima ap- 
pear in front of the plate also. A study of the for- 
mulas reveals that the ratio of the Cerenkov radi- 
ation energy emitted backward (Wp) to the energy 
emitted forward (Wf) is, in the two cases con- 
sidered, given by the expressions* 

Wp 


(1 = £8 cos ,)2 
ime = 


(1 + 28 cos 3) 


Wh (1 — 08 cos 9)? 


a —— == —________, 
We (4+ e93 cos ,)8 


(4) 


where v,; are the refracted Cerenkov angles. It 
can be seen from Eq. (4) that, in the frequency 
range where the Cerenkov light ray makes an ob- 
tuse angle with the direction of motion of the par- 
ticle, more energy is emitted backward than for- 
ward. The forward radiation is a result of reflec- 
tion from the back wall. It is interesting that when 
the radiation is emitted at Brewster’s angle, for 
which in the given case the denominators in Eq. (4) 
vanish, the forward Cerenkov radiation disappears 
completely. 

2. Let us consider the radiation in thin dielec- 
tric plates. We shall use the formula for radiation 
energy’ correct for plates of arbitrary thickness. 
Assuming that | Ve | wd/c «1 and that wd/v «1, 
and expanding all the exponents in Eq. (2)? ina se- 
ries, we obtain for the case of a relativistic par- 
ticle the angular distribution of radiation intensity 
in front of the plate in the form 

dW ., (1) e2wrd? , sin? 9 cos? 
dQ ants |® (1 — BF cos?) 
Since the result is independent of the sign of the 
particle velocity, the angular distribution behind 
the plate is identical. The corresponding spectral 
density of the radiation energy is given by the for- 
mula 


ie (5) 


e? wd? 


Wo) ies 


4 
2 
[emt a) It (6) 
It is obvious that the perturbations due to separate 
patches of low inhomogeneity, encountered along 


*At small distances from the plate, the refracted Cerenkov 
waves are cylindrical. In the case of an isotropic dielectric 
plate these waves were studied by Garibyan and Chalikyan.?* 

It should be taken into account that the last bracket of Eq. (7)° 
should read (€v 14 v’c~?(1-£)~1) instead of (V1+vc~?(1-€) ~1. 
The ratio of the Cerenkov radiation energy emitted backward 

L Eq. (7) of reference 3] to the energy emitted forward [Eq. (8)*] 
is then identical with the expression obtained in reference 1 for 
an isotropic plate. It follows from Eq. (4) as a particular case 
for p= 1 and €, = €& = €. 
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the particle path, are coherent. This explains why 
the radiation energy varies as the square of the 
plate thickness.* 

From the results given above one can conclude 
that the radiation energy ina thin stack of thin 
plates will be proportional to the square of the 
number of plates. For a large separation between 
the plates, the coherence condition is violated, and 
the energy is proportional to the number of plates. 
In order to determine the coherence condition let 
us consider the angular distribution of radiation 
energy for the passage of a charged particle through 
a stick consisting of m thin plates. Omitting the 
calculations, the final result for a relativistic par- 
ticle nis 
dW.,(m)/d Q =|1 + exp [iwc-1 (1 — iB cosd +d) 

+exp [2iwc-1 (J — 18 cos +d)] 
+... + exp [(m— 1) iwc-1(1 — 18 cos® 
+d)1|? dW. (1)/d Q, 

(|\Ve| dm /c <1), 


(7) 


where I is the distance between the plates and 

dW, (1)/dQ is determined from Eq. (5). The rad- 
iation energy density per unit solid angle in Eq. 

(5) has a maximum in the direction ¥ ~ V1 — B2. All 
particles will radiate coherently if, in the direction 
i ~V1—- 62, The largest exponent in Eq. (7) is much 
smaller than unity, 


we-! (1 (M/E? + dln<1, 


where M is the particle mass and E is its total 
energy. The spectral radiation energy density is 
proportional to m?:W ,)(m) =m’W,(1). Under the 
condition 


(8) 


wc fl (Me/E) + d)s1 (9) 


the coherence condition for adjoining plates is vio- 
lated and, therefore, W,(m) = mW,,(1).T 

A study of Eq. (5) reveals that the logarithmic 
increase in the spectral energy density of the transi- 
tion radiation (6) from each plate is due to the 
emission at all angles large compared with 


*The calculations of the energy loss for a particle travers- 
ing a thin plate were carried out also by Garibyan.® The author 
calculated the work done by the force acting upon a particle, 
limiting himself to the term linear in the plate thickness. Since 
the Poynting-vector flux through a remote sphere is proportional 
to the square of the thickness, the estimates obtained in refer- 
ence 5 should be attributed to other, non-radiative losses, i.e., 
ionization of the atoms in the plate. 

TGaribyan® found the radiation field due to the passage of a 
charged particle through a stack of plates. His conclusions re- 
garding the radiation energy do not follow, however, from the 
solution obtained. 
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d~v1 — B2, Since, at large angles, the coherence 
condition is more stringent, the above fact will lead 
to a lesser variation of the coherence condition 
with the energy of an ultra-relativistic particle. 
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The effect is considered of the pair correlation of nucleons on the probabilities of electro- 
magnetic transitions in deformed nuclei. It is shown that the single quasiparticle electric 
multipole transitions near the Fermi surface will be forbidden by a factor ~A 2/3 com- 


pared to single particle transitions. 


le is well known that pair correlation strongly af- 
fects the distribution of nucleons near the Fermi 
surface and the energy spectrum of particles in 
the nucleus.'** Therefore, the problem arises of 
investigating the effect of pair interaction on the 
electromagnetic transitions in the nucleus. 

We consider an axially deformed nucleus. Then 
the internal state of the nucleons is characterized 
by the component of the total angular momentum 
Q of the nucleon along the nuclear symmetry axis. 
We denote by +A the set of +Q and the other char- 
acteristics of the state. The states +) and — ) in 
a deformed nucleus are degenerate, and differ by 
the sign of the component of the total angular mo- 
mentum of the nucleus along the axis along which 
the nucleus is elongated. As has been shown by 
Belyaev,! the wave function for a system with an 
odd particle in the state +A, has the form 


(+ do) = a (i, + vybIybe) bi, | O2>, 


u,= fe (1 +28/E,), Oe V2 (1 = y/E), (1) 


where b, and by are the operators for the annihi- 
lation and the creation of a particle in the state 

A; € is the energy of the nuclear level referred 
to the Fermi surface €), and EA=vVci +A2. As 
has been shown earlier’ the quantity A is deter- 
mined from the difference of the mass defects by 
means of the formula 


A = 4/2|2E,(N +1) —Eo(N +2) —E(N)|, 


where E)(N) is the energy of the ground state of 
a system of N particles, while | #)> is the wave 
function of the ground state for a system of nonin- 
teracting particles. 

Let the system make a transition from a state 
with the odd particle +A, to the state with an odd 
particle +);. These states have different values 
of A, and we shall denote this by priming U, and 


Vy: We evaluate the matrix element for the transi- 
tion between these states: 


Marg 44 = <O*(+ 22), A(+ A), (2) 


where A is the operator for the electromagnetic 
transition in the second-quantization formalism. 
Then we have 


Ma, 4a, = (ta, Aga, 4 Onno = 


* [(tr,t, + rm, (aie, + Un,02,) 17 TT (uaw, + 0204), 
: 3 

where A) y’ is the single particle matrix Patt! 
for the transition between the states A and 2’. In 
the present case A’—A = 6 «A since the maxi- 
mum value of 6 is given by? 6 = Ag —Ap~ !/py 
~ €,/A, where py is the level density at the Fermi 
surface, while the quantities A, and A, denote the 
values of A respectively for the neighboring even 
and odd nuclei. Therefore we have the expression 
u,uy + vavi, = 1 — 667/8E}. On assuming that the 
interval A contains many levels so that we can go 
over from summing over j to integration we ob- 
tain 


N= TT (unit, ++ v,0,) = exp {—= mp9 A (8/ A)?}. 


Since 6max/A ~A /? and pA ~ A*/® for de- 
formed nuclei, N differs from unity by a quantity 
of the order of magnitude of A~!/3. We shall there- 
fore, neglect the variation in the quantity A. Then 
formula (3) assumes the form 


M ie (Uae On Ae (4) 


The matrix element is Arde =+ Aen, +hy 


depending on the behavior of the single particle 
operator A under time inversion. We therefore 
choose in formula (4) the minus or plus sign for 
electric or magnetic transitions respectively. 
Formula (4) means that the so called ‘‘single 
particle’’ transitions in an odd nucleus are in fact 
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PELECTROMAGNEDIC TRANSITIONS IN THE NUCLEUS 


—————— 


\Iransition , 
Nucleus | energy WN/Wexp | WN/Wexp 
in kev 
Dy! | 74,5 47 ae 
Np? | 26.4 29 | ~4.8 
09,6 50 ~3 


single quasiparticle transitions. The matrix ele- 
ment for such a transition will be a superposition 
of matrix elements for the transitions of a particle 
from the state +), to the state +A, and of a hole 
from the state —), to the state —), taken with 
appropriate weighting factors. Thus, the pair cor- 
relation essentially alters the form of the matrix 
element for the transition, and consequently also 
the transition probability. 

We consider an electric multipole transition 
between states close to the Fermi surface when 
& KA. Then (4) assumes the form 


M4A,, +4, = A+rz, rr (Ea, + &,)/2 A. (5) 


Since € ~ €)/A, and A ~ € /A/3, the probability 
of this transition will be decreased by a factor of 
SE compared to the single particle transition. 
Recently Voikhanskii and Gnedin? calculated the 
single particle transition probabilities, using Nils- 
son’s model. It was found that the calculated 
probabilities differed from the experimental ones 
on the average by one order of magnitude. Account 


AOR 


of nucleon pair correlation by means of formula 
(4) improves the agreement between theory and 
experiment, at least in the case of purely electric 
transitions which depend on the nuclear model to 
a smaller extent than the magnetic ones. The re- 
sults of calculations for the El transitions in Dy‘! 
and Np**" are listed in the table, where wy, Wy 
and Wexp are respectively the transition proba- 
bilities calculated according to Nilsson’s model, 
those corrected for the pair correlation and the 
experimental ones. 

The author expresses his gratitude to D. F. 
Zaretskii and V. M. Strutinskii for discussing 
these results. 
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A consistent theory of a decay of nonspherical nuclei is developed which is based on a suit- 
able generalization of the quasiclassical approximation in quantum mechanics. Formulas are 
obtained for relative intensities of the fine structure lines of a rays, and also for the a-decay 
constant, and for the angular distribution of a particles emitted by oriented nuclei. A new 
method of measuring the quadrupole polarization of oriented nuclei is proposed. 


1. INTRODUCTION 


Durie the last 30 years the nature of the theo- 
retical interest in the phenomenon of a decay has 
been greatly altered. In the early papers! the prin- 
cipal attention was devoted to the fact that the a 
decay process is a quantum-mechanical tunnel ef- 
fect. At the present time the aspect of greatest 
immediate interest appears to be the use of @ de- 
cay for the measurement of nuclear deformations. 
Indeed, the use of other methods of measuring de- 
formations, of which the most important one is 
Coulomb excitation,” has so far turned out to be 
not very effective in the range A > 220, owing to 
experimental difficulties. 

An essential factor in the following discussion 
is that the complete wave function for the parent 
nucleus can be represented in the form 


Y= Divie(t, ©) OF Pe (1.1) 
tk 
where ef and y, are the wave functions for the 
stationary states of internal motion of the @ par- 
ticle and the daughter nucleus respectively. The 
expansion coefficients 4%, depend on the position 
vector r of the a particle relative to the center 
of mass of the daughter nucleus and on the Eulerian 
angles w which characterize the orientation of the 
nonspherical daughter nucleus with respect to fixed 
axes. Formula (1.1) holds both inside and outside 
the daughter nucleus, but the qualitative behavior 
of the coefficients %j, in these two regions is 
quite different. 

In the external region due to the effect of the 
Coulomb barrier the functions 4j,(r, w) decay 
rapidly with increasing r. The decrement of this 
decay depends strongly on the energy of internal 
excitation in the state PF OK. As a result, the 
only components 7i,(r, w) significant in the 
asymptotic region r—~ © are those correspond- 


ing to relatively small energies of internal exci- 
tation. In this case we have to take into account 
only the ground state i=0 for the a particle, 
while the index k denotes several of the lowest 
levels of internal excitation of the nonspherical 
daughter nucleus. Thus, in fact, only a small 
fraction of the components of the total wave func- 
tion shown in the sum (1.1) manifests itself in a 
decay. The task of the theory consists in finding 
these few %,(r, w) in the region external to the 
nucleus. 

It should be emphasized that in this region the 
previously mentioned components Wok? Pk are 
not strongly interrelated. After the emission of 
the a particle the internal state of the daughter 
nucleus ~g, can change only as a result of being 
affected by its Coulomb field.* An estimate shows 
that the probability of such a transition is negli- 
gibly small. Therefore we can write for each of 
the %ox(r, w) outside the nucleus its own “single- 
particle” Schrodinger equation [cf. (2.3)]. It turns 
out to be fairly complicated, since the electrostatic 
interaction between the daughter nucleus and the 
q@ particle is not a central one, and the wave func- 
tion % depends, generally speaking, on all the 
five variables of the system: the three Cartesian 
coordinates r of the a particle, and the two an- 
gular variables v = cos @ and 6, which we have 
previously denoted by the single letter w. Never- 
theless, the generalization we obtained for the 
quasiclassical method enabled us to solve this 
equation.t As far as we know, the quasiclassical 


*We do not consider the case when such a change occurs 
as a result of the rotation of the daughter nucleus. In other 
words, it is assumed that in the spectrum of the nuclear energy 
levels the rotational bands corresponding to different internal 
States 9, do not interact with each other. 

TSome of the results of the present work based on this 
generalization of the quasiclassical approximation have been 
published in preliminary form without a derivation in the form 
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approximation has not been previously used for 
the solution of partial differential equations con- 
taining so large a number of independent variables. 

The interaction between the different configura- 
tions FO, is extremely great inside the nucleus. 
This can be written as the condition lg « Ro, 
where Jqg is the mean free path of the a particle 
and Ry is the nuclear radius. Therefore, in ad- 
dition to the %, in which we are interested, the 
sum (1.1) contains many other components Wik: 
The normalization condition has the form 


ee = 1; wit =\do | Wee (Fr, w) | 2dr, (1.2) 
= ar) 

where wik are the corresponding “internal proba- 
bilities”; the integration is carried out over the 
volume of the daughter nucleus. The components 
Wok Which actually occur in a decay apparently 
correspond to only a very small fraction of the 
total internal probability: 


we ae NN (1.3) 


Since the different components Vi PFO, of the 
total wave function (1.1) are closely interrelated, 
there exists no single-particle Schrédinger equa- 
tion for each individual zvj,(r, w). However, for 
those few configurations 000k which are of the 
greatest significance for q@ decay, the form of the 
function Y%,.(r, w) inside the nucleus can be es- 
tablished. 

First of all, we have 


Por (F, w) = F (w), (1.4) 


since as a result of the homogeneity and isotropy 
of nuclear matter and of the condition lg « Ry 
there exist no special points singled out within 
the nucleus. The dependence of yo, on the Eule- 
rian angles w is uniquely determined by the val- 
ues of the total angular momentum of the parent 
nucleus Q and of its projection M on a fixed axis, 
both of which remain constant in time: 


OY = O(O--1)¥, OY= MY. (1.5) 


The only function that satisfies (1.4) and (GE) 
has the form 
dor (TF, w) = xpO K(v,D), 
where x is a constant; (1.6) 


of separate communications,’ from which it can be seen that the 
problem has been completely solved analytically. Later articles 
have appeared* in which it is asserted that high-speed elec- 
tronic computers are necessary to solve the Schrédinger equa- 
tion describing the @ decay of a nonspherical nucleus and that 
an analytic solution of the problem is impossible. We can not 
agree with such assertions. 


rat Kv, ©) =V (22 +1 AnDku (0,v,®) (1.7) 


rot 


is the rotational wave function for the nonspherical 
nucleus, K is the projection of the angular momen- 
tum of the daughter nucleus on its symmetry axis 
in the state of internal motion under investigation, 
and OS a (a, cos B, y) is a generalized spherical 
harmonic.° On the nonspherical surfaces of the 
daughter nucleus, expression (1.6) plays the role 

of the boundary condition for the Schrédinger equa- 
tion satisfied by the function y,(r, w) in the ex- 
ternal region. 

It is of interest to note that condition (1.4) leads 
to characteristic selection rules for the @ decay 
of nonspherical nuclei. Indeed, the initial state of 
the parent nucleus is also characterized by a cer- 
tain value of the component of the angular momen- 
tum along the nuclear symmetry axis Ky; the cor- 
responding rotational wave function has the form 
ytM Ko (v, @). In processes such as the forma- 
tion or breakup of an a particle, which are char- 
acterized by large energies and small times, the 
quantum number K is conserved. On comparing 
with (1.6) and on taking into account the conserva- 
tion of parity, we obtain 


K= Ko, N=, (1.8) 


where II is the parity. Precisely such selection 
rules were established earlier by analysis of the 
experimental data;* the so-called favored a tran- 
sitions satisfying these selection rules turn out to 
be the most intense ones when all other conditions 
remain the same. The unfavored transitions, for 
which (1.8) is violated, are considerably less in- 
tense and we will not consider them. 


2. PROBABILITY OF a DECAY 


Let us obtain the wave function %,(r, w) in 
the region exterior with respect to the daughter 
nucleus, and let us determine the probabilities of 
excitation of rotational levels of the daughter nu- 
cleus corresponding to its internal state g,. In 
carrying out the calculations we shall utilize two 
coordinate systems: a fixed system x, y, Zz; Vv, ® 
and a system tied to the nucleus é, 7, ¢; v, ©, 
which is rotated with respect to the fixed system 
through the Eulerian angles @, @, 0. The corre- 
sponding Hamiltonian has the following form 


H = —(h3/2m) V2 Hoe U, 
Hrop = (82/21) (J? — Q(Q + 1)], 


where m is the reduced mass; J? = Q(-1)? 
= 2?-201+1* is the square of the angular mo- 
mentum of the daughter nucleus, 1 is the orbital 
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angular momentum of the @ particle, and IJ is the 
moment of inertia of the daughter nucleus corre- 
sponding to the internal state ¢x. 

In the system é, , £; v, &@ the shape of the 
surface of the daughter nucleus is determined by 
the equation 


Rw) =Ro FEW) =Ro {1+ DanPawf, 2-1) 
where p =cos ¥#. The potential energy of the elec- 
trostatic interaction U depends only on the vari- 
ables r and p; in the approximation linear in 

Qy we have 


3d, nt 
U(r, H) = Us| %e Maa (“) 


where Up = 2Ze?/R) is the height of the Coulomb 
barrier and Ze is the charge of the daughter nu- 
cleus. 

The form of the operators Q and 1 is well 
known in the system x, y, z; Vv, ©; the transition 
to the system é, n, ¢; v, @ can also be easily 
carried out.’ On taking into account (1.5) we ob- 
tain the Schrédinger equation 


(2.2) 


“Pale)| 


Cae 2 ov m 
or? far (4 | =) (! ia vy S 
x OW 4 op 
ena) Cees ice | 


mn eee eaay iM eS inn 
+ 755i © seas | + ae sine SE 


4 or 
Vie Pas 
me ee op, _ oY 
Fae Vain (Kae F aa) 
ee oy OY 
Vi cos @ (K 55 — 1 58) | 
0 0? 2 
iK5¢ — Sar} t+ GrlE—Uir, wWlg=0. (2.8) 


Here E is the energy of decay to the rotational 
level J=Q; the indices i=0 and k are omitted 
from the wave function Yo. 

We obtain a particular solution pyzy of equa- 
tion (2.3), which describes at infinity an a par- 
ticle of angular momentum IJ moving away from 
the nucleus and a daughter nucleus in a rotational 
state with angular momentum J. Having in mind 
the application of the quasiclassical approximation, 
we perform the substitution 
Pils Be, v, ©) = Vm/nYG (v, ©, p, oe Nae 

(2.4) 
and seek o in the form of the series o = O_1 + Oo 


VorGe NOS@y, 


+0, + 09+ (this corresponds in fact to an ex- 
pansion in eee of the parameter 1/kR) < 1, 
where k is the wave number of the a particle 

on the surface of the nucleus). The angular func- 
tions sat satisfy the equations 


aye™ — = 2(Q + 1) Wa ‘ OVon = MY", 
byifaii+ ye, 
OGM = F[Q(Q +1) +104 1)—-JU +I YE" (2.5) 
and the normalization condition 

\ dw \ Vo Yo? do = 905mm brr811', (2.6) 


where 


dw = dvd®, do=dudg. 


We represent each of the quasiclassical func- 
tions in the form of a series in powers of the de- 
formations dp: 


3 = 00 ot Oo) eiseaes Bo = 00) 4-0) 4 o®) = - : 
= o(0) ae of) -|- a?) +. 


etc. On taking (2.2) into account, this yields 
/ AplO) \ 2 F 
fe Sapo, ae ee dol") aio’ “2 >) 3a, Ro ote P ( 
dr wus af hot a = Qn 4\r n (4) - 
(0) qg(0) 25 (0) (0) 
dol”, ds Bae ado, , 2ds 1_¢ (2.7) 
ap) he ae i ar er 5 


where 


hy = ke —vbRo [fr — UL I) [t,he = Be /?, 
e=e,=— EF —(A?/21) (J (J + 1l)—Q(Q+4 1)], 
x? = 4mZe* /h? Ro. 
A solution of (2.7) satisfying the boundary con- 


dition at infinity has the form 


; 

(0) = 7 — 

060) = i| k,dr, oO) = 
al! 


n(V — tk y, ae 


oft) ca 5 ix tae mei? -(v)4 (Bye. (2.8) 


We do not take into account further terms in the 
double series for the function o (r, [ee ay) 
since calculations show that they are negligibly 
small. In accordance with (2.4), (2.6) and (2.8) 
the flux of a particles in the state pyy is nor- 
malized to unity: 


hk, 
\do | Fld (r te ®)Prdo= 1. (2.9) 


if == 9) 


At the turning point r=a jy the wave number 
kjj vanishes. We can use Eqs. (2.8) in the region 
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ae ayj, if we make the substitution Kay ka]: The transition to the rotating system £, 7, £; v, ® 
: S Punhaee the bile wave function %, in the is accomplished with the aid of the generalized 
orm of the superposition: spherical harmonics D/. On taking (1.7) into ac- 
po y b yp (2.10) count we easily obtain 
7 OM __ Vo Q, K+m)QM::K+4+m 
At the nonspherical surface S of the daughter nu- | area a Cakim’ Yrot (¥, ®) Yim (H ). 
cleus, i.e., for r=R(u), we have in the required : (2.17) 
approximation We substitute (2.17) into (2.13) and integrate 
over w, and also over the angle ~. In accordance 
0%) (S) = 0) (Ro) xo with (1.2) and (1.6), the constant y is related by 
the equation wy = 4/37 R3y? to the internal proba- 
= %5, (Ro) 6 (u) + piesa 5 %,2 (E+ 1), bility of formation of an a particle in the nucleus 


Wq- As can be seen from (2.10), in the case of 
a) (S) = of (Ro) lege » 9) (S) = 0) (Ro) ro . (2.11) the normalization (2.9) the probability per unit 
= Se time of decay to the rotational level of angular 
Here we have carried out an expansion interms Momentum J accompanied by the emission of an 
of the dimensionless small parameters ay, 1(1+1)/ @ particle of angular momentum /, is equal to 
xR} and AE/E, where AE = AEj = E-e = (8/21) W'yz = |by7|’. As a result, after interchanging the 
x [J(J+1)—Q(Q+1)] is the energy of excitation indices of the Clebsch-Gordan coefficients, we 


of the daughter nucleus measured from the level finally obtain* 
die i jy TOK ae eae 
It can be easily shown that the expansion coef- b= mRo © \— 1) CaxwV Bre X1, 
ficients are given by 
Vv. = She CuK 2B —vpAE Xp 
‘ 1 oor Ted, R Oy ee) Ji~ “mR ( QK10) 1eé | i|| , (2.18) 
= SS = x = s 
e=E(—g tant Z+Ro). 1, ¥E Ro’ where 
where k= kp= vV2mE/h, «= kQ,(Ry) = vep —k?. Bie Olea (2.19) 
We substitute (2.11) into (2.4), (2.10), and the bound- 
ary condition (1.6). Taking (2.8), (2.1), and (2.6) 1 
into account we obtain, after straightforward trans- Af = \exp{> B Pa (w)} P, (w) dy. (2.20) 
formations, j n 
22 Bs Here we have utilized the fact that the shape of the 
he Ry TE Tey . 
t= “SEs. a ee aughter nucleus possesses mirror symmetry: no 
b = P exp( SAE —Z1(l +1) Aailent 1 t 
odd values of n appear in the right hand side of 
“x \ es yor exp BP, () do, (2.13) Qe) 
Be py With the aid of (2.18) we obtain the useful rela- 
3 A 209 44 co n+1 tion 
ome RON fo Ok eee (RO Vs aah iu aa 
a Ro 2 (2n + 1) \ ( =) Xoo pot \ ( :) Rog I} tn W/W y S Wy, (Op, = (Cakto | CoKt)? exp (— {pAE,,); 
< a (2.14) (2.21) 
P where AE jy = (07/21) (d4(3’ #1) —J (3-— 1) as 
%,Ro axl xX Es ° 
T = exp {= 2( aT er —xRo)} (2.15) the separation between the rotational levels of an- 
gular momenta J’ and J. 
Here I is the penetrability factor for the Coulomb The total probability of excitation of a rota- 
barrier in the case of a spherical nucleus of radius tjgna] level with angular momentum J is obtained 
Rp. by summing the second of formulas (2.18) with re- 
In the laboratory system x, y, 2; v, @ wede- — gnect to 1. We normalize the relative probability 
note the angular function Y by vOM (v, ®, uw, @). wy by the condition wy =1. Asa result of this 
Then evidently we have we obtain 


VG = YS) Cimtimdict“(v, ©) Yin (#9), (2.16) 
Mare *Independently of the present author and practically simul- 
where C. ’ are the Clebsch-Gordan coefficients taneously with him, Fréman® has obtained a formula similar to 
and Yim are the normalized spherical harmonics. (2.18), based on semi-intuitive considerations. 
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J+o ee 
w,=exp(—7gAE) SY Bi (CaKu) 
1=|J—Q} 


20 
x| X, nO) B; (C&k 10)? | Xz I" (2.22) 


1=0 
where the prime on the summation sign indicates 
that the summation is taken only over even values 
OL: 

For many purposes it is sufficient to consider 
only the quadrupole deformation & = RyayP2(u) 
which exceeds considerably the other terms in the 
sum (2.1). In this case the substitution X7 — X] 
should be performed, where 

A. 


X,(p) = | e6Ps) Py (u) dh, 


0 


B=p,= Es Ry (1 — R? / 2x3) — i2k°Ry / 5x5 ee SCRE) 


On summing the second of relations (2.18) over 
all J and J, we obtain the w-decay constant.’ In 
the special case of even-even nuclei we have Q 
=K = 0; substitution into (2.22) and (2.18) leads 
to further simplifications.*»? 


3. ANGULAR DISTRIBUTION OF a PARTICLES 


The angular distribution of the a particles 
emitted by oriented nuclei depends on the quantum 
number M. In accordance with (2.10), (2.4), (2.8), 
and (2.16), we have in the laboratory system x, y, 
2S DW, @ Bi ie > eo 


>) by, exp Go —+ of) 


x Cimim'drot (Vv, ©) Yim (Us $)- 
In the general case we have ~=))cmvm. The 
spatial density ||y|*dw of the a particles 
breaks up into a sum of independent components 
corresponding to different values of J. To go over 
to the current density j we must multiply each of 
these components by the corresponding value of the 
velocity hke/m. The expression for the differen- 
tial intensity has the form jr’do. The final aver- 
aging over the spin orientations of the parent nu- 
clei in the initial state is achieved by the replace- 
ment CygrChqn — Pyyrv> Where p is the spin 
density matrix of the parent nuclei. After some 
straightforward transformations we obtain 


dW =V 4n(2Q 41) S) Pwr 2) CoML, me Yi, wm (thy 9) 
M’M” 18, 


Ke DY ORS) oe De 


JUL" 
exp (ig EE + 1) — 2 (+ 1) Crt (QU'Q0", JL) 
(3.2) 


(3.1) 


Vv. G2 NOSGYV 


where g= k/kf,Ro, W (abcd; ef) are the Racah co- 
efficients. 

At not too low temperatures, when the nuclear 
orientation is not very pronounced, the main con- 
tribution to the anisotropy in the angular distribu- 
tion is made by the term L= 2. If the orienting 
field possesses some symmetry axis, then the 
angular distribution becomes axially symmetric. * 
We restrict ourselves henceforth to the case Q 
=K «4. Then from (2.18) it follows? that byz 


= (ail )J-Ky Wy1 . In fact, the great majority of 
the emitted a particles is due to transitions to 
the levels J=K and J=K+1, with 1=0 and 
2, while the admixture of other values of the or- 
bital angular momentum is very small. On taking 
(2.21) into account and on normalizing the total 
probability of @ decay to unity, we easily obtain 


dw = {1+ A,P, wt, 


Bape NCk=i fo 
2 (K+ 1) 2K +3) 1x44 


x {2V5 | 


(K + 2) (2K —1) a 
3 (2K + 3)exp(—y,AE)  K+1 


(K + 2) (2K — 4) “le 
a 50K 3) exp 7ypAB) © K+1 ] 
5 Orgs 
1 —w 
TEV (RED) OK +8) 


(K + 2) (2K — 3) (2K + 5) 
6) + 3 (2K + 3) exp (— ypAE) |} 


(3773) 


x [(K4 


where AE is the separation between the levels 
J=K+1 and J=K; f, is the quadrupole polar- 
ization of the parent nuclei.!® Relations (3.3) can 
be utilized to measure the quadrupole polarization 
of nonspherical a-active nuclei by means of the 
angular distribution of the @ particles emitted by 
them. 

Thus, the concepts of the collective model, !! 
taken together with the assumption that the mean 
free path of the a particle in the nucleus is small, 
enable us to present a complete theory of the a 
decay of nonspherical nuclei. 

I express my gratitude to A. S. Kompaneets, 
Ya. A. Smorodinskii, E. L. Feinberg, and I. S. 
Shapiro for discussing the results of the present 


| *For this it is sufficient that the field should have a sym- 
metry axis of order >2. 
tIndeed, even though according to (2.23) the quantities B 
and Xj are complex, their imaginary part is actually negligibly 
small (in an analogous manner, the imaginary exponent of the 
exponential exp{igll” (/”+1) -/’(l’ + 1)]} is small for these 
values of the orbital angular momentum which play an important 
role, and we shall everywhere replace it by unity). Comparison 
with experiment shows that 0, > 0. Therefore we have BX > 0. 
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work. The author also takes this opportunity to 
express his gratitude to P. O. Fréman for re- 
prints of his papers. 
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We formulate an analytic investigation of the general properties of the cosmological solutions 
of the gravitational equations near a time singularity. One particular class of solutions is 
found to be a generalization of the familiar solution corresponding to a homogeneous and 
isotropic world. A general solution is derived for the case of a centrally symmetric distri- 
bution of matter, and its extension to a broader class of solutions is presented. 


Tae customarily used (Friedmann) cosmological 
solution of Einstein’s gravitational equations is 
based on the assumption that matter is distributed 
in space homogeneously and isotropically. This 
assumption is very farfetched mathematically, 
apart from the fact that its fulfillment in a real 
world can at best be only approximate. In this 
connection, the question arises of the extent to 
which the essential properties of the resultant solu- 
tions are connected with these specific assumptions, 
and primarily as to whether a time singularity 
exists in this solution. 

A suitable way of investigating this question is 
to study the general properties of the solutions of 
the equations of gravitation near a singular point, 
assuming the latter to exist. 

In the present communication we give two par- 
ticular classes of such solutions. One is a general- 
ization of the ordinary isotropic solution. The 
other is connected with the properties of the ‘‘grav- 
itational collapse’’ of a centrally-symmetrical dis- 
tribution of matter. 


1. CHOICE OF REFERENCE FRAME 


Considering the solution of the equations of 
gravitation near the singular point, in which the 
pressure p and the energy density € of the matter 
go to infinity, it is naturally necessary to use for 
its equation of state the ultrarelativistic relation 


p=e/3. 


Then the energy-momentum tensor of the matter* 


(Te) 


*We follow the notation used in the book by Landau and 
Lifshitz.* In particular, Latin indices run through the values 
0, 1, 2, and 3, while Greek indices run through the three 
spatial values 1, 2, and 3. The square of the interval element 


T ip = (p 4+ &) ujtte + po, = = (4u;u; ++ €,,); T; = 0. (1.2) 


We impose on the reference frame the four addi- 
tional conditions 


£13 Log = 9%, (1.3) 
so that 
ds* = dt? — dl?, dl? = g,,dx* dx. 


pin such a system, the equations of gravitation 
ne = 7 assume the following form (see refer- 


ences) Sec:.92)s 


i deine pualans 


R= 7 get GE = | (4uou? + 1), (1.4) 
ee = e (Ese = xe) = * uu, (1.5) 
RE = Pit cae + ped =F (duau® +88). (1.6) 


Here kqg denotes a three-dimensional tensor with 
components 


% a = Ogj3/ 0, (1.7) 


and all further operations of raising and lowering 
the indices and covariant differentiation are car- 
ried out in three-dimensional space with a metric 
a8; Pag is a three-dimensional tensor expressed 
in terms of ggg, as is Ri,, which is expressed 
through gj,- It is obvious that 


Cee g* Oga8 is 


0 
Xa [yey In (=); (1.8) 


where g is the determinant of the tensor Sik 


is written —ds’ = g;,dx‘dx*, so that the matrix of Sik has the ~ 
Signature —+++. 

In addition, we use throughout a system of units in which 
the velocity of light and Einstein’s gravitational constant are 
equal to unity. 
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(which differs from the determinant lgv gel by the 
factor gy) = —1). 

In the general case, the ‘‘gravitational collapse’? 
takes place on a certain hypersurface t = Fee? Ns 
which is a singular surface of the solution of the 
gravitational equations. Since we discuss in the 
present communication only certain particular 
classes of solutions, we shall not investigate here 
the problem of whether there exists in general such 
a transformation of coordinates and time, by which 
this hypersurface can be converted into a ““hyper- 
plane’’ t = 0 without violating at the same time the 
conditions (1.3). In any case, such a transforma- 
tion does exist for the solutions considered below. 

The condition t = 0 on the singular hypersur- 
face (together with the condition go) = —1) fixes 
completely the choice of the time t. The interval 
element then admits of additional arbitrary trans- 
formations of the spatial coordinates, which do not 
involve the time. 


2. GENERALIZATION OF THE ISOTROPIC 
SOLUTION 


The solution of the equations of gravitation, 
corresponding to a homogeneous and isotropic dis- 
tribution of matter in space, are most conveniently 
formulated in the ‘‘attached’’ reference frame, 
(that is, moving together with the matter, (see, for 
example, reference 1, Sec. 105). This system dis- 
plays in explicit form the isotropy and homogeneity 
of the space, by virtue of which the condition goq 
= 0 is automatically satisfied, and the singularity 
takes place in all of space at one instant of time 
(t =0). In this solution [with the equation of state 
(1.1)] the metric has the form gygg * agpt as 
t— 0, where a, are functions of the coordinates 
corresponding to a constant space curvature. The 
quantities g,g are expanded in integral powers of 
t as functions of the time. 

We shall show that this solution is actually a 
particular case of an entire class of solutions, in 
which 

Ota 0 es (2.1) 
where ag are arbitrary functions of the coordi- 
nates. In this case, however, the reference system 
that satisfied conditions (1.3) is no longer strictly 
attached. 

The tensor inverse to (2.1) is 


g28 = f1qx8 — p* (2.2) 


where the tensor a? is the inverse of ayg, and 
b7P — adVaPop, 5. For the tensor kg we have 


Pee Gage lee, ee te, tbe, 
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where bf = aba We shall carry out all the 
operations of raising the Greek indices and of co- 
variant differentiation everywhere in this section 
with a time-independent metric agp. Calculating 
the left sides of (1.4) and (1.5), accurate to two and 
one principal terms in 1/t respectively, we obtain 


3/40? + b/2t = +e(— 4u2 + 1), 


= (ie a 0:8) = ar = EUpUa, 


(2.3) 
(2.4) 


where b = ae Comparing the right halves of these 
equations and taking account of the identity 


— T= ul — 0? +E ugtiga®? 


we readily see that « ~ t® and u, ~ t?; by virtue 
of the above identity we have here u)—1~ t®. We 
now obtain from (2.3) the first two terms of the ex- 
pansion of the energy density: 


e342 5 21, (2.5) 


while (2.4) yields the first term of the expansion of 
the velocity 


Ug = +t? (b, 4 — ba;8)- (2.6) 


The three dimensional Christoffel symbols, to- 
gether with the tensor P,g, are independent of the 
time in the first approximation in 1/t. Pyg coin- 
cides here with the expression obtained when the 
metric used is simply a,g. Taking this into ac- 
count, we now find that the terms of order t~? 
automatically cancel out in (1.6), while the terms 
proportional to 1/t yield 


B 3 78 ic 
Pa+—+ba + 3826 =0 


(where pf =aPyp Hence 


ary) 


b= —+ PL +See. (2.7) 


We see that actually the function agf remains 
fully arbitrary. The coefficients byg of the next 
term of the expansion of gyg are determined by 
(2.7) from the specified a, and these together with 
expansions (2.5) and (2.6) yield the energy densities 
and the velocities. We note that as t— 0 the ener- 
gy distribution approaches homogeneity. As re- 
gards the velocity distribution (2.6), it can be trans- 
formed by taking account of the relationship 


Ch ed 
base = Te Bsa, 
which is the corollary of the identity 
B 1 ( 
Pa;p — = Poa = 9, 
which is satisfied, in turn, by any simplified curva- 
ture tensor Py. We then have 


(2.8) 


1 72 
Ug => bd: 0, 


110 


that is, in this approximation the velocity is the 
gradient of a certain function and its curl vanishes 
(a nonvanishing curl appears, however, in the next 
terms of the expansion). 

Conditions (1.3) admit also of the possibility of 
arbitrary transformations of the three spatial 
coordinates, without involving the time. These 
can be used, for example, to diagonalize the tensor 
aq. Therefore, this solution actually contains a 
total of three ‘‘physically different’’ arbitrary 
functions of the coordinates, specified by the initial 
conditions (with respect to time) of the problem. 

The Friedmann solution corresponds to the par- 
ticular case when PB = const.- ee 

It can be shown that the solution obtained is the 
only one in which the collapse takes place ina 
‘‘quasi-isotropic’’ mamner, by which all the compo- 
nents gq vanish as the same power of t. 

We note also that this solution exists only in the 
presence of matter, that is, only in a non-empty 
space. 


3. CENTRALLY SYMMETRICAL COLLAPSE 


Proceeding now to the problem of the collapse 
of a centrally-symmetrical distribution, we note 
first that its general solution should contain only 
two ‘‘physically different’’ arbitrary functions of 
the radial coordinate. This number follows from 
the fact that the arbitrary initial centrally-sym- 
metrical distribution of matter is specified in terms 
of the initial distributions of its density and radial 
velocity. This problem has no ‘‘degrees of free- 
dom’’ corresponding to a free gravitational field, 
for such a field (gravitational waves) cannot have 
central symmetry. 

We write down the centrally-symmetrical ele- 
ment of an interval that satisfies conditions (1.3) 
in the form 


—ds* = 


dt? + edr® +e» (d6? + sin? 6dp”), (3.1) 
where yp and 2) are functions of the time and of the 
radial coordinate r, and the 4-velocity of matter 
has only one (radial) spatial component. We shall 
number the coordinates x!*3 =r, 0, g. 

A clear idea of the interrelation between differ- 
ent particular solutions and the general solution of 
the essentially-symmetrical collapse problem can 
be gained by considering the formal problem, with 
equation of state p = 0 (which, naturally, is actually 
inapplicable close to the instant of collapse). In 
this case the equations of the centrally-symmetrical 
field admit an exact solution (first obtained by 
Tolman’) and the character of the collapse can be 
readily explained by investigating this solution. 
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When p = 0 the reference frame can be chosen 
such that, simultaneously with satisfying the condi- 
tions go) =-1,801 = 0 [that is, ds” in the form (3.1)] 
the velocity u, of the matter vanishes, 1.e., the 
reference frame is attached (see reference 1, Sec. 
97, problems 4 and 5). Here, however, the collapse 
is not simultaneous in all of space. In such a ref- 
erence frame, an exact solution of the equations of 
gravitation is given by the following formulas. 

We denote 


er ee RAE, 7). (327) 
Then eA is determined by the formula 
er Ai), (3.3) 


where f(r) is an arbitrary function, satisfying 
only the condition 1+ f> 0. The function R(t, r) 
is given in implicit form by 


t—@ (r) =VfR? + FR/f 
— Ff “sinh V {RY for | = 0. 


t—O(r) = VFR* 4 FR/f 


+ F(—f)y “aresin V — fR/F for f <0 (3.4) 


(the case f = 0 is obtained by going to the limit in 
(3.4), but does not differ qualitatively from the 
general case). Finally, the energy density is 


e = F'/R'R® (3.5) 


(the prime denotes differentiation with respect to 
r). Here F(r) and ®(r) are two additional arbi- 
trary functions of r. Inasmuch as (3.1) admits of 
still another arbitrary transformation r 
—r(r’), the solution written down actually con- 
tains, as it should, not three but only two ‘‘physi- 
cally different’’ arbitrary functions. 

The instant of collapse corresponds to the 
hypersurface t= ®(r). Near this hypersurface we 
obtain from (3.3) — (3.5) 


Bh 4/3 9 2/3 qy2 p2/3 4 
wate =( 007% APE ay, 
e= — 2F’ /3FO' (t — ). (3.6) 


We see that the general solution leads to a very 
unique character of collapse: the radial lengths 
(in the reference frame considered) increase 
without limit as t—> 6, while the peripheral dis- 
tances tend to zero;* the volumes also tend to zero, 
while the density of matter tends accordingly to 
infinity. 


*The geometry on the ‘‘plane’’ passing through the center 
is in this case the same as would occur on a conical surface 
of revolution which is stretched along its generatrices and at 
the same time compressed in all its circumferences. 
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The particular case @ = const (or, what is the 
same, ®=() leads to a collapse of an entirely dif- 


ferent nature. In this case we obtain the following 
limiting formulas 


4/3 ’ a 2/3 
w= (2)"re, 9 (2) 


Here all the distances tend to zero in a ‘‘quasi- 
isotropic’’ manner — proportional to the same 
power of t, while the energy density becomes 
homogeneous in the limit.* 

Finally, when F = 0 we have R = Vf (t — &), 
while eA tends to a constant limit and € vanishes 
identically. This is a fictitious case: the trans- 
formation of r and t reduces the metric to a 
Galilean metric in empty space.T 

Let us return to the problem of collapse with an 
equation of state p=€/3. The reference system 
with metric (3.1) is no longer attached, but we can 
assume the collapse to take place in it simulta- 
neously in all of space (the possibility of such a 
choice of time is proved by the fact that we obtain 
as a result a general solution of the problem with 
the required number of arbitrary functions ). 
Equations (1.4) — (1.6), expressed in terms of the 
functions ) and yp, have the form 


R= aah : wet+ti+p=—+te(3+4 4uje), (3.8) 


Ri= we — She’ + Spy’ = fem (1+ uie)”, 8.9) 
Pieler ek pe) 
HA(K+ hy +S) = Se (1 + 4uje), (3.10) 
Re = [e* + te (Ey'h —p"—p?)] 
So gL oe ary cae ea ean’ 


(the prime denotes differentiation with respect to 
r and the dot differentiation with respect to t; the 
expressions in the square brackets in (3.10) and 
(3.11) represent P} and P3 respectively). The 
solutions of these equations near the singular point 
have, as we shall now show, the same character 
as when the equation of state is p = 0. 

We seek eA and eF in the form of series in 


*The gravitational collapse of a centrally-symmetrical dis- 
tribution of matter with p = 0 was considered by Oppenheimer 
and Snyder.’ However, their choice of particular solution, dic- 
tated by the choice of a homogeneous initial distribution of 
density of matter, corresponds to the case (3.7) and, as we 
see, does not reflect at all the properties of the general case. 

tFor this purpose it is necessary to introduce instead of t 
a new variable R = Vf (t —®), after which the interval is re- 
duced by suitable transformation r= 1(R, 7) to the form 
ds? = d7? — dR? — R°(sin’?0d’ + dé”). 


tal 


powers of t?/3, beginning with t 2/3 and t4/3 respec- 
tively; A and w now assume the form 


k= 


Slt = ROP Pe 


p= —+Int+ eye ie - (3.12) 


where 4, ©, > and wy are functions of r. 
The energy density and the radial velocity are also 
expanded in powers of t*/3; the first terms of the 
expansion, as verified by subsequent calculation, 
are 


Sts (r), ty =u (r) OY. (3.13) 


Substitution of these expressions into (3.8) and 
(3.11) causes the terms of order t~? to disappear, 
while the terms of order t~*/3 yield 


i (Oey nO one 2” + 8exp (— p) = , 
hence 
we = — Fle + 3exp (— pw), 
xO = = [4s — 3 exp (— p]. (3.14) 
In (3.9), the terms proportional to 1/t yield 
ce ee (3.15) 


and Eq. (3.10) produces nothing new. 

Thus, these three arbitrary functions [for exam- 
ple wp (ry), A (r), € (xr)], of which two are 
physically different, remain in this solution, 1.e., 
this is the general solution of our problem.* 

This general solution does not contain the 
quasi-isotropic collapse, which corresponds to the 
particular solution of the system (3.8) — (3.11) 
with two arbitrary functions (one of which is 
physically independent).{ In this solution e* and el 
vanish in similar fashion (proportional to t); the 
corresponding expansions are of the form 


=n O), 42) ea 
p= 070) ee (LO) 


w= Int +p +pM¢ +..., 
e = 3/4i?+ e/t +..., 


The functions A (r) and p (xr) can be specified 
arbitrarily, after which the following expansion 
coefficients are given by 


5 pl a Voy (i) 19 pl 5 p2 
es Pi Pe, d Maelo oma oO 


(ie —2 (AM +4 220), 400) = = (atu! =e 2G) (3 la) 


where P} and P3 are calculated from expr and 


*The boundary condition at the center requires that 
exp p© +0 as r+ 0 (the length 2nt” exp p° of the circle 
with center at the origin should tend to zero as r-~ 0). 

+The fictitious solution mentioned above does not arise at 
all when the time is fixed by choosing the condition t= 0 at 
the instant of collapse in all of space. 
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exp p, This solution enters as a particular case 
in the general quasi-isotropic solution (2.1) ob- 
tained in Sec. 2. Equations (3.17) are, naturally, 
exactly equivalent to (2.5), (2.7), and (2.8). 


4, GENERALIZATION OF THE CENTRALLY- 
SYMMETRICAL SOLUTION 


The solution obtained for the centrally-sym- 
metrical problem is actually a particular case of a 
more general class of solutions. We shall give 
here this solution in its main final form, without 
dwelling on its construction. 

We seek the solution in the form of expansions 
in powers of 2/3, the first terms of which are 


Cub (ao al) f"), 


Bar = 0" (bap + but”), — Bra = bbe 


(4.1) 
(the indices a, b, and c run here and below through 
the values 2 and 3). In this notation, the choice of 
the direction x! is the only one by which the lowest 
power of t(t~*/3) enters only in gj,; the coordinate 
x! admits only of a transformation of the form x’! 
=x'!(x!). The coordinates x’ and x’, on the other 
hand, admit of additional arbitrary transformations 
of the general form x’@ = x’4(x!, x, x3). We shall 
use these transformations to cause the two quanti- 
ties b? to vanish. 

The corresponding distributions of the density 
and 4-velocity of the matter will have, in the same 
approximation, the following form: 


6 == te), pe ee Beet (4.2) 


To check these expressions and to determine 
the relations between the functions introduced 
therein, we substitute (4.1) and (4.2) into (1.4) 
— (1.6), retaining those senior terms (that is, 
those of highest order in 1/t), which are fully ex- 
pressed in terms of the quantities in (4.1) and (4.2). 
Equation (1.5) with a = 2 and 3 yields in the first 
non-vanishing order 


Ri = — Tiga na =, 


that is, a) can be a function of the coordinate x! 
only. The freedom still remaining in the choice of 
the latter can be used to set a) equal to unity. 
Then the metric assumes the form (in the accu- 
racy employed here) 


gu = eae a a ey Lab pale: (sy at pH) 
f1a= 0. (4.3) 
The choice of all three coordinates is then fixed 


accurate to inessential transformations of the type 
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xa = x/a(x’, x3), which involve only the coordi- 
nates x? and x’. 
We now obtain, after a calculation 


3 (0) 


4 (1)ey __ 4.4 
R= =e b ae Sea eS, 
(0) 
ee eS (4.5) 
0 (ye (aye 1 ay ae at 

Kaan iO a tarGlaie pate Se tt eee) 

a b (ayo 2 (ie 20) 

Re = sala Kea t GoM + Fale” +0%| = <p 
(4.7) 


(the equations for R}{ and R@ yield nothing new). 
All the operations of raising the indices a, b, c 

and covariant differentiation are carried out here 
in two-dimensional space (with metric b}) on the 
two-dimensional tensor bgp and scalar a“); in 
this notation, the contravariant metric tensor, 
which is the inverse of the tensor (4.3), is 


git = 12/3 (1 — qv 72/3), ge = t-4/3 (b(0)26 — 42/8h(1)ab) | ge = 0. 


Next, K denotes a two-dimensional scalar curva- 

ture made up of bap (as is known, the two-dimen- 
sional analog Kab of the tensor Rj, reduces to a 

scalar: KP = /,K62); b is the determinant of the 
tensor b! ab (the principal term in the determinant 
of the metric tensor gj, is —g = tb). 

From (4.4) and (4.7) we obtain 
Oak 


(yb 3 sb /_(0) 3 
bo =, alt. “ae ). 


Taking these formulas into account we obtain from 
(4.5) and ee 


GD ase (4.8) 


3 0 
uw = — 7 Ino, = 5a Ine. 


= 3a (4.9) 


Thus, the solution obtained contains four arbi- 
trary functions of the coordinates, for example, the 
three quantities b{P and « () With the aid of 
these quantities, (4.8) and (4.9) define the first 
correction terms in the metric and in the distribu- 
tion of the velocity of matter. 

In the particular centrally-symmetrical case, the 
coordinates x’ and x® are angular variables, while 
the surfaces x! = const have a curvature K differ- 
ent from zero.* In the generalized solution this is 
not essential, and all the coordinates can have an 
arbitrary geometrical character (thus, the solution 
can be ‘‘cylindrical’’ or ‘‘plane’’). 

In the absence of matter, there is naturally no 
centrally-symmetrical solution, since the free 
gravitational field, as already noted, cannot have 
~ *Equations (3. 14) and (3.15) correspond exactly to (4.8) 
and (4.9), and af) = A), pb)? = h()3 = yO, cand 
K = 2 exp(—p) are functions of x' =r only. 
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such a Symmetry. The generalized solution, on 
the other hand, yields a definite class of solutions 
for empty space, too. In this case the right halves 
of (4.4) — (4.7) vanish. From (4.4) and (4.7) we ob- 
tain 


a) = i. 


(a g rsb 
esi Dg aK 8a, (4.10) 


after which Eq. (4.6) is identically satisfied, and we 
obtain, from (4.5), b® =f£(x?, x*). This arbitrary 
function of the coordinates x’ and x® can be set 
equal to unity, say, by the still permissible trans- 
formations of these coordinates [in the transform- 
ation x@ = x4 x’”, x3) the determinant b) is 
multiplied by the square of the Jacobian 9 (xe) 
/0 (x’?, x"3)]. As a result, only two arbitrary 
functions remain, namely the three quantities pi, 
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connected by the condition b®) = 1. We thus ar- 
rive at a class of solutions, containing two arbi- 
trary functions of the coordinates, for empty space. 
In conclusion we express our sincere gratitude 

to Academician L. D. Landau for continuous inter- 
est in our work and for stimulating discussions. 

We are also grateful to L. P. Pitaevskii for dis- 
cussing a number of problems. 


17,, D. Landau and E. M. Lifshitz, Teopua noaa 
(Field Theory), 3d edition, Fizmatgiz, 1960. 

?R. Tolman, Proc. Nat. Acad. Sci. 20, 3 (1939). 

3R. Oppenheimer and H. Snyder, Phys. Rev. 56, 
455 (1939). 
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The surface resistance (impedance) of a metallic ferromagnetic film is calculated, with 
allowance for the spatial dispersion of the magnetic susceptibility. The influence of the skin 
effect and of the boundary conditions for the magnetic moment on the excitation curve of 


standing spin waves is examined. 


Success has been achieved recently in observ- 
ing a number of resonance peaks on the magnetic 
energy absorption curve of thin ferromagnetic 
films.! These peaks are correctly treated as evi- 
dence of the excitation of standing spin waves. 
Since the experiments were performed in a uni- 
form magnetic field, Kittel,? to explain the ob- 
served phenomenon, proposed that because of 
large surface anisotropy energy, the magnetic 
moment at the surface coincides with its equilib- 
rium value. In other words, according to Kittel 
the alternating part of the magnetic moment at the 
surface vanishes. Starting with this assumption, 
Kittel determined the frequencies of oscillation of 
the magnetic moment; these made it possible to 
determine from the excitation curve (the depend- 
ence of the energy absorption on the applied field ) 
the magnitude of the exchange interaction, which 
enters into the spectrum of characteristic fre- 
quencies of the film. 

In the present communication, the surface re- 
sistance of a ferromagnetic film is calculated. In 
this calculation the finite conductivity o of the 
film is taken into account, and also the effect of 
the boundary conditions for the magnetic moment 
upon the character of the surface resistance (and 
by the same token on the excitation curve) is dis- 
cussed. 

The constant magnetic field H) is assumed to 
be directed along an axis of easiest magnetization, 
which is perpendicular to the film. (We choose 
this axis as z axis, with origin in the middle of 
the film; the thickness of the film is 2d.) 

The linearized equation for determination of 
the alternating part of the magnetic moment m 
(Mx, my, 0) has, under these conditions, the form 


fs i, He a 02 H M e2 a 
=f te 0 vero ear & 0% Sea} 


= = gM (1+ Fe) hs (1) 


Here h =hx—ihy, where h is the alternating 
magnetic field; He = Hy + BMo, where f is the 
anisotropy constant; My is the equilibrium mag- 
netic moment of unit volume; w is the frequency 
of the applied field; » is the relaxation constant 
in the Landau-Lifshitz? equation of motion of the 
magnetic moment (A < 0); q@ is the exchange in- 
teraction constant (in order of magnitude, a is 
equal to (@¢ /uM,)) a”, where @¢ is the Curie 
temperature, uw is twice the Bohr magneton, and 
a is the lattice constant); g is the gyromagnetic 
ratio (g > 0). We mention furthermore that the 
field inside the film is connected with the mag- 
netic field outside it by the relation Hp + 47M y 
= Hext- We limit ourselves to writing down the 
equation for m™ and h™ alone, since the circular 
electromagnetic wave with right-hand polarization 
(h*) does not resonate with magnetic moment ro- 
tation for any value of the magnetic field Hp. The 
questions that interest us hereafter will be ones 
connected with resonance absorption of energy. 
Since we wish to take account of the skin effect, 
it is necessary to supplement Eq. (1) with Max- 
well’s equations, which after elimination of the 
electric field can be written* 


Oh-/o2 + 2ih-d-? + 8n im-b- = 0, d = c/V 2x0. 


(2) 
To Eqs. (1) and (2) must be added the boundary 
conditions. Besides the usual electrodynamic con- 
ditions (continuity of the tangential components of 


*E quation (2) was obtained on the assumption that there is 
a normal skin effect. This seems to be a completely justifiable 
assumption, since the conductivity of a film as a rule is appre 
ciably smaller than the conductivity of the metal in bulk. For- 
mally, the use of Eq. (2) is limited by the condition | « d, 
where / is the mean free path of the electrons. If this condi- 
tion is not satisfied, but the opposite limiting case occurs, 
then evidently it is necessary to replace o in the final formulas 
by Gere = o d/l. 
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the electric and magnetic field vectors ), it is nec- 
essary to formulate boundary conditions for the 
magnetic moment. Following Kittel,? we shall 
assume that the alternating magnetic moment van- 
ishes at the film surface, i.e., 


mM \sa qe 0; (3) 


We shall be interested in the excitation of magnetic 
moment oscillations by a symmetric field. There- 
fore a solution of (1) and (2) may be sought in the 
form of a Fourier cosine series 


1 @) = >) 


Mn COS kpZ, 


h-(2) = h-(d) + >) Aa cos knZ, 


n= 


=(n +1/s)n/d. (4) 


The values of ky are so chosen as to satisfy the 
boundary conditions (3). 

On substituting the series (4) in (1) and (2), we 
easily find 
2h- (d) (— 1)" 


es ™ (n + 1/2) 


wo — o (1 + ik/gMp) 
ae — o, (1 + id/gMo)] (82k? /2i — 1) + 4mgM, (4 + iA/gMy) * 


gH. + gMy,av’, /d’, 
Vn =kpd, Be = He + 47My 


Here Wy = gHe + gMoakn = 
wl?) = gBe + gMyavy /d’, 
= Tee: et BMp. 
From the last expression and from (4) it is 
easy to determine the value of dh~/dz at z=d: 


ws 2h- (4) 
Oz z=d =F d 
wo — 0 (1 + ik/gMy) 
x2 | [o— @, (1+ A/gMg)1(0%43/2i — 1) Am gMy (1+ INEM) * 
(5) 
From the equation curl h = (470/c)E we find that 


E- = — (ic/4n0)oh7/0z. 


Therefore the surface impedance for waves with 
left-handed circular polarization is equal to 


ic__ oh 
~~ Ana h-(d) dz 


C= 


z=d" 
From this and from the expression (5) we have 


= 2wd 
a= ene > gree 
wo — 0 (4 + iA/gMo) 


ae —o,(1 + iA/gMo)] (121/822) + (SmigMg/B°R2) (1-+iA/gMo) 
(6) 


Knowing the surface resistance of the film, we can 
determine the amount of energy absorbed by a film 
of area 1 cm? in one second. In fact, from the ex- 
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pression for the Poynting vector W = (c/47)[Exh] 
we easily find* 


W.= x5— {Imb- | h- (a) ) — ImC*| ht (d) 9}. 
From this it is clear that the power loss per unit 
volume of the film is 


Q = my {Ime-|A-(d) P— Im *[ A“) |. (7) 


By comparison of formula (7) with the usual ex- 
pression for the volumetric energy loss, it is pos- 
sible to determine the imaginary part of the effec- 
tive magnetic susceptibility (uy). 

The expression (6) for the surface impedance 
becomes considerably simpler if the conductivity 
of the film approaches zero (i.e., if 6 — @): 


Sod ss 4 w — w(%) (1 + iA/gM)) 


= cn a (n +1/2)? © —w, (1+ tA/gMy) ° (8) 


Neglect of spatial dispersion, i.e., of the depend- 
ence of w, on the ‘wave vector’’ Ky, is possible 
for sufficiently thick specimens, when the line width 

~ |X |He/My is considerably larger than the 
distance between resonance frequencies (we are of 
course concerned only with the first few frequencies, 
since on account of the factor (n+¥,) ° the inten- 
sity of the remote absorption lines, with n > 1, is 
extremely small): 


8.4 
Qn? = 2 (n+ 1) <|d| 7 


Thus on setting n= 9, we get the condition for 
neglect of spatial dispersion in the form 


6./h M 
9 9 
Ta (9) 


In other words, for films whose thickness satisfies 
the condition (9) a single resonance maximum 
should be observed, at frequency 


wo, = GH. = g(Hext— 41Mo + BMo). 
Under these conditions 
od © — , (1 + ik/gM,) 
waa = g = Jit or Og = B 5 
ie c O—o, (1 + iA/gM,) ’ i g Ae as 


Experiments by observation of resonance on 
standing spin waves are usually conducted on very thin 
films (d~ 107° cm). Therefore 6 is always 
>d. By taking account of this, we can write the 
expression (6) in the following form: 

20d 
72C 2 (n aye 
w — of) (1 + id/gMo) 
. o—o, (1 +idA/gMo) + (2i/82k2)(o') — @) ? 


aes 


(10) 


*We note that in the absence of gyrotropy, ¢~ =i¢ and 


(ING, 


IAG WME als 


here we have omitted from the denominator terms 
containing the products (A/gM,)(6ky)*. It is 
clear from the expression (10) that the skin effect 
increases somewhat the line width but does not 
shift the resonance frequency appreciably. In this 
connection it should be mentioned that the first few 
frequencies (small n) are widened more than the 
later ones: 


Awskin ~ (8/%)(d/6)? gMo/(n + */2)”. 


The expression (6) and what follows are derived 
on the assumption that the alternating part of the 
magnetic moment vanishes at the film surface. If 
the normal derivative of the alternating part of the 
magnetic moment is assumed to vanish at this sur- 
face,‘ then for 6— ~, i.e., for o— 0, a uniform 
magnetic field will excite only uniform precession. 
With finite conductivity, o = 0, the magnetic field 
inside the film is nonuniform and will excite non- 
uniform oscillations of the magnetic moment (spin 
waves). By a procedure similar to the previous 
one, we can obtain 

wd ¢ © — Wo (1 + iA/gM)) 2i Gr S| 
i Ba ikem.) Me? et 


(11) 


1 
n2 


(re 


© — 0, (4 + iAlgMo) 


x ; 2 (a) ; i : 
(2i/88k?) [w — wo (1. + iA/gMy)] —[o—o, (1+ id/gM,)] J 


(12) 
Here 
On = gH, + gM,« Rk w= Ont4nM,, k,=nan/d. 
For d< 6, we have 
ees wo — 0 (1 + id/gMy) ae) 


€ W— Wy (1 + 1A/gM)) + i (a?/332) 4nM, ” 


that is, the electrical conductivity leads to an ad- 
ditional broadening of the fundamental (uniform ) 
oscillation 


AW skin = (42/382) 40M. (14) 


A nonuniform magnetic field can excite standing 
spin waves if there are more complicated boundary 
conditions than (3). We suppose that at the surface 
a linear combination of the alternating part of the 
moment and of its normal derivative vanishes: 


bdm/dz, + m = 0 (22 =a'a)s (15) 


0/8Zy denotes differentiation along the outward 
normal, and b is a constant with the dimensions 
of length, describing the ratio between exchange 
forces and anisotropy forces. 
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On neglecting the conductivity of the film (ike 
on supposing that 6 > d), we easily obtain an ex- 
pression for the mean moment excited in the film: 


in2 
Sin® uv, 


Bes git 
m = — 2gM, (i + id/gM,)h 2 v2 (1 + sin 20, /20,) 


. i (16) 
“o —o, (1+iA/gMo)’ 


where the vy’s are the roots of the dispersion 
equation 


cotv = qu, q = Old, (17) 


whose solution is easily obtained graphically. If 
q=0, vy =(n—'%)7, and we have the case treated 
earlier [cf. formula (8)]. If q=, only the uni— 
form oscillation is excited (v; = 0): 


ie Btn gM, (4 + ik/gMo)_ 14- 
® —@) (14+ iA/gMo)  ~ 


When q differs from ~ (but is not equal to 
zero), all the oscillations are excited, but their 
amplitudes decrease with order faster than in the 
case q=0. We give an approximate expression 
for Q->sls 


= a . 1 
m = — gM, (1 +1h/gM,)h i ay (1 + id/gM,) 


(ee) 

2 5 { sl T 

gr Fy o—o, (1+ id/gM)){* 
a= 


(18) 


In this case, obviously, the amplitude of the zero- 
order oscillation is many times larger than of the 
rest. Furthermore, the amplitude of the subse- 
quent oscillations decreases with order as n~‘4 
whereas for q=0 the amplitude decreases as 
(n—',)~*. Comparison of the formulas given with 
the experimental resonance curves! seemingly in- 
dicates that the parameter q is small (q <1). 

In closing, I wish to thank V. Bar’yakhtar for 
very helpful discussions. 
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The Vavilov-Cerenkov effect is considered for the case of an electric charge moving uni- 
formly in an arbitrary direction relative to the optic axis of a uniaxial crystal. The shapes 


of the cones of normals for the ordinary and extraordinary waves are studied, and simple 
expressions are derived for the energy of the emitted waves. 


INTRODUCTION 


A general theory of the Cerenkov radiation in 
optically anisotropic media has been developed by 
Ginzburg. ! Starting from the Maxwell equations for 
nonmagnetic transparent crystals, he obtained ex- 
pressions for the angular distribution of the emitted 
energy. More detailed studies of the properties of 
the radiation have been made only for charged par- 
ticles moving parallel or perpendicular to the op- 
tic axis in uniaxial crystals.f Quite recently Paf- 
omov‘ has treated the more realistic case of a 
bounded uniaxial crystal, for which the transition 
radiation is superposed on the Cerenkov radiation. 

Using the interference properties of the Ceren- 
kov radiation, Frank*’® has investigated the condi- 
tions necessary for the occurrence of the radiation. 
In his Nobel lecture’ it was shown for the first time 
that the direction of the light ray and the ray veloc- 
ity play an important part in this connection. 

In the present paper it is assumed that the crys- 
tal is transparent and has no gyrotropic properties. 
Its magnetic properties are given by a scalar mag- 
netic permeability p, and its electrical properties 
by the dielectric constant ¢€j,;, which is a symme- 
tric tensor. In the coordinate system of the princi- 
pal axes the components are positive, jj = 0. 

Let a point charge move in the direction of the 
unit vector r with a speed w =cf. For the energy 
that it loses in the time 1/w we have the following 
formula: 


= | dw > Sy (©), (1) 


A=1,2 


where the energy per unit frequency range emitted 


*Member of the Physical-Mathematical Faculty, Charles 


University, Prague, Czechoslovakia. 
See the review article by Bolotovskii’ and the book by 


Jelley.* 


in waves of polarization ) is 


272 (A) py2 
Soy (0) = 22 Jan 5 (en — 2m) 


MA) 


(2) 


Here dn is an element of solid angle, n is the unit 
vector in the direction of propagation of the phase 
of the wave, V(,) > 9 is the speed of this propaga- 
tion, and the e(A) are vectors in the direction of 
the electric field. 

Let us introduce unit vectors d‘4) directed 
along the electric displacement and having the fol- 
lowing properties: 


dd 5 6,,, nd = 0, dj) = e,e)". (3) 


These equations, together with the condition 


eVq® a) 


(4) 


determine the polarization vectors. The speeds of 
the corresponding waves are obtained from the 
formula 


(5) 


a APIA OO 
0%) = chp Bed, 


Since we shall be considering uniaxial crystals, 
we let the optic axis be along the axis x;. For the 
components of dielectric-constant tensor, in diag- 
onal form, we use the notations €;; =T, €2 = €33 = €. 
Let the charge move in the plane (x;, X)), which 
we shall call the principal plane. Then 


gnievOn Wipe ee, mek 


We shall now investigate separately the proper- 
ties of the ordinary and extraordinary waves. In- 
stead of the indices A = 1, 2 we introduce the nota- 


ON N= Oy bs 
THE ORDINARY WAVES 


From Eqs. (3) — (5) we get for the polarization 
vector and speed of propagation of the ordinary 


ae 
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waves 
ay = (0, ngs, — N2)/ € V1 a ie U(o) a c/V ep. (7) 
By using these formulas we can rewrite (2) as 
So) (@) = sot an rs 8 (nr pee } (8) 
(0) 2 ace 4 <a ie Vep8 
Here, just as in an isotropic medium, the energy 
will be emitted in directions that lie on a conical 
surface of circular cross section, with its axis 


parallel to the motion of the charge. The angle of 
emission ©(9) is given by the formula 


cos Oo) = Bo Heke (9) 


in which the quantity 
Bo = (en) -# (10) 


defines the critical speed of the charge; if B < Bo, 
emission of ordinary waves becomes impossible. * 
To calculate the integral in Eq. (8), it is conven- 
ient to introduce spherical coordinates, with the 
polar axis along the axis of the cone of normals: f 


n, = r,cos } — r, sin 9 cosq, 


ne= r.cos? + r,sin%cosg, n3=sindsing. (11) 
We then get from Eq. (8) 
S(o) (@) 


CRO) 
r, Sim? @ 


2m 
_ Cop rae Bo 2 Bes. 
~ 2102 \ dg (5) | 1 — (r180/8 —re V 1—(Bo/B)? cos ¢)? * 
0 
(12) 
If we write the denominator in (12) as the prod- 
uct of two polynomials linear in cos g, the whole 
expression becomes the sum of two elementary 
integrals, and by calculating them we get the ex- 
pression 


[2 — (r, + Bo/B) — | ry — Bo/ BI] a. 


The sign of the difference r; — Bo /f has an in- 
tuitive geometrical meaning, which follows from 
Eq. (9) and the meaning of the direction cosine rj, 
namely: if ry <8 )/B, the optic axis is outside the 
cone of normals, and if ry > 8) /8, it is inside the 
cone. Thus for the cases of optic axis inside and 
outside the cone we have the respective formulas 


S(o) (w) = e?wpc-? (1 — 14), (13) 
S(o) (w) = @apo-(1—8,/8). (14) 
Let us consider these expressions in more de- 


*We use the indices o and e without parentheses to denote 
quantities associated with the critical speed. 

iSee Fig. 1, which illustrates the more general case of the 
extraordinary waves. In the present case the directions r and k 
are identical. 


tail. If the charge moves along the optic axis (Yr; 
=1), then (13) holds for all speeds larger than the 
critical, and S(9)(w) =0, as has already been 
shown by Ginzburg.! For other directions of mo- 
tion of the charge, the emission increases contin- 
uously from zero for B > Bp, according to Eq. (14). 
Furthermore, if r; > Bo there is a speed (8 

= Bo/¥,) at which Eq. (14) goes over continuously 
into Eq. (13), and for higher speeds of the charge 
there is no further increase of the ordinary radia- 
tion (per unit path length). If, finally, ry < Bo (this 
means that the angle between the direction of mo- 
tion of the charge and the optic axis is sufficiently 
large ), then Eq. (14) is valid for all speeds larger 
than critical. In particular, for motion of the charge 
perpendicular to the optical axis, Eq. (14) agrees 
with the result previously obtained.” 

Finally, let us examine the polarization of the 
ordinary waves. If the normal runs around the con- 
ical surface, then according to Eqs. (7) and (11) the 
positions of the vector e(°) form a fan in the plane 
perpendicular to the optic axis. The axis of this 
fan is the perpendicular to the principal plane. The 
vector e(°) reaches the extreme positions in the 
fan for the minimum value of | e,() |. If the optic 
axis is located outside the cone calculation shows 
that this minimum value occurs for vectors e(°? 
that correspond to normals that satisfy the condition 


iy) = Oe — 0. 


It is clear that these normals are the lines in which 
the cone touches planes passing through the optic 
axis. The angle 2n between these tangent planes is 
the vertex angle of the fan of directions, and we 
have for it the value given by 


cosn = 72° V (8,/8)2— r?. (15) 


For a given speed of the charge the angle 7 
takes its smallest value in the case of motion per- 
pendicular to the optic axis, when it is equal to 
®(o)- If the direction of motion approaches the op- 
tic axis, the angle 7 increases, and when the cone 
touches the optic axis it reaches the value 1/2. The 
directions of the polarization vector then fill an en- 
tire plane. It is clear that this is also true when 
the optic axis is inside the cone. 


THE CONE OF NORMALS OF THE EXTRAORDI- 
NARY WAVES 


In this section we are concerned with the geo- 
metrical properties of the emitted light waves. We 
shall return later to the question of the intensity of 
the radiation. For the unit vector d‘©) we get the 
following expression from (3) and (7): 
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d? = (1—ni, — rng, —myn)/Vi—w. (16) 


The vector e‘©) and the speed of propagation of the 
phase Vie) are determined from (3) and (5): 
e() = ((1 —ni)/t, — nyngle, — nyngle)/V 1 — ne, 
ey = (C/V p) (/t + (Lle—1/ dnl”. 


The direction s‘©) of the extraordinary ray and the 
speed along the ray We) are found from (17) and 


(7): 


s() == (try, eng, en) /V e? + (P— 82) 2, We) = Ye@/ns). 
19 


(17) 
(18) 


Now we know all the quantities that determine 
the extraordinary waves, so that we can turn to the 
study of the geometrical shape of the cone of nor- 
mals; its equation is determined by the argument 
of the 6 function in Eq. (2): 

ryny + rang = Wey/cB. (20) 


Just as in the study of the ordinary waves, we in- 


troduce spherical coordinates, but postulate merely 


that the polar axis k is in the principal plane (Fig. 
1). We get 


ny =k, cost —k, sind cosq, 


nz = sindsing. 


FIG. 1 


Then the equation of the cone of normals takes 
the following form: 
Pcos?® + Qsin?3cos?@ + 2[AR,R2 

— ryro (k? — k)] sin 9 cos cose = R. (22) 


As a simplification we introduce the following no- 
tations 


A = (A — Ilepp*) — (2 — I/tp8?), R= I/tp?, 


P =(Ryry + Reare)? — (1/e — 1/7) Ri/uB?, 
Q = (ker — kira)? — (1/e — 1/1)k5/pp?. (23) 


We use the indeterminacy still remaining in the 
choice of the direction cosines k,; and ky to sim- 
plify Eq. (22). We impose the condition 


ny = k,cosd + k, sin cos@, 
(21) 
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Akyky — ryr( ki — k5) = 0, (24) 


which together with k? +k? = 1 determines k, and 
Ko: 


4 i A Ye 
ky = Gy l ote 2 99,1 ’ 
V2 | Teste 
4 'A uF 
kg = ——(1— ; 25 
V2 ( (A? + 422) oa 


From Eqs. (22) and (24) we now get the following 
expression for the cone of the normals of the ex- 
traordinary waves: 


3 = Be (9), (26) 
where we determine ®(e) from the equation 
_ (ARS OCP OWE 
COs Qe) = See) . (27) 


From the right member of this last equation it can 
be seen that the cone has a symmetry axis, namely 
the polar axis of our spherical coordinates. In the 
general case the cross section of the cone will be 
an ellipse, as also follows from the geometrical 
interpretation given by Pafomov.*°® 

The critical speed of the charge is fixed by the 
condition ®:¢) = 0. For this condition to hold, it is 
necessary that P =R, or, by Eq. (28), 


(ri — l/epB2) RE + (738 — 1/xpB2) RS + 2k Rarire = 0. (28) 


From this equation and Eq. (25) we get for the 
critical speed 


Be = WV (er? + 73) py (29) 


In this case the cone of normals degenerates into 
a line, whose direction cosines are 


lene = er,/V &r ap Ure Roe = tr/V 2 are . (30) 


Finally, the speed of propagation of the phase of 
this critical wave is 


er? ae ie i en 


c 
ve = = ; 
2 Vp ( ert + 775 


If we set in Eq. (19) n=ky and We) = Ve, we get 
s° =rand ug =Cfe. This result agrees with the 
assertion of Frank® that the first wave to appear 
is one with its ray directed along the motion of the 
charge. Under this condition the speed of the 
charge equals the ray velocity. 

For particles with speeds close to the critical 
value, the expressions obtained for ky, kj, and 
Cos @e) can be simplified somewhat if we expand 
them in powers of 6 =1— Be /B and take the first 
two terms: 


120 
hy = Rye [1 — 2k5eps (2 — 7) (ve/c)*O], 


Ry = Roe [1 + 2k (2 — 1) (a,/c)?6], 


COS Oye) = 1 — (t/€) (Vel Vo)* [Cos?P + (veld)? sin?p]-*6. (32) 


It can be seen from (30) that in negative crystals 
(€ >7) the direction of propagation of the wave 
that appears at the critical speed is between the 
direction of motion of the charge and the optic axis. 
In positive crystals (€ <7) the normal lies outside 
the angle formed by the direction of motion of the 


charge and the optic axis. If the speed of the charge 


increases, then according to Eq. (32) the axis of 
the cone approaches the direction of motion of the 
charge in all crystals, but does not coincide with 
it even for B =1 (except for the special cases ry; 
=1 and r, =0, for which the axis of the cone and 
the direction of motion coincide ). 

The cones of the ordinary and extraordinary 


waves cannot intersect. They come in contract only 


for B =Bo/ry, when they touch along the optic axis. 

The polarization vectors d‘©) of the extraordi- 
nary waves are given by Eq. (16). If we use (21) 
and (26) to express n, Eq. (16) gives parametric 
equations for the cone of polarizations. The analy- 
tic expression for the directrix of this cone is 
rather complicated. The use of the following esti- 
mate suffices for our further considerations. 

If the optic axis is outside the cone of normals, 
the directions of polarization are contained ina 
pyramid whose faces are the following planes: 1) 
the tangent planes of the cone of normals that pass 
through the optic axis x,; 2) planes through the 
axis x3 and perpendicular to the generators of the 
cone of normals that lie in the principal plane (x, 
X,) (see Fig. 2, which shows the case r; =0. The 
pyramids must be continued symmetrically on the 
other half of the optic axis. This remark also ap- 
plies to Fig. 3). 

If the optic axis is inside the cone of normals, 
the picture changes, since there are no tangent 
planes passing through the optic axis. Figure 3 
shows the cone of polarizations for r, = 1. 


THE ENERGY OF THE EXTRAORDINARY WAVES 


Let us now turn to the calculation of the energy 
which the charge loses in the form of extraordinary 
waves. On the cone of normals the following equa- 
tion holds: 


rep. (2¢) /c)?—nr ny, 


& ee 


If we also use the identity 


re(é) = 


ra: Cal a mk 


1 


if 


nr} (cos § — iG} 
8 ( nr (cos cos (ey) 


{ep 


cB ~ V(R— Ocos*@) (P —Qcos?e) ’ 
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FIG. 3 


then formula (2) takes the form 


2m 


eou | Bo dg 
Sie) (o) ~~ One2 ( IS) V(R Ts Q cos? @) (P Ee, Q cos2 9) 
Sy ee ee | (ce 
x | t (| nr baler (n(4,) = 
= 2ners || . (33) 


It will be shown in the Appendix that the value of 
this integral also depends essentially on the rela- 
tive position of the cone of normals and the optic 
axis. Upon making the calculations we get (see 
Appendix) for the respective cases of optic axis 
inside and outside the cone: 


Sey (w) = e?wyc-? (ry — BB-/B?), 
Sie (w) = ewpcr? (1 —Be/B) Bo/B. 


An examination of these formulas shows that as 
the speed of the charge increases beyond the criti- 
cal value cB, the radiated energy increases con- 
tinuously from zero in accordance with Eq. (35). 
In the region of directions of motion of the charge 
in which the equation 8 = B)/r; can be satisfied, 
Eq. (35) goes over continuously into Eq. (34). For 
motion along the optic axis Eq. (34) holds for all 
speeds. In this case, and also for motion perpen- 
dicular to the optic axis, our formulas agree with 
results obtained previously.” 


(34) 
(35) 


THE TOTAL RADIATION 


Another matter of interest is the expression for 
the total energy radiated, S(w) = S(0)(#) 


THE VAVILOV-CERENKOV EFFECT IN UNIAXIAL CRYSTALS 


=S(e)(w). At first, when the speed of the charge 
is between the critical speeds, waves of only one 
polarization appear. In this range of speeds the 
optic axis is outside the cone, and the total radia- 
tion is given either by 


S(w) = e?wpc-?(1 —8,/8), (36) 


or by 


S (w) = e%ope-*(1 — 8./8) 8/8, (37) 


depending on whether the crystal is negative or 
positive. For isotropic media this region is ab- 
sent, since for such substances By = Be: 

For speeds at which both ordinary and extra- 
ordinary waves exist (and also always for r,;=1) 
the energy of the total radiation is given by the 
formula 


S(w) = e?uc7*(1 = pote Os (38) 


which is independent of the relative positions of 

the optic axis and the cone of normals. The ana- 
logy between Eq. (38) and the well known formula 
for the radiation in an isotropic medium can be 
seen at a glance. It is curious that the formulas 
(36) — (38) for the total radiation involve the char- 
acteristic optical properties of the crystal and the 
parameters of the motion of the charge only through 
the quantities B,/B and Be/B. 


CONCLUSION 


The results obtained show that in spite of the 
complications of the structure of the electromag- 
netic field in an anisotropic medium, simple ex- 
pressions can be given for the main properties of 
the Cerenkov radiation in uniaxial crystals. This 
is true particularly for the total radiated energy, 
which plays a part in a number of practical appli- 
cations (counters, radiation losses in the motion 
of particles through matter ). 

For direct comparison with experiment one 
must take into account the influence of the surface 
of the crystal. The transition radiation which 
arises at the surface can be neglected, just as it is 
in the study of the radiation in isotropic media. 
The change of shape of the cones of normals on 
emergence from the crystal can be taken into ac- 
count by using the law of refraction for the wave 
normals. The bounding surface of the crystal can 
affect the intensity of the radiation in a more com- 
plicated way. 

In conclusion I take this opportunity to express 
my gratitude to Professor I. M. Frank for his in- 
terest and for helpful discussions. 


121 
APPENDIX 


We write the formula (33) in the following way: 


See (o) = (e?wp/2mc*)(B 0/8)? + I). (1’) 
The forms of the integrals I, and I, follow di- 
rectly from Eq. (33). Expressing nr by using Eq. 
(21), rationalizing the denominator, and omitting 
terms odd in cos g, we get 


BN k 
ee eae \d ify + kere 
: t ( fee) eR (kin + Rore)? sin? @ — T cos? @ ’ 


P= (kyri+ Refs)? (Q—R) 
+ (Rot — Ryry)? (P—R) = (TH) sB gl Be) 
The integration gives the result 


[, = —278,/8,. (2’) 


In a similar way we get for I, the following ex- 


pressions: 


foe) 


Uy? +x 


ies \ (Wi? — Dy — My (WH RDy — My 14 
= ay +b , 
: \ Wy UDy— mM WY ee 
where 


M = ki (P — R) +3(Q — R) = rt — (Bol?) 
U = WwW [(B/Bo)? (kyr, +- Rofo) M -t- 2roko), 
x = (8/8,)? M [2r,D 
— (B/Bo)? (Rita + Retz) M — 2kere (Bo/8)*),. 
a=(UM+x«W)/AMDi, 6 = —x/2M.. 
After integration we get 


Ani 1 
W w—z 


l= [(ib — az)sign z, — (ib — az) sign 22], 
where iz, and iz, are the roots of the denominator 


in Eq. (3°): 
Z1,2= WD + keroB/B). 


The root z, is positive. The sign of z, depends 
on the relative position of the optic axis and the 
cone of normals, since z, =0 for B =Bo/ry. We 
have finally 

I, = 2nr,(B/Bo)?, [2 = 20B/Bo, (4’) 
for 1; >Bo/B and r; <Bo/B, respectively. The 
formulas (34) and (35) follow directly from Eqs. 
(1’), (2’), and (4"). 
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The radiation emitted by an electron passing from vacuum into a semi-infinite medium is 
studied with account of multiple scattering and polarization of the medium. The pr obabili- 
ties for bremsstrahlung and pair production by y quantra are computed for plates of finite 


thickness. 


. INTRODUCTION 


Landau and Pomeranchuk! and Migdal?~4 have 
shown that radiative processes in a medium become 
much less intence at higher energies than is 
called for by the usual theory.® This is caused by 
the fact that the great longitudinal distances become 
important to these processes at high energies, and 
this in turn makes these processes sensitive to 
multiple scattering. 

Ter Mikaelyan has shown® that the polarization 
of the medium must be accounted for in an analy- 
sis of the softest quanta. 

The results cited, however, pertain to effects in 
infinite media. Since the radiation field is pro- 
duced under different conditions near the bound- 
aries, radiation should occur as a particle goes 
from one medium to another. 

A distinction should be made between two types 
of transition radiation. One is connected with the 
realignment of the particle field, due to polariza- 
tion of the medium. It occurs at all energies and 
all particle rest masses, and causes radiation of 
electromagnetic waves of frequency not higher than 
optical in a direction opposite to that of the motion, 
while the forward-radiation spectrum contains fre- 
quencies up to w = ,/v1 — f?, where we = 
4mmZe2/m and v = 8c is the velocity of the par- 
ticle."»8 

The transition radiation of the second type is 
connected with the effect of multiple scattering. 

It therefore arises only at sufficiently high energy 
and can be observed in practice only in the case of 
electrons or positrons. The angular distribution 
has a sharp maximum along the direction of motion, 
and at sufficiently large energies the spectrum 

can contain frequencies on the order of 

mc2/hv1 — 2. 


The classical theory of the transition radiation 


of the second kind was given by Gol’dman.? 

The present paper contains a simultaneous 
quantum analysis of the transition radiations of 
both kinds. The formulas obtained are valid at 
frequencies considerably higher than optical, so 
that the backward transition radiation is com- 
pletely neglected in the calculations. 


2. RADIATION OCCURRING UPON TRANSITION 
OF AN ELECTRON FROM VACUUM INTO A 
SEMI-INFINITE MEDIUM 


Let a fast (pp > 1)* electron move along the 
z axis through the boundary of a semi-infinite 
medium filling the space z > 0. 

Assumed that when t = 0 the state of the elec- 


tron is described by a wave packet wre with an 


average momentum py. The wave function of the 
initial state can be written in the form 


MC Obra be Cal ate 


=H, DV (et), (1) 


where H is the Hamiltonian of the electron and 
includes all the scatterers. In the following cal- 


a Ag = yo 
culations, however, we shall put ? Dy Up) 
x exp(ipy - r)(up! is the unit bispinor amplitude, and 


the normalization volume is chosen equal to unity), 
since allowance for the small indeterminacy in 
the momentum of the incident electron would lead 
only to an averaging of the integral cross section 
over a narrow interval of momentum values in the 
vicinity of pp. 

Analogously, the wave function of the final state 
is written 


*We use a system of units in which h=m=c=1. 
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Gee Ua 0 Oe et Oe 4) 


The probability of emission of a quantum with 
a wave vector k is determined by the square of 
the modulus of the matrix element 


M = ieV 2nlk \ (Pt ae) oot at dr, (3) 


where €,, is the polarization vector and w is the 
quantum energy. In vacuum w =k, but on entering 
the medium the interaction with the electrons of 
the medium changes the energy of the quantum to 
ke (e€ is the dielectric constant of the medium). 
We must therefore put in (3) w =k when t <0 and 
w =k/Ve when t > 0. It can be shown (see Ap- 
pendix) that such a procedure is valid when 
[1 — Ve | <1 and takes correct account of the 
transition radiation forward. 

Substituting in (3) the expressions (1) and (2) 
for W) and Wg, we obtain 
M = ie V/ = [ape 9, (+ ep, — 8p) "8p 


Sh, p)—k 


4 SI fot ay (ef) i Si (e7) (ay iors = “|= ASB: 


The probability of emission of a quantum is de- 
termined by the square of the modulus of the ma- 
trix element, averaged over the positions of the 
scatterers and over the spins of the initial state, 
and summed over the polarizations of the quan- 
tum and the final states of the electron. The 
Migdal method‘ is used to average over the po- 
sitions of the scatterers. Denoting by the symbol 
<... > the totality of the indicated operations, we 
obtain 


ox _. 2ne” A (Po, Po ek //2) 
<|A| = k (Ke th—&,)?’ 
__ 2me* sot’ 4p A (Por P) fy (Pos P» 4) 
(AB) = “i\ te \ om See ne 


(|B)? = 4nete Re | dt \ drew 
° 


OD] 
0 


dp d 
rye = A (Pi; P) fo (Pos Pr» ¢) fx (Pr» P» 7s, 
J (27)? (27) 
ff at 
A(pp)=> > (ae, ep IC ae alert (4) 
As rdorv 


r rN 
—€ °>0,€ 5>0 


where the summation over p and p, is replaced 
by integration. The function f, introduced by 
Migdal obeys the same equation as the averaged 
density matrix (see references 3 and 4). 

The probability of emission of a quantum with 
energy in the interval k, k + dk is given by 
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W (poy #) dk = de\ <|M > aoe a, (5) 


where # =k/k — py/py. The subsequent transfor- 
mations of (4) and (5) and the calculation of A 
follow Migdal’s procedure. As a result we obtain 


5 {\ Ki + Kor? 
a(di4- e703)? 


= lim eee 
T->00 (2 (27 ip, y 


[Ki + Ke] 9 (MN, *) 4 d 
ad-+em) 


“e 2i\ dre | 
0 


(ee) 


re 
2 \ar\ dre'o*\ [Ki + Kem] v (n, t) aq dno} ) 


£=pPo—k/ 2, a= k/2 py (Py —F), 


K, = R*/p? (py —F)?, = [p? + (Po — R)?] g/p? (Pp) —)?. 
(6) 


The function v is connected with f, by 


fx (Po, P, ) dp / (2n)° = 6 (p — g) dpu (x, t) du, 


where 7 = Pj /8, No = Po, /g, and the index 1 de- 
notes the projection of the vector on the plane 
perpendicular to k. The equation for the function 


w =velt has the form 
= ia(l +8 +e?) +\ pf —2) fw (7) —w lay, 
(7) 
8 = 2p. (pp —k) (1/Ve—1), pp (6) = 4nZ?e* / g? [62 +87)", 
0, =Z*7 137g, (8) 
with 
Wh (}, %) |=) = O(N) = Mo) (9) 


As shown by Gol’dman,? it is necessary to 
separate the finite part, which pertains to the ra- 
diation at the boundary, from the last term in (6), 


which is formally infinite as T— ©, We finally 
obtain 

W (Po, k) = lim (MT +N), (10) 
where 
M (ost) = Rel dc\ (Ki + Kennel © (1.2) dq dg (11) 


is the known expression obtained by Migdal‘ for 
the probability of bremsstrahlung on a unit path 
in an infinite medium, and 


2 
N ; e 2g [Ki ae Ko75] 
(Po, k) = DOny? pe (On)? Re i earicecrss +e? 0 
IP aG Ki + K2Q%] @ (Mi, #) 
+2i\ dt\& nd 
\ ai+gm 


\ idt \ [Ki + Kony] @ (n, t) dy dno} (12) 
0 
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is the radiation-probability increment due to the 
effect of the boundary. 

Going over in (7) to the approximate Fokker- 
Planck expression, we obtain 


Owldt = ia(1 + 8 + g™?)w + 4 (d*w / dy? + d%w / yz), (13) 


q = 2nnZ?e*g-? In (8 / 6) = B/g?. (14) 


The choice of the angle 9, will be made later 
[see (17)]. 

Equation (13) has the same form with the equa- 
tion for the Fourier component of the classical 
distribution function, and the two are identical 
when k <p). A Solution satisfying the initial con- 
dition (9) was obtained for this equation by Gol?- 
dman; its form, in our notation is 


. 


@ (m» t) = Fag eexP Lia (1 +6) ¢— 2. (4? +42) coth yi 
+2iqy. cosh yi], 
i 4g. 1 lake?! 8p, (po 2) BI". (15) 


Substituting (15) in (12) we ultimately obtain, 
after simple but rather cumbersome transforma- 
tions, 


N (Po 8) = set [| 


. d 
2 

9 
2Real aes 
0 


(ee) 


x \ exp{—o(1+3)x— oztanh x} 


: cosh x 
0 
c xexp {— «(1 + 8) x} 
+Ree| sinh x dx| 
0 
2 — p)2 P ) d 
eRe +8)f eer 
() 0 


X\exp {— ¢o(1 + 6) x — oz tanh x} dx 
0 co 


+ Re \( coth _ ~)tl o(1-+ 8) x] 


exp {—a (1+6) xydx—2—In(1+6)||, 


ao=2(1—i)s, s= 1.) kipo(p,—*) 2. (16) 


In (16), z is the square of the angle ot emission 
of the quantum, measured in units Olea sine . 
values x ~ 1/s (1+6) and z~ 1+ 6,become im- 
portant when s(1 +6) 1 while x~ 1 and z 
~1/s become important when s(1 +6) «<1. 

From this we obtain 

n~V ag = min (lgVs,V1 +4/g}, 
so that we must put in (14) 
9,~ min {l/gV's, V 1 +4/g}. 


When k « py and 6 =0, (16) leads to the 
Gol’dman formula. 


(17) 
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When s > 1, (16) assumes the form 
_ Ee 4 2 i 
N= op 8 l! r Tree nl + 8)] 
pi + (po — k)? 4+ 3/2 ae ge 
42 7 [ = inten) il}, (18) 
If, furthermore, k « py, we obtain from (18) 
2e2 1+ 3/2 
N= ; In(1-+8)—1]. (19) 


Equation (19) can be obtained from Garibyan’s 
exact formula for |1 — Ve |«1. It gives the fre- 
quency distribution of the transition radiation due 
to polarization of the medium. The quantum cor- 
rections to (19), as seen from (18), are quite 
small. 

When s <1, two cases must be distinguished, 
sO >1 and s6 <1. In the former case (18) and 
(19) remain in force, but if s6 «1, we obtain 
from (16) 


e? ( k? pe + (Po — k)? x“ 
aad oS Eee ~ PR 
N= Sale +? pe ee x l ( 0) 


The inequalities sé <1 and s <1 do not contra- 
dict each other only when py > p; = @)/8B (in or- 
dinary units p,; ~ 0.1 Bev for lead,~3 Bev for 
aluminum ). 

If py < py the probability of transition radiation 
is determined by (19) for all values of k, so that 
we obtain for the integral losses Garibyan’s 


result 
Po 


AE, =\ Nkdk = 4 eu gpp. 


Au 


(21) 


If, however, Ppp > p;, then (19) remains in force 
when k « w; =('4) (w4p?/B)!/3, and when k > w, 
the transition radiation probability is given by (20). 
In this case the radiation spectrum will include the 
frequencies k < p,/(1 +2), where sp = ('4)V1/Bpp, 
and if Sy «1 the integral losses reach a value 


moss Ml. 


AE, = exp, In («/s,), 


which exceeds AE, by a factor 10° 


3. RADIATION OCCURRING UPON PASSAGE 
THROUGH A PLATE 


If many collisions take place during the time of 
passage through a plate, the quantum kinetic equa- 
tion as developed by Migdal,* can be used, as be- 
fore, to describe the behavior of the electron inside 
the plate. The wave functions chosen for the initial 
and final states are 


t<t 
e fo(t—t) on eur 


0<t<t 
~HHt yo 
far 


t<0 
Wo eT abyro 


MW —iHyt fHt Ag —IH(t—t)1A5 et At ue 
Lr. é ote bps e bps bps 
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After transformations analogous to those given 
in Sec. 2, the expression for the probability of 
emission of a quantum with energy in the interval 
k, k + dk is reduced to the form 


{Ki+ K2%] 


Wa Aba ee US 
EOS Catal i a(i+ gene” 


sae \ [Ki + K2QMo] w (0, 7) 
a? (1 + g?n3)(1 + g?m?) 


Tt 


. [Ki + K29No] @ (N, 7) d 
seplet a(t + em) dn dy 


dy dy, 


a; (a \ae \ [Ki + Konno] w (9, 2) dq dno} : (22) 


0 0 
In the energy region where the effect of po- 
larization of the medium can be completely neg- 
lected (i.e., when 6 «1), the expression (22) 
can be represented in a more illustrative form 


k2 
w (Pos, 0) = eg? (2nte)-* {= [= AP (nm) 


Pa Po *)? 
at penser es B* (uy, 0) | P(N — No) dn dn 
0 


Tv t 
CTR : ; 
ese \[ je Amt) A an) 
2 alae , , 
+2 Bin, mo) Bn. 11) 


0 
x dp’) — No)dnow(n, t')dnp( 4’ — n)dr’}, 
A (y, 1’) = 1/ (1 +g?) —1/ (1 +27"), 


B (4, 7°) = 8n/ (1 +2°m) — gn’ /(1 + 2°”). (23) 


The term in (23) linear in T coincides with 
the ordinary Bethe-Heitler expression for the 
bremsstrahlung probability. Upon integration 
over the angles, this term is found to be 


Weu(Po; k, T) 


= (t/3kL) {k*/p? + 2 [p? + (py —k)?] / p}, (24) 


where L is the unit radiation length. The second 
term in (23) describes the contribution of the in- 
terference of radiations from different parts of 
the trajectory. It is proportional to tT? when 
T— 0, and, as will be seen below, becomes much 
smaller than the first term when T < T) = 
L/2r - 137, so that in a plate of thickness T « 79, 
the bremsstrahlung probability is determined by 
the Bethe-Heitler theory for all values of the 
particle and quantum energies. 

As T— ©, the function w(n, T) tends to zero, 
and therefore the second term in (22) tends to 
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zero while the third tends to a finite limit and the 
fourth can be represented in the form 
«\ ae\ [K, + Keyn lwdy dno 
0 
—\idt\1K, + Kennolodn ies ae) 
0 

where the terms which vanish as T — ~” have been 
discarded. 

Thus, as T— ©, we have 


W (po, k, 1) = Mt +2N, (25) 


where N is given by (12), (16), and (18)—(20) and 
M is given by (11). Substituting in (11) the expres- 
sion (15) for w(n, T), we obtain the Migdal 
formulas* 

2e°B jk? G[ + DSlen 


p+ (Po —k)® O[s(1 + d)]). 
M (po, k) = 375 Le ee pe (4+) ee 
(26) 
e 36 : ; bid 
® (s) = 125° \ coth —-e-**sin sxdx — >| , 
0 
G (s) = 24s? [= pie \ cosh ae e-S* sin sx dx| é (27) 


0 


When s <1, we obtain from this $(s) & 6s, 
G(s) * 127s", and when s >1 G(s) * &(s) = 1. 

In order to estimate the smallest plate thick- 
ness for which (25) is valid, we note that, accord- 
ing to (15), W vanishes (or becomes rapidly os- 
cillating) when 


{> min (ty, ts}, 
tge~I/|y| = V po(Po—k)/2kB . 


Since t,/ts ~ s(1+ 6), Eq. (25) becomes applic- 
able when s(1+6) >1 if t >ts, and when 
S.(-1et10) pia) oalhet eaten 

Let now t < min{t,, ts} and 6 >1, and let us 
assume that the bremsstrahlung intensity is small 
compared with the intensity of transition radia- 
tion. We can then put approximately in (22) 


tp ~~ lia (1-+8), 


W (q, tT) = 9(N — Ho) exp {ia (1 +3 + g?x?) 1}, 
after which we obtain 


W (pp, R, t) = 2e76? (mk)? 


ee) 


e {R* / py + [9 + (Po — &)?] 2/ pa} [1 — cos at (4 +8 + 2)] adz 


’ @+27a4+s+2 (28) 


If a(l 4:6) St/teem dando 1 the ex- 
pression (28) is found to be much greater than 
(24) when t ~ ts, thus justifying our assumption. 
On the other hand, if t « ts, then the contribu- 


*The expression for G(s) is misprinted in the Migdal article 
(reference 4), 
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tion of the transition radiation may become much 
smaller than the contribution of the bremsstrah- 
lung. 

Let us show that if the condition t < max 
Ve ts} is satisfied, we can replace the function 
w in (22) and (23) by the function Wy, Which is ob- 
tained from w when a =0. For this purpose we 
seek a solution of (7) in the form w = Wi 
x exp{iat (1 + 6 + g*n”)}.For the function w, we 
obtain 


= \ p(n —) [es (7') exp {> ag* (4/* — x?) «| 


— w; (1) | ar’. 


In order of magnitude, n? ~ n’? =qT, the mean 
square of the angle of multiple scattering along 
the path T. From this we obtain 


ag’n?t ~ ag’n’?t ~ (t/t, ?< 1, 


which proves our statement. The function wy 
satisfies the equation 


Wo 


Fe = \P Ca’ — A) fo (a's wy (9, D1 dn’, (29) 


and the initial condition (9), and is normalized in 
accordance with 


(5 (n, 2) dy = Ihe 


Putting w = Ww, in (23) and using (29), (30), and 
(9) we obtain 


(30) 


252 k2 
W (Boy Bs *) = Sg \ |g A? (a, to) 
0 


L Pi, + (Po —k 
2 
P 


0 


8? (m, no) | P(N — No) AN AN. (31) 


The corrections to this formula are proportional 
to (T/t,)* and (7/ts)?. 

The function wy(7, T) depends only on 
In— nol, viz: wo(n, 7) = wo(In — Nol, 7). Intro- 
dicing new variables 


x=g(n—n)/2, y=E(qn +n)/2 


and carrying out partial integration over the 
angles, we obtain 


Bed ¢ [ A? 
W (oka) = gee) [ge #0) 
PB + (Po —*)? Ox 39 
oe Oe , ) xdx, (32) 
4 pee ae eee 
ae ee x, PO) aaa 


2 


- (33) 


As is well known,’*’!! an exact solution of (29) 
has the structure 


sinh !x — 1. 


127 


x < Byt 


x > Byt 


7 (= 9) a a eae 4B, 
ee ae : nZett | 4x', 


(34) 


where B; = 2m2Z’e! In (VB, r - 137Z7!/8), 

Since the functions gy and ~ behave differently 
when x < Uh and x > Uy, we obtain different ex- 
pressions for W(pp, k, T) when T is greater than 
or less than '4B,. Let first 4B,t «1; then the 
main contribution to the integral (32) will be made 
by the values x < ‘4, so that we can put (x) ~ 
2x?/3 and W(x) & 4x?/3, obtaining 


2 9 % 
p2T f2 “+ (p, — k)2 Z 
W (oe k, t) _ 16¢ | 3 9 Po (Po ) | a \ x3 Wy (= «| dx, 


2 2 
- Po Po 


where k ~ 1. From this we obtain with the aid of 
(34) an expression which coincides with (24) when 
x =1.4,. Thus, when Tt « T) = '/4B, and at all val- 
ues of the parameter s, the bremsstrahlung prob- 
ability is determined by the Bethe-Heitler theory. 
As regards the transition radiation, it is neg- 
ligibly small in plates of any thickness when 
5 «1, but if 621, then 15 ~ k/ws and the in- 
equality Tg >T) satisfied when k < 137/Z In 
(190Z-178), If ts KT , on the other hand, (24) 
will be valid when T «ts, (28) when 7 ~ts, and 
(25) when T > te. 
Let now T) <T «max {tg, t,}. In this case 
the important values in the integral (32) will be 
x 2 1, where g(x) 1 and ~(x) ~ In 4x’, so 
that we obtain 


W (po, Ry *) (35) 


Po 
and only the order of magnitude of the numerical 
factor under the logarithm is known. If s(1+6) « 
1, then th «tg, and on putting t ~ t, in (35) we 
see that (25) and (35) yield results that coincide 
within the limits of accuracy with which they have 
been obtained. If s(1 +6) >1, then tg «t,x and 
(35) remains valid only in the region T «ts. When 
Tees formula (28) holds, while formula (25) ap- 
plies when T > t6. 

Thus, if 6 «1 the probability of bremsstrah- 
lung can be represented in the form 


Py + (Po — 8)? 


Po 


2 k2 ¢ 
W (Dork, )= geal ge OO) | 2 © (s,2)|. (36) 
When s > 1 we have G(s, T) ¥ (8s, 7) ~T/%, and 
when s <1 the values of the functions G and éare 


as listed in the table. 
The length of the interval Tp, expressed in centi- 


meters, is given by 
Cea Monel oie \S,0%), 


where L is the radiation-length unit, and the val- 


EF. Fs EERNOVSKID 
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ee ee 
TKT) To <t<tp th <t 
ro) = / to 3 In (4/7) (t/t) D (s) + 3 In (4/s) 
G t/To 6 (t/t) G (s) +6 
In (190 ZV 7/7) dee fo In (490 Z—/* s~/?) | 
é ta ‘ in 1c07 ae “In 190 Z— 2 


ues of the function £(s, T) are listed in the table. 
For the parameter s we obtain 


s = 1,37-10 [Lips (Py — #) & (s, I" 


in which k and pp are measured in units of mc? 


and L is in centimeters. The interval t, =7)/s. 

In order for the theory developed here to be 
valid it is essential that the probability of emis- 
sion of more than one quantum during the passage 
through the plate be negligible. 


4, PAIR PRODUCTION BY A QUANTUM INA 
PLATE OF FINITE THICKNESS 


We denote by W (k, q, T) the probability of 
production of a pair with an electron energy in the 
interval q, q +,dq by a quantum of energy k ina 
plate of thickness T. 

An expression for W can be obtained by re- 
placing pp - k by k —q and py by q in (36), mul- 
tiplying the result by the factor q?/k?, which 
takes the change in the statistical weight into ac- 
count. 

As a result we obtain 


= 2 a 2 eenraye ee, 
W (k, 4,7) = «4 (66 3) EE ne ot, 


5 = 1.37-108 (kL /q (k — 9) E(S, 0], (37) 


and the functions G, @ and € are listed in the 
table, in which the parameter s must now be re- 
placed by S. In order for expression (37) to be 
valid it is essential that the condition W «1 be 
satisfied. 

The author is most grateful to Prof. A. B. 
Migdal for suggesting the problem and for dis- 
cussions, to V. D. Vaks for help in the earlier 
stages of the investigation, and to I. I. Gol’dman 
for an opportunity to read his paper® prior to 
publication. 


APPENDIX 


METHOD OF ACCOUNTING FOR THE POLARI- 
ZATION OF THE MEDIUM 


We have seen that the method used above to 
calculate the polarization of the medium yields, 
in the limiting case when k > Wp a result 


which is almost exact.® In order to explain the 
limits of the validity of this method, we present 
here an independent derivation. 

Inasmuch as the polarization of the medium 
leads to the emission of quanta of energy much 
lower than the energy of the electron, we shall 
use the classical theory. 

We denote by Ap; and Ag the solutions of the 


equations 
Cc 


An + RA = —4ne | v0) #6 (r—r ) dt, 

Ay. + HeAg, = —4ne~\ v (A) etd (r — rt () di, (Al) 
where v(t) is the velocity and r(t) is the radius 
vector of the particle at the instant t. When t < 0 
we have v =Vy) and r =vot. When t >0 the parti- 
cle is scattered. To take into account the influence 
of the boundary, we put 


Ap +A, 2< 0 


A : : 
Ag +A,, 2>6 


where Aj 
tions. 

An elementary analysis of the boundary condi- 
tions in the plane z = 0 shows that A} = Ajp — Ago, 
accurate to terms proportional to 1 — v4 and 
1 — e, while Aj ~(1 — €) Ajo. Thus, if the condi- 
tions 1 — vi «1 and 1 - e «1 are satisfied, we 
have 


and A’, obey the homogeneous equa- 


Ay (Oe (Aro + Ayo) Pads 
With the aid of the Huygens principle we can 
obtain the form of Aj when z>0. As r— © we 
obtain for Aj 


(A2) 


A, a Re ase (ikr) 
2nir 


|) As (p, 0) exp (— ike) dp, 


z=0 


where k =Vekr/r, and pis the radius vector in 
the plane z = 0. 


(A3) 


With the aid of (Al) and (A2) we obtain, after 
simple transformations, 


Keene Cone (tkr) Vo Vo 
2 Oni ae 
2nik r 1— vi + ev? sin? @ 


- (A4) 


— Bue cos? 8 
In the derivation of this formula we made use of 
the fact that the greatest contribution to the values 
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of Aigk and Agok in.the plane z =0 is made by the 
negative values of t, during which the particle 
moves in a Straight line. 

Next, as r— © we have 


Nee Seed (ikr) | Vo 
ner. r 1—Vev,cos0 
+ ik \ exp [ikt — ikr (d)] v (at| (A5) 


0 


Adding (A4) and (A5) we see that if the condi- 
tions 1 - v? «1 and 1- e« «1 are satisfied, the 
first term in (A5) cancels the second term (A4) 
over a Significant range of radiation angles, and 
therefore, in accordance with the assumption made 
in Sec. 2, the Fourier component of the radiation 
field can be represented in the form 
e exp ( 


espe) \ exp [iat —ikr(A)]v (dé, (A6) 


2% if 


A, (r) ae 
where we must put in the integration w =k when 
t <0 and w =k/We when t >0. 
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ON THE INSTABILITY OF A PLASMA WITH AN ANISOTROPIC DISTRIBUTION OF 


VELOCITIES IN A MAGNETIC FIELD 


. SAGDEEV and V. D. SHAFRANOV 
Submitted to JETP editor February 25, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 181-184 (July, 1960) 


It is shown that a plasma situated in a uniform magnetic field is unstable even in the case of 
a weak temperature anistropy | T; — Ty|/T, « 1. The instability is due to the charges in 
the ‘‘tail’’ of the velocity distribution which come into cyclotron resonance with the perturb- 


ing wave. 


In this article we investigate the instability of a 
homogeneous plasma with ions (or electrons) hav- 
ing a non-Maxwellian velocity distribution. There 
exist two causes which lead to the instability of 
such a plasma: 1) the presence of a ‘‘beam’’ and 
2) the anisotropy of ‘‘temperatures’’ parallel and 
perpendicular to the static magnetic field. In this 
article we investigate the instability due to the 
‘‘temperature’’ anisotropy. 

It has been shown earlier’? in the ‘‘drift’’ ap- 
proximation that in the case of a sufficiently strong 
anisotropy of the ‘‘temperatures”’ of the ions (or 
the electrons), an instability of convective type 
Re(w) #0 can occur. The so-called ‘‘drift’’ ap- 
proximation utilized in these papers is valid only 
when the Larmor radii of all the particles are con- 
siderably smaller than the wavelengths of the per- 
turbations, and the Larmor frequencies are cor- 
respondingly much higher than the oscillation fre- 
quencies. 

In going over to higher frequencies we shall see 
that an instability of the type of ‘‘oscillation with 
hunting’’, Re(w) #0, will arise. However, it 
should be noted that even in the case of low fre- 
quency plasma oscillations the ‘‘tail’’ of the veloc- 
ity distribution will generally speaking contain 
such particles for which the ‘“‘drift’’ approximation 
will not be applicable as a result of the Doppler 
effect, and these particles cause the oscillations 
to build up even in the event of a small departure 
from an isotropic velocity distribution *. 

We can easily obtain the dispersion equation for 
the plasma oscillations if we know the expression 
for the components of the tensor Eqp(, k). 


*After his trip to Harwell, M. A. Leontovich quoted Mittel- 
man as saying that M. Rosenbluth had investigated the insta- 
bility of a plasma with a weak temperature anisotropy. Unfor- 
tunately we have no further details as to Rosenbluth’s formu- 
lation of his problem. 


The general expression for the tensor Ew B (w, k) 
in the case of an anisotropic velocity distribution 
has been given in references 3 and 4. We take the 
unperturbed distribution function for the particles 
to be of the form 


i (p) dp = f (€1, &4) dp, 


(€,; and ¢€} are the energies of motion perpendic- 
ular and parallel to a line of force of the magnetic 
field). In this case the components of the tensor 
€qp have the following form [the z axis is directed 
along the magnetic field, the time dependence is 
taken to be of the form exp (- iwt), k ={ky, 0,k,}]: 


2 = 2 
&) =p, /2m &) =p /2m 


a noe 
S) (-in6,F: + SF) i, 
o fee 


n=—oc 


mw> 
tx = 1+ Nap 


« 


: moe 
€yy = 1+ >} \ dp 


w 
e 


cs m ip : NO py 
a Meg >) (in (o— nox) 8, — 1 Fig? Si, 
't=—Co need 
<< mo- 
Syz = Se Sol ap 
w e 
= 4 oy) : 
x >) [to — hog) dF; =o I ndny 
Zz 


n=—co 


x >) [==tn (Hep) OTF, 


n=—0o 2 


Here Jn is the Bessel function, 
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6, = 6, (w 


ab, 


NWA 


Rz0z), 6, (x) = i/ax + 6 (x), 


Wo = Anne? (iis, ia fs (Ry) /@y), 
Of NOE OF of Of i 
(pe ao alae ce Ai 
1 dey Yes ia Os i ) Oe de) Oe \ i (2) 


The first summation in (1) is taken over the kinds 
of charges. 
hermitian part of €g g depends on Fy. In the case 
of an isotropic distribution function F, = 8f/8 Ses Wo 
This corresponds to damping of the oscillations. 
The presence of an anisotropy in the distribu- 
tion may lead to a change in the sign of the anti- 


hermitian part of VB. It is obvious that this can 
occur when 


/ Of de, / of 
EGAN A err (n>0, Esababcnl 
f/de, 0 ri) 
o<\nlon Grae —1) (n<0, ee 3s, ).@) 


Since the possible instability is associated with 


cyclotron resonance (n # 0) it is useful to investi- 


gate the simplest case in which this resonance ap- 
pears —a wave propagated parallel to the field, 

kx =ky = 0, kz =k. In this case the dispersion re- 
lation for the two types of circularly polarized 
waves has the form 


N2— [= S w5 | dp Agee ind, (@ + Wy — kzv2)] 


( 
Of _ °n (a 1 a 
x Le. aa * i de I a) 4 wo ei a )t (4) 
We consider first the case of ion oscillations. 
For the sake of simplicity we restrict ourselves to 
the case kv} « ae which corresponds to the con- 
dition 8p; « H’ (Py) = M9 €|) )- According to (3), 
the case of a weak temperature anisotropy the i 
stability may occur when w «wy.. In this case, 
neglecting the thermal corrections to the hermitian 
part of €yg, we obtain 


2 pc C2 5 
Ne se ee oO 
wo Cry 


je ce Of of —k.)} 
x\ dp (es[2e 2 %# (Zt de | ) |e Fon zU2) 
In the case of Re(w) > Im (w) we have 


voken 
wo? = key + in 


x\ dp feu bay ot ee i G-) | 8 (0 Fon — hee a 


When the integrand in expression (5) is positive 


the imaginary part of w is positive, and in the case 


when the time dependence is given by exp (~ ivt) 
this leads to building up of oscillations. If we take 


It may be seen that the sign of the anti- 


Sil 
for f the ‘‘Maxwellian’”’ distribution function 
"To € € 
jie ee ae eee 
anP 5 (ar) eee | 
then the maximum increment occurs when 
eee sti emeat f a 1-7) 
25) Ty Mc? Co gnee 
The corresponding frequency is given by 
| Py a Ty | 
© = OY, ——-—_ 
t ite, 
qe 2 
eM a H2 T*, 
+ io V OF y Met exP | Sen, TF P| * (6) 


For T, > Tj that wave builds up, for which the 
electric vector rotates in the direction of rotation 
of the ions. For T, < Tj the wave of opposite 
polarization is built up. 

In the case of electron oscillation with w < wy, 
only the so-called extraordinary wave exists, in 
which the electric vector rotates in the direction 
of rotation of the electrons. The instability in this 
case occurs only for one sign of the anisotropy 
Tj > Ti. For kv « @ and wi, > Wire» the dis- 
persion equation for the electron oscillations has 
the form 


Ra? oe 
oo OW pre 
Th o Tinie 
all. He at patel 
ee we xP (— 5 eo? le aria rh 


Just as in the case of the ion oscillations, we obtain 
for waves having the greatest build-up rate: 


T, —T al GB I (POP Sab 
aL \ Va ih, ll dl I 
oy Ta Ea 
(er 4 We Dp T  \ me? 
. H? Py \ 7 
exp |— Sen? T=T,} (7) 


As follows from the expressions just given, the 
rate of build up of the waves is determined by those 
ions (or electrons) contained in the velocity dis- 
tribution, in whose rest frame the frequency of the 
wave is equal to their cyclotron frequency as a re- 
sult of the Doppler effect. Such particles can ef- 


fectively exchange energy with the wave. The bal- 
E 
kK 
H 
Av 
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ance between absorption and emission of energy by 
the particles is determined by the change in the 
distribution function, which is proportional to the 
quantity 

{E+ cl vx H]}Of/op. 


On taking account of H = ew [k x EJ, this expres- 
sion takes the form (k,; = 0, Ey = 0) 


— Ev, {Of /de, —kz,v,w-* (Of Oe, — of /de\)}, (8) 


where, as before, €, and «|| are the transverse 
and the longitudinal kinetic energies. 

The first term in this expression corresponds 
to that fraction of the particles whose velocities 
have been increased in the direction of the electric 
field E,, while the second term corresponds to 
that fraction of the particles whose longitudinal 
velocities have been altered by the magnetic field. 
When kgvz > 0, this change in velocity is obviously 


directed opposite to the electric field (see diagram). 


In this case the particles are retarded and give up 
their energy to the wave. The last term corre- 
sponds to that fraction of the particles whose trans- 
verse velocities have been altered by the magnetic 
field of the wave. Its sign is opposite to that of the 
second term, so that in the case of an isotropic 
velocity distribution the last two terms compensate 
for each other. 

The conditions of resonance with the electric 
field are satisfied by particles of velocity vz, de- 
termined from w — nwy —kzgvz,=0. For n <0 
we have kyzv, > 0, and the instability is caused by 
particles whose longitudinal velocities have been 


7. SAGDEERV and V.0D. sua ha Nov. 


altered by the magnetic field of the wave;. for 
n >0, when k,v, <0 the building up of the wave 
is due to particles whose transverse velocity has 
been altered by the magnetic field of the wave. 
We note that the instability which we have in- 
vestigated will not occur for arbitrarily small 
anisotropy. For any velocity distribution there 
exists a limiting velocity V]jm (which is in any 
case smaller than the velocity of light). We then 
obtain from the resonance condition w — wy 
— kzVlim = 9, for the limiting velocity vjjim, the 
minimum frequency 3, = © (1+ Viim/CH) 
In accordance with (6) the instability will occur 
when |AT /U=(l avin sen): 
The authors are grateful to academician M. A. 
Leontovich and to B. B. Kadomtsev for useful dis- 
cussions of the results of this work. 
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on De Sagdeev and V. D. Shafranov, Papers 
presented by Soviet Scientists at the 2nd Geneva 
Conference on the Peaceful Uses of Atomic Energy, 
1958, Publ. by Glavatom, paper No. 2215. 


Translated by G. Volkoff. 
33 


SOVIET IPH YSTCS JETP 


VOLUME 12; 


NUMBER 1 JANUARY, 1961 


THE MICROSCOPIC THEORY OF THE FERMI LIQUID 


V. I. KARPMAN 
Minsk Pedagogical Institute 
Submitted to JETP editor February 26, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 185-188 (July, 1960) 


A connection is established between the Fermi excitation energies as defined by the Landau 
theory of the Fermi liquid and by the many-particle quantum theory at zero temperature. 


ANs the present time a number of papers! dis- 
cuss the microscopic derivation of the fundamental 
premises of Landau’s general theory of the Fermi 
liquid.® Landau’ obtained a most essential result 
by establishing the exact microscopic meaning of 
the function f(p, p’), which plays a fundamental 
part in the theory of the Fermi liquid and deter- 
mines the variation of the quasi-particle energies 
€, under infinitesimal changes in their distribution 
functions n(p) 


be = Spz | f(p, p’) 6n (p') dv’. (1) 

As regards the quasi-particle energy, the follow- 
ing must be kept in mind. In the theory of the 
Fermi liquid, €, is defined as the variational de- 
rivative of the total energy of the system with re- 
spect to the distribution function n (p) 


&p = 5E/6n (p). (2) 


On the other hand, in the general many-particle 
quantum theory, it has been shown®! that the ener- 
gies and attenuations of the Fermi excitations of 

the system (quasi-particles or holes), for momenta 
close to the boundary, are determined by the poles 
of the one-particle Green’s function in the momen— 
tum representation 


G (p, ) = [ep aaa! Kp; elas 


(3) 


0 = 72/ 
e0 p?/2m, 


along the lower half-plane (for quasi-particles ) or 
the upper half-plane (for holes). From this we 
obtain the following equations for the energy €p 
and the attenuation Tp of a quasi-particle: 


(4) 
(4a) 


2 — &, — X, (p, &) = 9; 
Dp (p, &p) | Le (OX, / O€)-=e,], 
where X) = Rez, 2;=Imz, and 2 is the compact 
part of the self energy of the particle. Obviously, 


it is to be expected that the quantity €, defined by 
the relation (2), should agree with the root of Eq. 


(4). The aim of the present communication is to 
prove this statement. 

We shall make some preliminary observations. 
It has been shown®® that the imaginary part of the 
Green’s function, and therefore also the attenua- 
tion, change sign at € =, where pu = 0E/AN is the 
chemical potential of the system. To supplement 
this theorem, which is completely general in char- 
acter, we shall make the assumption that the imag- 
inary part of the self energy is continuous at € =n, 
iene 

lim 2, (p, e) = 0 


ep. 


(9) 


[we note that this assumption serves as the basis 
for the derivation of (4) and (4a) ]. 

Let us now consider the equation €p = (rela- 
tive to p), which, according to (4), can also be 
written in the form 


(6) 


The root (po) of this equation is the limiting mo- 
mentum for the quasi-particles €(po) = wp. 

Using an expansion in powers of the interaction 
constant, Hugenholtz and van Hove? (see also ref- 
erence 7) showed that py coincides with the limit- 
ing Fermi momentum for an ideal gas: 


€) —— jt —% (p, p) = 0. 


(7) 


where N is the number of particles in the system, 
whose volume is taken to be unity. This theorem 
may prove to be incorrect under conditions in 
which perturbation theory is inapplicable. For in- 
stance, for systems displaying superconductivity, 
Eq. (6) has in general no real solution*.!” In our 
work it has been assumed that perturbation theory 
is applicable. We also assume that the forces act- 
ing between particles are paired. 


po = (302N)"* (& = 1), 


*In this connection we note that it follows from Landau’s 
results, obtained without the aid of perturbation theory (see 
footnote 3 of reference 4), that if (6) has a real root, it coin- 
cides with (7). 


133 


134 V goles 


Let us now undertake the quantum-mechanical 


determination of 6E/é6n(p) (we assume that T= 0), 


starting from the assumptions given above. In doing 
so we shall use, in a definite manner, the idea used 
by Klein and Prange’ for the proof of the cited 
theorem of Hugenholtz and van Hove. 

Let us consider any diagram which makes a 
contribution to the total energy of the system, for 
example one of those in the figure. The dotted 
lines correspond to the expression 


iu (k) = i U (x) exp (ikx) d*x, U(x) = 0(x)8(%), 
where v(x) is the potential of the interaction be- 
tween the particles, the vertex corresponds to a 
delta function expressing the law of conservation 
of the 4-momentum, and the full line corresponds 
to the Green’s function of the non-interacting par- 
ticles 


Ga (p; 8) = (29 — & — 16)-*, 
(8) 
To obtain the energy of the system as a functional 
of the occupation numbers of the quasi-particles, 
we express (8) in the form 

—— + in (1 —2n (p)) 8 (23 — 28), 
ev —e pP 


p 


6—+ +0 forp>po:;; 6——O forp< po. 


Gilpne) = P (9) 


where n(p) are the occupation numbers of the non- 
interacting particles at T = 0 


| (P < Po) 
0 (p> Py) 


In what follows it is important that the occupation 
numbers of the non-interacting particles coincide 
with the occupation numbers of the quasi-particles 
in the ground state and in states differing infinite- 
simally from the ground state. 

The expression for the total energy will have 
the form 


n(p) = (10) 


E = Ey, — S (Q), (11) 


where Ey is the energy of the non-interacting fer- 
mions, which can be expressed in the form 


3, =\epn (p) dp; dp = dp, dp,dp./(2n)*, (12) 


and S(Q) is the sum of the contributions of all the 
corrected diagrams. The quantity Q correspond- 
ing to an n-th order diagram has the following 
form: 

Oe = i)"\ dey 


.\ den dq, . \ dgon ies 
/=1 


De Ue eae (13) 


» (Rn) Gy (qi) . « «Gy (Gan), 


where d‘g = dqx dqy dqz dag /(2r)*, 1 is the num- 
ber of closed loops, 0j is the delta function located 
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at one of the vertices, and the factor a can take on 
one of the two values 1 or vp (see below ). 

Each of the Green’s functions Gp(q) = Go(q, do) 
in (13) depends on the occupation numbers n (q). 
Hence Q is a functional of n(q). Upon evaluating 
62/6n(q) we obtain 2n terms, some one of the 
functions Gg (qj) being varied in each term. In the 
remaining quantities, n(q) is equal to its value at 
T = 0 [see Eq. 10)]. Thus, each of the 2n compo- 
nents has the form 


“i ‘sap O0(4 9.) 2a Ads Gs) Ge lee 


14 
dn (Pp) ng 


55 le 
where in performing the variation it is only the 
function Gp which need be assumed to depend on 
n(q). Substituting into this the expression for Go 
from (9) and performing the variation, we obtain 
instead of (14), 


—\ 34 (p, 2) 6 (e — 5) de = — EQ (p, ep). (15) 
The function aU Ey €), from its definition con- 
tained in (14), is represented by a diagram obtained 
by eliminatiug one of the full lines in the total en- 
ergy diagram (see the figure). Consequently xy 
corresponds to one of the diagrams of particle self 


energy (generally speaking, a non-compact one). 


et ey 


We now observe that in some of the total-energy 
diagrams it is possible to obtain one and the same 
self-energy diagram by eliminating either of two 
different lines (see b in the figure). This effect 
is compensated by the factor a in (13), which, as 
Klein and Prange have shown! is equal to vA for 
such diagrams, and to unity in the remaining cases. 
Finally, it can be stated that variation of S(Q) 
yields the totality of all possible self-energy dia- 
grams for the particles, each diagram being counted 
only once, i.e., 


85 (Q) | ng = —Za(p, &%), (16) 


where the index R indicates that non-compact as 
well as compact diagrams enter into (16). In view 
of (11), (12), and (16) we obtain 


SE/8n(p)i =e) — Sas(p.ced)e (17) 
For 2p, we may write the expansion 
Ur(p,®) =XU+ 2G 2+ UG,2G,E-+..., (18) 
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where 2(p, €) is the compact portion of the self 
energy of the particle. The right-hand side of (18) 
has a singularity at €= «. Nevertheless, the 
quantity 2p (p, &p) can be assigned a definite 
value by following the method described in the ap- 
pendix to Klein and Prange’s paper.’ 

Let us first put p= pp. In this case the imagi- 
nary part of the self energy (and consequently the 
attenuation) is equal to zero. It follows from (15) 


that when ¢€ = Eby ZR (Po €) must be taken to 
mean* 


imine 2 = \2e (py). &) 8(@ —e°) de. (19) 
0 


ee 


Po 


As shown in the appendix to reference 7, it follows 
from (18) and (19) that 


Ee (Pan Br) = U(Das Gp); (20) 


where Ep, is the energy of a quasi-particle with a 
momentum equal to the limiting momentum pp. 
Consequently, 


SE/bn (p,) = ep, (21) 


where €. satisfies Eq. (4), q.e.d. 

Turning to the case p # py, we note that here 
the attenuation is not equal to zero. The concept 
of quasi-particle energy is meaningful only when 
the attenuation, and therefore also the imaginary 
part of the self energy, are sufficiently small and 
can be neglected. According to our assumption of 
the continuity of Im 2 at « ~ yu, this will be the 
case if p is sufficiently close to py. Neglecting 
the imaginary part of 2 for these values of p, and 
repeating the considerations which led to (20) and 


*In view of the singularity of Xp(po,€) at €= €5,, for- 
mula (19) is by no means a trivial consequence of the defini- 
tion of the 6-function. 


(21), we obtain 
OE On py e= ep, 


where €) satisfies Eq. (4), and p is sufficiently 


close to pp. When p = py this equation becomes 
exact. 

The author expresses sincere thanks to E. S. 
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valuable discussions and critical comments. 


1A. A. Abrikosov and I. M. Khalatnikov, JETP 
33, 1154 (1957), Soviet Phys. JETP 6, 888 (1958). 

*V.M. Galitskii, JETP 34, 151 (1958), Soviet 
Phys. JETP 7, 104 (1958). 

7L. D. Landau, JETP 35, 97 (1958), Soviet Phys. 
JETP 8, 70 (1959). 

4... P. Pitaevskii, JETP 37, 1794 (1959), Soviet 
Phys. JETP 10, 1267 (1960). 

°L. D. Landau, JETP 30, 1058 (1956) and 32, 59 
(1957), Soviet Phys. JETP 3, 920 (1956) and 5, 101 
(1957). 

SV. M. Galitskii and A. B. Migdal, JETP 34, 139 
(1958), Soviet Phys. JETP 7, 91 (1958). 

TA. Klein and R. Prange, Phys. Rev. 112, 994 
(1958), Probl. Sovr. Fiz. 3, 66 (1959). 

81,. D. Landau, JETP 34, 262 (1958), Soviet 
Phys. JETP 7, 182 (1958). 

oN. M. Hugenholtz and L. van Hove, Physica 24, 
363 (1958). 

101. P. Gor’kov, JETP 34, 735 (1958), Soviet 
Phys. JETP 7, 505 (1957). 


Translated by D. C. West 
34 


SOVIET PHYSICS JETP 


VOLUME 12, 


NUMBER 1 JANUARY, 1961 


ELECTRONIC LEVELS OF ATOMS OF SUPER-HEAVY ELEMENTS 


V. V. VORONKOV and N. N. KOLESNIKOV 
Moscow State University 


Submitted to JETP editor February 28, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 189-191 (July, 1960) 


On the basis of the Dirac equation, the behavior of electronic ns-levels in the field ofa 
nucleus of finite size with Z > 137 is investigated in the neighborhood of « ~ — m and 
€~+m. The critical values Z = Zor are found, the existence of quasilevels for « ~ —m 
and Z > Zer is shown and an interpretation of them is given. 


ih The question of the properties of electronic lev- 
els of super-heavy nuclei has taken on renewed in- 
terest recently in connection with the obtaining of 
new transuranic elements. In order to estimate the 
position of electronic ns levels, we shall for sim- 
plicity choose the potential of a nucleus with charge 
Ze inthe form V=-—aZ/r for r >rp and V 

=-— aZ/ry for r <rp, where rp is the nuclear 
radius. From the conditions for matching the solu- 
tions of the Dirac equation at r =rp, we then find, 
for Z >137 and mrp «1 (m is the electron mass), 
the following equation for determining the level en- 
ergy €: 


Po + Pe = — aa, 


(1) 


where on the left the part depending on € is equal 
to 


ge =argl (ig— ©) + gin+ 4 tan Gay 
and 
eo = £ ln 2mr,— are | (1 --2ig)— tan ! a tan y. 
Here 
y=aZ, g=Vy—1, (m + e)/d. 


Equation (1) coincides with the corresponding 
equation of the paper by Pomeranchuk and Smoro- 
dinskii! if the following correction is made in the 
latter: ¢(y) =y cot y — 1 should be replaced by 
(1-y coty)7! For ¢=—m and n=1, we find 
from (1) the equation for the determination of Zer: 


= Vri—e, Ww 


€ In 2mr,y = arg (1 + 2ig) © tan“! tan y—nw. (2) 


Zor has a weak dependence on ry and is equal to 
A StOvery= 12 <10= scmoand 17 2tor r= 5 
x10 em (instead of the values 200 and 175 of 
reference 1). For nuclei on the B-stability curve’ 
extrapolated to the region of super-heavy nuclei 
and for ry = 1.2 x10-%a!3 em, we find Zey = 174. 


2. We now consider the character of the dis- 
crete levels near the limit of the continuous spec- 
trum; €=m(Z >137). Noting that for « — +m, 
A} — 0, and using the asymptotic formula for 
arg (ig —ye/a) for yé/A > ~, we find from (1) 


-{ tanh 7g 
tan «N 


e=m/Vl + y/N?, 
bo = arg T'(1 +2ig) +-tan™| = tany—glny—tan ! g, 
(3) 


where N=yé/) has the significance of an ‘‘effec- 
tive’’ principal quantum number. Furthermore, 
we find from (3), 


tan =— in +d, — 9 In 2m, 


tanh zg 
tan (vo —gln2mr,) ’ 


N=n+ tan! (4) 
whereas for a pure Coulomb field for Z < 137 we 
have N=n+v1-—vy?.3 As rp is decreased the lev- 
els are pushed downward. From (3) it follows that 
the rate at which the levels with principal quantum 
number N are pushed is characterized by the de- 
rivative 


dNidr, = g (tan ? xg cos? aN + sin? WN) / rot tanh xg, 


which is a minimum for N =n [so that (mr)/g) 

x dN/dry = tanh 7g], i.e. when the spectrum of 

the cut-off Coulomb field in the region €~m 

and Z > 137 coincides with the spectrum of the 
Coulomb field for Z = 137. dN/dry is a maximum 
for N=n+'/ [then (ary /g) dN/dry = (tanh rg)~*), 
i.e. when the spectrum differs most from the spec- 
trum of the pure Coulomb field for Z = 137. This 
effect is especially important for Z only slightly 
exceeding 137. 

3. Let us now illustrate on the example of a 
potential well of radius rp the appearance of quasi- 
levels in the region € < — m after the pushing of 
the lowest discrete level to -—m. For U = Uer tA 
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(U is the well depth, Ucgy Corresponds to Zoey, 

A >0 and small), the lowest discrete level disap- 
pears. Matching the external (e) and internal (i) 
solutions of the Dirac equation® for « = —m — w (w 
>0 and small): 


G; = sin kr, e = Asin (pr +a), 
a — a (cos kr — ae), 
=. Ap sin (pr + a) 
Ee = (cos (pr + a) — A: 
k=) @ Uy. p=V &— m, 


we get 
cot 8 = (1/pr,) (1 —xw/U8), 8B =a-+ pr, 
6 = (ro/m) (Uc — m) (A—x). 


In this case Ge « Fe so that Ge and Gj canbe 
disregarded in what follows. The ratio of the am- 


plitude Fe to Fj, whichis equal to 2mUcyé/zp sin B, 


is anomalously small for B ~ 7/2, i.e. for 


w= A (mroUece +2?) / (mroU + 2n*). (5) 
This indicates the possible existence in this energy 
region of a quasistationary state —a quasilevel. 

In fact, solving the Dirac equation with the con- 
dition of outgoing waves at infinity ~ ePl/r and 
€=—-m-—w-il, we find formula (5) for w, and 


a level width 
T =w' (V 2ma?rg) / (20? + mroU cr). (6) 


One can give an interpretation of the behavior of 
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the electron-positron system starting from the 
second-quantized Hamiltonian of the system. For 
U <Ugy the state 6°, in which the lower contin- 
uum is filled, is finite and neutral, juUStas tom Ul—0E 

The state ’, in which the lowest discrete level 
€, (with degeneracy 7;) is also filled, has a charge 
— nye and is finite in the neighborhood of U = Uer, 
since for U = Ugy the gap separating &’ from the 
continuous spectrum of states with the same charge 
is finite (this gap is €) — €, where €, is the next 
level after «,). But then for U > Ugy all the neu- 
tral states are infinite, since they are obtained 
from ©’ by the application of n, annihilation oper- 
ators corresponding to the lower continuum. Since 
as shown above there are quasilevels in the lower 
continuum, this corresponds to a quasi-stationary 
state @*9 which decays with emission of n, posi- 
trons with a lifetime 1/2T. 

The authors thank Prof. D. D. Ivanenko for dis- 
cussion of the results. 
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The spectral composition of light scattered in crystals near second-order phase-transition 
points is studied (quartz, ferroelectrics). It is shown that the ‘‘critical opalescence’’ which 
appears in such cases when the critical Curie point is approached is closely related to the 


Raman scattering of light. 


Navara second-order phase-transition points 
there appear, as is well known, fluctuations of 

the parameters n;, characteristic of the given 
transition (for instance, in the case of ferro- 
electrics the n; are usually the components of 
the vector of the spontaneous electrical polari- 
zation Pj). Inasmuch as changes of these pa- 
rameters lead, generally speaking, to changes 

of the index of refraction, an increase in the in- 
tensity of the scattered light should also be ob- 
served near transition points. In the event of the 
transition being near the critical Curie point, 

the phenomenon will have the character of a 
‘‘critical opalescence’’ in a solid. This effect 
indicated in reference 1, and considered in more 
detail in references 2, 3, and 4, has been experi- 
mentally observed’’® in the a = £8 transition in 
quartz (Tg =573°C). However, in all the above 
references the problem of the fluctuation kinetics, 
and thereby also of the spectral constitution of the 
scattered light, were not investigated, although, 
as will be shown below, this aspect of the phenom- 
enon is also of great interest. 

The scattering at an angle @ to the incident 
light is due to the Fourier component Ae, of the 
fluctuations of Ae = An’ with a wave vector 
q = (47/Ay)) sin (6/2). The medium will be con- 
sidered here for simplicity optically isotropic 
(cf. references 2 and 3 for a generalization to the 
anisotropic case); n(A,) is the index of refrac- 
tion, and Ag = 27c¢/wy is the wavelength of the light 
in vacuo. If the phase transition is characterized 
by one parameter 7, as in the case of quartz, then 


Ae = a (An*— An}, Aeg=a{2n,dq + > AcAno}, 
k 


where n = ZA, exp (ik -r), and n)(T) is the 
equilibrium value of 7. As a result, with statisti- 
cal averaging, 


| Aeq)? = | Aeglt + |Aeg)?, 


where the main first term is proportional to 

| Ag| 2, and the second term is proportional to the 
sum > |A,|2 |Ay — ql? (cf. reference 2). Thus 
the spectrum of the main part of the scattering I, 
is determined by the propagation velocity and the 
damping of the wave Nq(*) =Agq exp (iq: r). As 
the parameter n in quartz we can choose the dis- 
placement of the mean position of the silicon atom 
in @ quartz compared with its position in 6 quartz. 
Since the nonequilibrium change of n corresponds 
to a mutual displacement of various sublattices, 
this displacement will vary with the frequency of 
the optical vibration of the crystal Qj;(q). 

At the transition point n) = 0, that is, there is 
no elastic force (see below), and the frequency of 
the vibration 2j (0) becomes zero; here Q;(0) = 
Q1(q), since q <Qpax = 1/d ~ 10° (d.~-3 < 105° 
is the lattice constant). Unfortunately we cannot 
uniquely state the corresponding frequency Q ; at 
room temperature. In @ quartz the lattice symme- 
try does not change for lines with frequencies 
bj = Q;/2re equal to 207, 356, 466, and 1082 cm! 
(reference 7); the 466-cm7! line was also observed 
in B quartz.® The frequency of at least one of the 
remaining three lines should become zero at the 
transition point. It is known that the frequencies 
D, decrease with increasing temperature;’ the vi = 
207 cm™! line is shifted and broadened particu- 
larly strongly. In addition, Landsberg and Mandel’- 
shtam have already shown® that this line is lacking 
in B quartz. This is completely understandable, 
Since this vibration is asymmetrical in 8 quartz, 
and is consequently inactive in first-order Raman 
scattering. The 356- and 1082-cm™ lines should 
also be lacking in B quartz. 

As T — Fg, the line corresponding to the vibra- 
tion with vanishing frequency approaches the un- 
displaced line and its intensity I, is in fact deter- 
mined by the formulas given in references 1 and 2. 
If the frequencies of two of the aforementioned 


138 


RAMAN SCATTERING OF LIGHT 


207-, 356-, and 1082-cm™! lines do not become 
zero, then the intensity of these lines in a quartz 
should tend to zero as T > To. From the experi- 
ments of Yakovlev and Velichkina®’® it follows that 
the depolarization of the scattering in the imme- 
diate neighborhood of the transition point is con- 
siderably smaller than for T < Ta. This becomes 
understandable in the light of what has been said; 
for T x Tg the basic contribution to the scatter- 
ing is due to the line with Q;(0) +0, and the de- 
polarization of this line is zero (in contrast, the 
depolarization of the Rayleigh scattering amounts 
to 12-13% at room temperature and apparently 
still increases with increasing temperature). 

Therefore, what has actually been considered 
in the previous investigations!* is Raman light 
scattering which has the character of critical 
opalescence at the aw = 6 transition in quartz. 
The scattering by the [ Acq]? fluctuations, with 
an intensity I, (cf. reference 2), is the second- 
order Raman scattering, which has a broad spec- 
trum not very weak only very near the transition 
point, but present also above it. The reason why 
higher-order scattering is not taken into account 
in reference 2 is because the relation Ae = 
a (An? — An’), which does not contain higher 
powers of An’, is used. 

There is likewise no first-order Raman scat- 
tering in ferroelectrics of the BaTiO; type above 
the transition point (we are referring to the vi- 
bration of Ba relative to the TiO; group, due to 
the appearance of polarization along the cube 
axes). The picture is therefore analogous to that 
in quartz. True, the difference consists in the fact 
that in a free BaTiO, crystal the transition to the 
tetragonal phase is a first-order transition near 
the critical Curie point. Therefore, although the 
frequency ©;(0) at the transition point is anom- 
alously small, it is not zero. Disregarding this 
point! for simplicity, we can approximately write 
down the dielectric constant for frequencies near 
Q; in the form’?! 

Q2 (0) = a/p, 

22(0) = 2] a| /p, 
(1) 

where a =a’(T,) (Te -T) is the coefficient in 

the expansion of the thermodynamic potential in 

terms of the polarization 


T >To e = dal (a —pQ?+ ig), 
T < Te: 822 20 | (— 2a —p 2? + ig Q), 


geeeerrae PCE”, 


the connection of p and g with the atomic con- 
stants is indicated in references 10 and 11. The 
dependence of QF on q was neglected. When 
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T < Tc, the polarization in (1) is taken to be di- 
rected along the z axis. The value of €y =€ 
differs from e,, i.e., a splitting of the characteris- 
tic frequencies takes place. The corresponding ex- 
pressions for first- and second-order transitions 
are given in reference 10. We also note that here 
we do not differentiate between the adiabatic and 
isothermal coefficients a@. These differences are, 
generally speaking, not large; for not too low a 
frequency Q the adiabatic values appear in (1). 
Inasmuch as the constant electric field and the 
elastic stresses affect the properties of ferroelec- 
trics in the region of a transition considerably, the 
Same can also be said about the effect of these 
factors on the vanishing frequencies 2; (0). 

When account is taken of the field equations, the 
transverse optical vibrations in a crystal, due to 
the change in the polarization, turn out to be, as is 
known, simply ‘‘normal’’ electromagnetic waves in 
the given medium; the index of refraction here is 
n(@) =ve(Q). Furthermore, q? = (2/c? «(Q), 
and with sufficiently small absorption (g — 0) we 
obtain from (1) 


Q2 = O20) / (1 + 2n/uceq?). 


For visible light q ~ 10°[Ay ~ 5000 A, 6 ~ 1/2, 
n (Ao) ~ 1]; at the same time in BaTiO; p ~ 1077 
(reference 10). Therefore, the frequency of the 
light-scattering electromagnetic waves is, with 
great precision,* Q=;(0). In other words, 
these transverse optical vibrations in a crystal 
can practically be considered purely mechanical, 
indeed this is usually done in studying Raman scat- 
tering. For ferroelectrics that exhibit piezoelec- 
tric effects also outside the ferroelectric region 
(Rochelle salt, KH,PO,, etc), the first-order 
Raman scattering does not disappear even in the 
more symmetric phase. The intensity of such 
scattering was calculated by Krivoglaz and Ry- 
bak;? it increases on approaching the transition 
point from either side (at the same time the fre- 
quency ; for a second-order transition also 
tends to zeroas T ~ Tg). 

We shall now take into account the attenuation 
of the light-scattering waves, which leads toa 
broadening of the lines. The scattered light field 


*In taking account of the dependence of ® on the gradient 
of P, i.e., of the dependence of 0; on q, a term Sq is added 
in the denominator of expressions (1) for €. Therefore 


Q? = QF (4 + 8q?/pQF)/(1 + 2m/yc%a?), 


where 5 ~ d? ~ 3 x 10-"° (cf. reference 10). Hence 5q’/u0% 
= 8q?/d ~ 3x 10-7 for @ ~ 10~*, and we can assume, just as 
when the term 8 is not taken into account, that Q =;(0). 
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is in a first approximation proportional to 
Aggetot = an A ce!" 


(wy is the frequency of the incident light) and its 
spectrum is determined by the Fourier components 


-+0o 


Go = Se \ Age Om e)tdi == Ag, 
where - 
re 
Q = w» — Wo, Ag = oe \ Ag (t) et dt. 


Furthermore, to a first approximation we can 
assume 


Ave Age 2: 0) Ag =f, 


where y =g/u[cf. (1)], and f is the generalized 
random force due to thermal motion. Hence 


Ag = fal( Q7— 27+ iy Q) 


and the scattering intensity I1(Q) is proportional 
to |Ag|? and equal to 


Sif ] mah Q) dQ 2 
Ne oma ae’. 2 | ee, @) 


where I, has been calculated in reference 2. 
If the red and violet satellites do not overlap, 
i.e., 2] >y, then for each sa®ellite 


i. 14/40 
I, (02) (Q = Q,)? ++ nye 4 


(I, is the total intensity of both satellites; in the 
classical approximation considered the intensi- 
ties of these satellites are equal). 

According to (2), it is obvious that 


1 (0) = yim Q?2,  1(Q) = I,/ny. 


Therefore, for Q; >y but at the same time 

Q; ~ y, the satellites essentially overlap; when 

Q; <y the function I(Q2) has a maximum only 
when Q =0. It is interesting that the intensity for 
this maximum, I(0) = yI,/72?, is strongly tem- 
perature dependent. Thus, for second-order tran- 
sitions far from the critical Curie point I, depends 
weakly on T (cf. reference 2) and 


OF = — 2al = 2a" (7;) (Te —T). 


With regard to the coefficient y = g/u, we note 
that it apparently should not have any singulari- 
ties at the transition point. In ferroelectrics y 
increases with increasing electric conductivity. 
In the absence of conductivity y is determined 
by the relation of the given vibration with all the 
remaining vibrations, i.e., by the anharmonicity. 
In either case one can expect an increase of y 
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(more precisely of g =yy) with increasing tem- 
perature. Experimentally y can be determined, 
for example, by measuring the electrical losses 
(cf. (1)], or from the additional relaxation absorp- 
tion of elastic (Sound) waves in the crystal (cf. 
reference 6). In the latter case it is usually as- 
sumed that Q; =0 near Tg and the equation 


1 a 1 (2 = ok ae 
1a Tas Cae = (1%): 


is employed, from which 
Ape dite 0) 
where 
w= pia = ole (T,)(1 —1,) ford — iy, 
c= 9/26 (Tele) for 7-24. 


The relaxation absorption of sound takes place 
only for T < Te when np ~ 0; measuring T and 
a’(Te) one can obviously find g for T = Te. 
From here we can then find y, if the value 

Q (0) =2|a| /u is known [cf. (1)]. 

The Raman lines which we are discussing are 
connected in ferroelectrics with the fluctuations 
of the polarization, i.e., they are also known to be 
active in the ‘‘infrared’’ absorption (in BaTiO3 
the frequency corresponding to the vibrations of 
Ba relative to the TiO3 group becomes zero). 
However, when the transition is approached the 
frequencies {i are in the difficultly accessible 
millimeter or submillimeter portions of the spec- 
trum. Therefore the method of Raman scattering 
can here too compete with and complement the 
measurements on the absorption and reflection of 
electromagnetic waves (Raman scattering has al- 
ready been observed in some ferroelectrics, !* but 
not for all lines and outside the transition region). 

Besides, the study of the spectrum and of the 
intensity of the scattered light near second-order 
transition points close to the critical Curie point* 
is also most interesting in other respects, as is 
clear from what has already been said in earlier 
papers.! ° 


*A related effect is, for instance, neutron scattering in 
ferro- and antiferroelectric substances near the Curie point 
(cf. references 13 and 1). We note that the existence of analo- 
gous phenomena also appears possible in macromolecules and 
polymer chains and structures (when the structure is changed, 
say the chain is lengthened, and also when the temperature 
is increased, some characteristic frequencies may become 
anomalously small; this may lead to a strong increase in the 
scattering intensity). 
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We have developed a diagram technique to evaluate the single-electron density matrix. 
Quantum mechanics is used to obtain a transport equation which takes into account the in- 
homogeneity of an external electrical field and the self-consistent electron field. 


Ir is well known that the evaluation of transport 
quantities requires the summation of an infinite 
number of terms of a perturbation-theory series, 
however small the coupling constant. It must there- 
fore always lead to the formulation and solution of 
some kind of integral equation. Boltzmann’s clas- 
sical transport equation is an example of such an 
equation. 

Many papers! ® have been devoted to the deriva- 
tion of a transport equation. In some of them! the 
problem is studied using classical mechanics. In 
the papers by Kohn and Luttinger’ and van Hove,‘ 
which are based upon quantum theory, there is no 
diagram technique. The technique proposed by 
Montroll and Ward? and by Prigogine and Ono® 
does not use the convenient second quantization 
formalism and is thus complicated (in reference 6 
three-dimensional diagrams are even used). Also, 
if there is no simple and convenient diagram tech- 
nique, it is extremely difficult to apply it in those 
cases where the classical Boltzmann equation is 
inapplicable (for instance, the problem of plasma 
kinetics or the polaron). In a paper by Abrikosov, 
Gor’kov, and Dzyaloshinskii' a simple diagram 
technique was proposed which enabled one in prin- 
ciple to evaluate transport coefficients directly. 
However, the straightforward evaluation of trans- 
port coefficients, even in the case where the trans- 
port equation is valid, is a difficult problem. Also, 
the authors of the cited paper did not derive a trans- 
port equation, and its derivation by means of their 
technique is difficult. We must note that the idea 
of analytical continuation, proposed in reference 7 
and used with success by Larkin,® turns out to be 
extremely helpful for evaluating the internal block 
diagrams obtained in the present paper. We re- 
strict ourselves here to a derivation of a general- 
ized transport equation and we show that it turns 
into the usual transport equation when the latter is 
valid. In a subsequent paper we shall obtain a 


transport equation for a plasma on the basis of the 
technique developed here. 


1. THE SINGLE ELECTRON DENSITY MATRIX IN 
AN EXTERNAL ELECTROMAGNETIC FIELD 


We consider a system of electrons and some 
other particles interacting with them (phonons or 
impurity centers). We assume that in the initial 
state, t—> —~«, the system was in contact with a 
thermostat and could be described by a density 
matrix 


Fi, =Z'exp(— 6H’), Z=Spexp(—sz), 


B=(RT)*, H' = H—uwN, 


where wu is the chemical potential and N the oper- 
ator of the total number of electrons. At t ~ —« 
an adiabatically increasing weak electromagnetic 
field is applied to the system and at the same time 
the contact with the thermostat is broken. The 
time variation of the density matrix F of the sys- 
tem is determined by the equation 


indFlot = ((H = H,), Fl, 
Ss 1 
H, =\ p (x) U(x, 0) dx -\ J (x) A, (x,t) dx, 


where p(x) is the charge density operator, Ju (Xx) 
the current density operator of the system, and 
U(x, t) and A, (x, t) are respectively the scalar 
and vector potentials of the weak electromagnetic 
field. 

In the approximation which is linear in the field, 
the solution of the equation for the density matrix 
can be written in the form F = Fy + Fy, where 


0 B 
ee \ dv\ dxE, (x, t+1)\ dr Ju (x, t + if) F, 
= ) 
B 


ae = \ax Ay (x, i) \ drt (x, ihd) F,. (1) 
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To derive this formula we used the relation 
div J (x) =p(x) and the identity® 
B 
Ui eS it \ dae (ihd) F 
where : 
L (t) = exp (— H’t/ih) L exp (H't/ih), 
Gh) bs A: 


The average value B of a quantity B canbe 
evaluated using the formula 


B = Sp F,B, + Sp F,B, + SpF,B, B= B, + By, 


where B; is the correction to the operator B, 
necessitated by the perturbing vector potential in 
the approximation which is linear in the field. If, 
for instance, B is the current density operator, 
we have 

B; = — (e?/me) A (x, t) Y* (x) F(x), 
where W(x) is the operator of the quantized wave 
function. Using Eq. (1) we can write B in the form 


B= Sp F,B, + BO + Be), 
DS aah 8 
Bo = \ dv\ dxE, (x,t +4) di Sp {Fy Bop (x, t + ihd)}, 


— 0 


B 
<\dx A, (x, i)\ di Sp {FyBys (x ih?)} -- Sp F,By. 
0 (2) 


Although the quantity B‘) contains the vector 
potential, we can show that it is gauge invariant. 
We can verify that this quantity owes its existence 
purely to the magnetization current. Indeed, if 
Eu = 0 the total change in the average value of B 
is due to B®), Also, B®) does not contain a time 
retardation relative to the vector potential. B‘? 
is thus that value of B which would have been ob- 
tained if the magnetic field were constant and if 
there were no electrical field. Then, of course, 
only the magnetization current would exist in the 
system. We have studied earlier’ the properties 
and the physical meaning of B‘) for the case 
where B is the current density operator. In the 
present paper we shall not be interested any fur- 
ther in the quantity B®. 

Let us consider the quantity B“) in more de- 
tail. 

Bearing in mind that in the second quantization 
representation 


Be \ Wt (x) bP (x) dx = py (O,)nn’QnGp’ « 


Be 


(where by is a single-electron operator and the n 
are the quantum numbers of the set of single-elec- 
tron states) we get 
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B®) = > (A) aioe (t). 


nn’ 


(3a) 


0 B 
= \ dv\ dxE, (cue 1) (a Sp (Fodtandy (x, t + ihd)}. 
= b (3b) 


We can call the quantity £,(t) the correction 
to the single-electron density matrix. 
Let 


Ey (x, ¢) 


where w is the frequency of the field and v the 
adiabatic parameter, which we shall let tend to zero 
in the final formulae. If we write the operator 

Jy (XT + ih) ) in the second-quantization repre- 
sentation, Eq. (3b) becomes 


= Ey (x, s) exp (ixx + sf), s=— io +¥ 


, 


ih (t) = By (e, 8) oF 3) GEN" (s, g) \ 


vee 


ju (x )\mm’ax, (4b) 


estdt di Sp{Fo exp [4 («4 in) | at dy, 


—oo 


Ginn (8, B) = 


xX exp [— “ (Ge = inh) | airin’} ; (4a) 


Let H= H)+V, then 


= exp eS | Teexp Gh V.dz)| eXp es ; 


22 


Ce 
veo) 

Z, and z». are here complex numbers and the 
integration is along an arbitrary contour C in the 
complex plane from Z, to zy. The Te sign indi- 
cates an ordering of the operators along this con- 
tour in such a way that points on the contour which 
lie nearer to z». along the contour are assumed to 
be earlier. Using this formula we can write the 
exponents in Eq. (4b) in the following form 


/ 
V,=exp = 


«—ih3) —(—iha)}} 


<—ilB 
== 7 Exp E °(¢ — ing) | exp la \ Vidz |exp (My), 


=n 


lig : Ele 
FRexp FE (t + ini) | = OGD) ral 


exp |- 4 (oo itt) | : 
—ilhx 


‘ 1 Hit 
= exp (— Hoh) exp| 3 \ V.dz| exp ie +) : 
See these expressions into Eq. (4b) we 


write gm in a form which is convenient for a 
series expansion in the coupling constant: 
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0 
= | exdvan’ (x, 8), 


—oo 


Gur (s, B) (5a) 
Gu, (t, B) 
B 


0 


ob) 


The integration in the exponent is over the con- 
tour C shown in Fig. 1. The sign Tg orders the 
operators along the same contour. 

qmin is thus some kind of temperature-depend- 
ent Green function with the peculiar feature that 
the S-matrix contains an integral over a contour 


in the complex ‘‘time’’ plane. 


2. A DIAGRAM TECHNIQUE TO EVALUATE THE 
FUNCTION Gi? 


1. Let Vph be the electron-phonon interaction 
operator 


> (Cqbq@t' At—q + Cabq OF A444), 
f,q+#0 


Voh= 


where bg and b, are the creation and annihilation 
operators of the phonons. We have taken for the 
set of single-electron states plane waves, and f is 
the electron and q the phonon wave vector. After 
expanding the exponent in Eq. (5b) in a series, we 
ie the usual Feynman expansion for the function 
cep’ (T, B). It occurs as a sum of terms, in which 
every term corresponds to a diagram. All points 
of the diagram lie on the contour C. Each point is 
the start of one and the end of another electron line 
and either the start (phonon emission) or the end 
(absorption) of a phonon line. The points Tt and 
—ih) are excepted, and we call them the terminal 
points. 

No phonon lines go to them. The line k’ ends 
and the line k starts at the terminal point Tt. The 
line p’ ends and the line p starts at the terminal 
point —ih). 

To each electron line going from the point z, to 
the point z, there corresponds a factor 


Sp {e~ Pop, (GaenGE Zan 


4 (21 —22) | (1—na) if z, is earlier than 2, 
Te ae if z, is later than Zz 


Ga (21, 22) = 


= exp 
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> 4 - } = 
= \ da Sp Jey exp le \ V.dz|(a; An’) shy (ain dn) <} Za 
0 G 
( 


PEREL’ 


(here €4 =€g —}), andtoa phonon line a factor 


dy (21s 22) =| q|2,Sp (2 "°F < (ba)z, OG dead Zo” 
= |c, |? exp [— tay (41 — 22) 


( (1+ mg) if 2,is earlier than 
| Mq if z, is later than 2, 


where €q is the electron energy, Wq the phonon 
frequency, and 


Z, = Spexp [— 8 (H 
ea DP ee 


> — LN)I, 


[exp B(eq q = lexppho,— 114 


ile = 


To each point (except the terminal points) there 
corresponds a factor dz/ih. For each z one must 
integrate along the contour C. Moreover, A is in- 
tegrated from 0 to B£. 

Unconnected diagrams, similar to vacuum loops, 
need not be taken into account as they are cancelled 
by diagrams from the expansion of Z. 

We need eras (s, B) to evaluate the single-par- 
ticle density matrix [see Eq. (5a)]. It is in fact 
more convenient to evaluate the function* 

Gi (s, 9) = fe ake 


s, B) dB. 


on. ID 


We do not consider 8, which enters into nq and 
Mq, as an integration variable. 
We proceed now to justify the rules for evaluat- 


ing cH’ (s, B). These rules will be formulated 
later on. The integration over T and 8 is easily 
performed if each Feynman diagram is broken up 
into a sum of diagrams with different relative ar- 
rangements of points. As an example we give in 
Fig. 2 some modified diagrams of second order,t 
which must be considered to be different and which 
originate from the same Feynman diagram. The 
horizontal sections of the ‘‘time’’ contour are 
pulled apart for the sake of convenience. Owing to 
this modification, the order of the integrals in each 
diagram containing n points on the horizontal and 
r points on the vertical sections of the contour C 
is of the form 


0 T tn—1 co B 
ST Gta. % —PBo ~. 
Me de a | dt ie aB\ dr, 
Ym A Mea 
x dd\ drm \ as 
0 0 0 


*V. V. Tolmachev has drawn our attention to the fact that 
C. Bloch"* has used essentially a similar method to evaluate 
the partition function. 

tWe do not for the present turn our attention to the thin in- 
tersecting straight lines. 
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Here ty, ..., tn are the real parts of the complex 
‘*time’’ points on the horizontal sections of the 
contour C (the imaginary part of the “‘time’’ is 
for all these points equal to —fid). The quantities 
—hy;,..., —Hym are the imaginary parts of the 
‘‘time”’ points on the upper vertical section of the 
contour C; and —fym.4,..., —hyy the imaginary 
parts of the ‘‘time’’ points on the lower vertical 
section of the contour C (the real part of the times 
is for all these points equal to T). 

The time dependent exponents contained in gq 
and dg are best referred to the points. Each point 
z (including the terminal points) will then corre- 
spond to a factor exp (iN ABz), where hQAB = EA 
— Ep, with Ea the energy of the line starting at 
the point z and Ep the energy of the line ending 
at the point z. For a point on the horizontal sec- 
tion we have z=t — ify. We set the factor 
exp (i2q pt) along a suitable differential dt, and 
the factor exp (fAQ,p) along dd. For points on 
the vertical sections we have z=T — ihy. We set 
the exponent exp (hQapy ) along the differential 
dy and the factor exp (i24 pT) along dr. After 
this, all integrals can easily be evaluated by con- 
secutive integrations by part. As a result we get 
the following rules for writing down the expression 
corresponding to the modified diagram for the 
function GEP'(s, a). 

1) A line going from an earlier point on the con- 
tour to a later point will be called a regular line. 
To each regular line there corresponds a factor 
1 —n, for the electrons and | cg |? (1 + mg) for 
the phonons. For an irregular line we have re- 
spectively ng and mq | eq |”. 
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2) To each point on the upper horizontal section 
of the contour there corresponds a factor (if)}, 
on the lower section a factor (—ih)™!, and on the 
vertical sections (—1); momentum is conserved 
at each point. 

3) We imagine a vertical line taking up consec- 
utively the positions I, II, . . . in the intervals be- 
tween the points on the horizontal section as is 
shown, for example, in Figs. 2b and 2c. 

To each interval there corresponds a factor 
(s + iwyn)? where hwyyyn = Em — En, with Ey 
the total energy of the lines entering the interval 
on the right of the intersecting line and Ey the 
total energy of the lines leaving this region. For 
instance, in Fig. 2c the intersection I corresponds 
to a factor (s + iwp'p )! and the intersection II to 
a factor [s +1 (kp = Wq)]? where Wkp = (& 


pas €p )/i. 
Similarly we imagine a horizontal line taking up 
consecutively the positions 1, 2, . . . between the 


points on the vertical axis (see Figs. 2b and 2c). 
To each vertical interval there corresponds a factor 
(o + hoyn) where Ep is the total energy of 
the lines entering the region below the intersecting 
line and Ey the energy of the lines coming from 
that region. For instance, in Fig. 2c the intersec- 
tion 1 corresponds to a factor o! and the inter- 
section 2 to a factor [o + h( Wyk? + & Wee 

4) Each diagram is multiplied by (—1)”, where 
M is the number of mutual intersections of electron 
lines. One must draw here the electron line to the 
point ‘‘in the same sense”’ as the time axis (see 
in Fig. 2d the point indicated by an arrow). 

We give as an example the expression corre- 
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sponding to the diagram 2b: 
(=4) Gy 
4 4 4 


x fomor= ROA SH LM? 


yt Ea) 
SF i (xp — %) 


(6) 


p’p 


Ok, p’-+q°k’, pa 


Summation over q is implied. 

Let us consider some properties of the modified 
diagrams. 

If we transfer one point from the lower horizon- 
tal axis to the upper one (or the other way round ) 
without changing its coordinates in the complex 
plane, only the regularity of the lines joining it 
from the right is changed. Also, the sign of the 
expression may change. Examples of diagrams 
obtained from one another by the transfer of a 
point are the diagrams of Figs. 2b and 2d (the 
transferred point is indicated by an arrow). It is 
convenient to consider such diagrams together, 
transferring the points mentally. For instance, the 
sum of all diagrams obtained from 2b by a transfer 
of points differs from (6) only in that now the square 
brackets contain 


{(1 — np) (1 + tq) + nptrig} (1 — np +p) = 1+ mg— np. 


When all lines from a point on the horizontal 
axis go to the left (right-hand return) the transfer 
of a point changes only the sign of the diagram 
(the sign changes because when such a point is 
transferred the parity of the number of intersec- 
tions is not changed, but the upper point becomes 
the lower one and vice versa). We can therefore 
in general neglect diagrams with a right-hand re- 
turn. An example is shown in Fig. 3. The arrow 
indicates the right-hand return. 

2. The presence of an interelectronic interac- 
tion f 
pa Uq—a'%q Aq Oy Bas, gH 
qq’, ii 
only leads to the occurrence in the diagrams of 
points where four electron lines meet. Sucha 
point can conveniently be indicated in the way 
shown in Fig. 4. 

It will correspond to a factor Ug-q’ (apart from 
those mentioned in the preceding subsection ). 

3. Let the perturbation V contain the operator 
for the interaction of the electrons with heavy im- 
purities 


.1 \1\ 
Vz = » Cawee Gar > exp [— i(q—q’)r,], 
q+q’ v 


where r, is the coordinate of the y-th impurity 
center. In that case averaging over all r, is im- 
plied in the operation Sp {exp(—BH’)...}. The 
changes introduced in this case into the diagram 
technique are confined to the following ones: 
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FIG. 3 


a) Impurity points appear along the contour (Ge 

b) Such a point gives rise to a factor Vq-q’ 
(apart from these mentioned in subsection 1). 

c) The loose ends of the impurity lines are tied 
up in bundles in such a way that there are at least 
two lines going to each knot* (examples can be 
seen in Figs. 5a and 5b). To each bundle there 
corresponds a factor N: the total number of im- 
purity centers. There are no factors correspond- 
ing to an impurity line as it does not carry any en- 
ergy (in contradistinction to the phonon line ). 

They need therefore not be taken into account when 
Wyn is calculated for each intersection and when 
the right-hand return is determined. For instance, 
in Fig. 5b there is a right-hand return. In each 
bundle the sum of the momenta of the electron lines 
entering into all the points corresponding to the 
bundle is equal to the sum of the momenta of the 
lines leaving these points. 

We note in conclusion that we can directly draw 
the diagrams for the single-particle density matrix 
fpp’: They will differ from the diagrams described 
in the foregoing only by the fact that the terminal 
point t will now correspond to a factor 


eh 
Eu(%, s) es Soar 


(k =e k’) 8x, k—x 


[see Eq. (4a)] and that one sums over k and k’. 
To emphasize the difference between the dia- 
grams for f and for Gre , we shall draw the 
diagrams for fpp’ in a way which is similar to the 
diagrams for the vertex part in electro-dynamics, 


*The bundling of the impurity lines can be elucidated as 
follows. We consider, for instance, the term of fourth order in 
the interaction. It contains the quantity 


< 2 exp[—ilai—di) v,, Jo" 


we, exp [—i (qa—q,) ",] 

(the angular brackets indicate the averaging over the positions 
of the impurity centers). In this sum there will be a term for 
which v, =v, =v, =v,. To this term there corresponds a dia- 
gram with one bundle, where all four impurity lines are tied to- 
gether. Furthermore, there will be one for which Ue = Vin WA Sac 
To this term there corresponds a diagram with two bundles with 
two lines going to each of them. There will clearly be altogeth- 
er three such diagrams. There are no diagrams where the bundle 
contains only one line (for instance, v, = v, = v, #V,) as there 
is no term with q= q in the expression for Vj. 


DIAGRAM TECHNIQUE FOR EVALUATING TRANSPORT QUANTITIES 


147 


with a ‘‘photon’’ wavy line included at the terminal 
point T (see Fig. 6). 


3. THE TRANSPORT EQUATION 


Let us classify the modified diagrams. We call 
an intersection (vertical or horizontal) which cuts 
only two electron lines and nothing else a free in- 
tersection. That part of a diagram which is bounded 
by two vertical free intersections and which does 
not contain free intersections in the intervals be- 
tween its points we call a horizontal irreducible 
part. A vertical irreducible part is defined in a 
similar way. A part of a diagram which contains 
points both on the vertical and on the horizontal 
segments which can not be cut by a free intersec- 
tion is called an angular part. For instance, in 
Fig. 5a there is one horizontal irreducible part and 
an angular part. 

In the case where the frequency w and the wave 
vector x of the electrical field tend to zero, there 
occurs an important singularity in the perturbation- 
theory series. The factors corresponding to the 
vertical free intersections increase without bound. 
Therefore the number of terms cannot be kept fin- 
ite in an expansion in any interaction parameter, 
however small. In that case we must compare with 


one another only those diagrams which contain the 
same number of vertical free intersections (and 
hence the same number of horizontal irreducible 
parts ). For instance, we can neglect the diagram 
2c compared with a free line, but we can not neg- 
lect diagrams 2a, 2b, and 2d. In exactly the same 
way, we can neglect diagrams 6b and 6c compared 
to 2a, but not diagram 6a. If the frequency and the 
wave vector of the electrical field are thus suffi- 
ciently small it is necessary to sum an infinite 
number of terms. This summation leads to an ex- 
act integral equation for f,, which is depicted in 
Fig. 7 (the first diagram is equal to the sum of the 
next two): 


lop’ (S, O) = Tpp’ (8, 0) (S + i@pp)~* 
s hea Wap (Ss) (S +-4@p‘p1) ~* (7) 


(summation over q is implied). r p’ (Ss, 0) is here 
the sum of all diagrams which do not contain hori- 
zontal irreducible parts without the last free inter- 
section on the right; wP" is the sum of all possible 
horizontal irreducible parts. The term correspond- 
ing to each irreducible part includes the factors 
from all points occurring in it, from all intersec- 
tions (except the last, free ones), and from all 
lines except the two last ones on the left. 
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FIG. 7 


Because of the conservation of momentum we 
have p’=p+k, q’=q+k. For simplicity denoting 


q,P.K : 
Wq.k.p by Wap we can write Eq. (7) in the form 
(S++ p+». pip, p+x = Tp, pix (S, B) + » fa, atx Wap (5), 
Zoota : 
Top’ (8,8) = (2mvi)~ \ Tpp’(S, 9) e%2do. (8) 
—L00--a 


This equation is a generalized transport equa- 
tion. It is important to note that the quantities W 
and r occurring in it do not contain free intersec- 
tions. 

If we take into account that the distribution 
function is 


e 


ip(x) = \ O°" fo—nie, p-+x/2de, 


the meaning of the different terms in Eq. (8) be- 
comes clear: the term on the left hand side corre- 
sponds to the expression ofp /dt + Vp¥xfp when 

kK <p, the first term on the right hand side de- 
scribes the change in fp(x, t) under the action of 
the electrical field, and the second one the influence 
of collisions (it will become clear in the following 
that the second term also includes the self-consis- 
tent field). 

As examples we shall consider the interaction 
of electrons with phonons and with impurities. 

1. Interaction with phonons. We shall assume 
that the interaction is weak. We can then restrict 
ourselves to second order diagrams when evalu- 
ating W. Typical diagrams are given in Fig. 8. 

We shall for simplicity assume that the wave length 
of the electrical field is much larger than the elec- 


tron de Broglie wave length and that hw «kT(s 
=-—iw-—vp). Diagrams of the type 8b give them a 
contribution to W equal to 


Wi?) = Inf? cpg |21(1 + Mg—p — Mp) 5 (pq + p—a) 
++ (tMip—q + Mp) 9 (©pq—p—a)]- 


The contribution of diagrams of type 8a is equal 
to 
WE = —byq DWP. 


If we restrict ourselves to diagrams such as 
8a and 8b, the second term on the right hand side 
of (8) takes on the usual form of the collision term 
in the transport equation, where diagrams of type 
8b correspond to an electron entering a state p, 
and diagrams of type 8a to an electron leaving this 
state. Diagrams of type 8a give a contribution 

; | Cy |? 20, : on ‘1 Oe 

Wie =a he w ors ae h “Op. : 


The corresponding term in the transport equa- 
tion (8) describes the influence of the self-consis- 
tent field created by the electrons through the pho- 
nons. The potential energy for the interaction be- 
tween two electrons has the Fourier components 


Goes = = 1 | Cx |? Qerae/ (wre —w’). 


We must note that a study of the actual value of 
this potential requires that the direct Coulomb inter- 
action between the electrons is taken into account at 
the same time. 

The diagram of lowest order in the interaction is 
for the quantity r a free line. If kx «p,. we have 
then 
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Tp, pte = —eE (x, 8) e! vp dnip/dep, The authors are grateful to L. E. Gurevich and 


which corresponds to the field term in the transport aes poem nies ous s10Re: 


equation. NENG Bogolyubov, IIpo6empi qunamuyecKkok 
2. Interaction with neutral impurities. We shall Teopuu B craTucTuueckoi busuke (Problems in the 
assume the impurity concentration to be small. We Dynamical Theory in Statistical Physics) 


can therefore restrict ourselves to diagrams with Gostekhizdat, 1946. 
one bundle when evaluating W. Typical diagrams 1. Prigogine and R. Balescu, Physica 25, 281, 
are given in Fig. 9. As before we shall assume 302 (1959). 
K—~ 0 and s~ 0. After transferring each point we 3w. Kohn and J. M. Luttinger, Phys. Rev. 108, 
find that each line occurring in W will correspond 590 (1957), J. M. Luttinger and W. Kohn, Phys. Rev. 
to a factor 1. One can verify that the sum of dia- 109, 1892 (1958). 
grams 9b, w6b), is the exact probability that an 41. Van Hove, Physica 21; 517, 901 (1955) 722, 
electron through scattering at an impurity center 343 (1956). 
makes a transition from a state q into a state p per >. W. Montroll and J. C. Ward, Physica 25, 
unit time (the first term of this sum is the first 423 (1959). 
Born approximation). The sum of diagrams of type ®T, Prigogine and S. Ono, Physica 25, 171 (1959). 
9a gives  Abrikosov, Gor’kov, and Dzyaloshinskii, JETP 

w® — 9 Sp 36, 900 (1959), Soviet Phys. JETP 9, 636 (1959). 

e ste cee 8.1. Larkin, JETP 37, 264 (1959), Soviet Phys. 


JETP 10, 186 (1960). 
®R. Kubo, J. Phys. Soc. Japan 12, 570 (1957). 
100, V. Konstantinov and V. I. Perel’, JETP 37, 
786 (1959), Soviet Phys. JETP 10, 560 (1960), 
11C¢_, Bloch and C. De Dominicis, Nucl. Phys. 7, 


Be eee 459 (1958), 10, 181, 509 (1959). 
If we restrict ourselves for the quantity r to the 


zeroth approximation in the impurity concentration Translated by D. ter Haar 
we obtain the usual transport equation. SY 


The second term on the right hand side of (8) 
takes thus the usual form of the collision term, lin- 
earized in the field. The diagram of the self-consis- 
ent field type is in this case equal to zero (right 
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CONCERNING THE PAPER ‘“‘EVALUATION 
OF PHASE INTEGRALS IN THE COVARIANT 
FORMULATION OF THE THEORY OF MUL- 
TIPLE PRODUCTION OF PARTICLES” BY 
teGo YAKOVLEV 


G. I. KOPYLOV 
Submitted to JETP editor December 4, 1959 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 209 
(July, 1960) 


bee paper by Yakovlev! contains basically a 
proposal to utilize the simple integral (12), over 
the multidimensional region defined by Eq. (16) 
and Fig. 1, for the phase volume evaluation. We 
shall show that the integral (12) is incorrect and 
that it is impossible to regard (16) as represent- 
ing the limits of integration. 

Deriving Eq. (12) from (11), the author integrates 
over the directions of the particle momenta after 
fixing their magnitudes. While doing so, he as- 
sumes the possibility of having arbitrary angles 
between the momentum which is being integrated 
and the vector sum of those not yet integrated. 
However, when one of the momenta is close enough 
to the limiting value, the angles mentioned above 
cannot differ very much from 180°. In the case of 
similar (and many other) states there exists a 
limiting angle which is a function of the chosen 
momentum values. In the presence of such a lim- 
iting angle [cf. reference 2, Eq. (17)] the limits 
of integration become variable, and one cannot 
derive Eq. (12). 

Further, it is easy to show that the portions of 
the region of integration (16) close to the vertices 
of the hexagon in Fig. 1 of reference 1 do not cor- 
respond to physical states of a system consisting 
of three zero-rest-mass particles. In the region 
close to the right lower vertex, particle 3 should 
come almost to rest and simultaneously move at 
almost the limiting velocity. It is equally true 
that when n > 3 (16) does not represent the region 
of integration but a polyhedron circumscribed 
around it. The author errs here by accepting the 
necessary conditions imposed on the energy (16) 
as necessary and sufficient. If the sufficient con- 
ditions are also taken into account, the region of 
integration is not bounded by planes but by some 
very complicated curved surfaces (plotted roughly 
in Fig. 1 of reference 3 and given analytically by 


Eq. (2.13) of the same paper). The character of 
these surfaces does not permit simple integra- 
tions as those attempted by Yakovlev. 

It follows from the above that the simplicity of 
the method for evaluation of covariant weights was 
achieved by means of an incorrect extension of the 
region of integration to nonphysical states, i.e., 
to impossible values of angles and energy. Inaccu- 
rate are, in particular, Eqs. (12), (13), and (17) to 
(19), and the estimate of the applicability of the cor- 
rect formula (9) is questionable. 


11, G. Yakovlev, JETP 87, 1041 (1959), Soviet 
Phys. JETP 10, 741 (1960). 

2 Yu. N. Blagoveshchenskii and G. I. Kopylov, 
Preprint R-213, Joint Institute for Nuclear Re- 
search (U.S.S.R.) (1958). 

3G. I. Kopylov, JETP 35, 1426 (1958), Soviet 
Phys. JETP 8, 996 (1959). 
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SIGNS OF CONSTANTS OF STRONG INTER- 
ACTIONS 


I. Yu. KOBZAREV and L. B. OKUN’ 
Submitted to JETP editor April 6, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 210 
(July, 1960) 


Srrone interactions of known elementary par- 
ticles are characterized by eight vertices 


IND, INOS ON, TENG, INA AGS INOIAE EWA TEDIUAG. (1) 


to each of which corresponds a respective coupling 
constant. The only one known for the present is 
the NNz-interaction constant. The determination 
of the remaining seven constants represents one 
of the basic tasks of high energy physics. A fun- 
damental characteristic of a vertex is not only the 
absolute magnitude of the coupling constant but 
also its sign. The knowledge of the signs of the 
constants is of special importance in inquiries 
into various symmetry properties characterizing 
strong interactions. 

It is obvious that the absolute sign of a particu- 
lar constant does not have physical meaning, since 
it can always be associated with the field of one of 
the particles entering the vertex. Only a product 
of signs of vertices whose aggregate contains any 
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particle an even number of times has physical 
meaning. One sees easily that from the eight ver- 
tices (1) one can choose independently only four 
products, e.g., 


a: (Un) (NNx), 6 : (LEN) (EE), 


c: (LA) (Xin) (ZENK)(ANK), d: (ZAm) (Em) (LEK) (ASK). 
(2) 

Here (227),... denotes the sign of the 2=7,... 

vertex. Further products of vertex signs having 

a physical significance can be obtained from (2) 

by multiplying again among themselves a, b, c, 

and d. 

As a consequence of (2), one can choose arbi- 
trarily the signs of four vertices, while the signs 
of the remaining four can be determined experi- 
mentally. It is, for instance, convenient to choose 
as arbitrary the signs of the four vertices contain- 
ing the 2 hyperon. The signs of a:(Z27)(NN7) 
and ab:(==7)(NNz) (and consequently of 
b:(Z227)(==7) can be fixed by investigating the 
scattering of the 2 and = hyperons by nucleons. 
At the same time, one has to determine (e.g., 
using the interference with the Coulomb scatter- 
ing) the sign of the single-meson (polar) scatter- 
ing amplitude (see Fig. 1). The signs of c and d 
are much harder to fix, because they require the 
determination of the sign of a more complex am- 


plitude. 
a £ 


NV 
FIG. 1 


Let us show how to find out which amplitudes 
correspond to a particular product of signs of 
constants. 

Let us examine, for example, the product 
ac: (ZAm)(NN7)-(2NK)(ANK). We compare it 
to the closed diagram in Fig. 2. The Feynman 
diagram of the amplitudes in question may now 
be obtained by cutting two arbitrary lines in Fig. 
2. If the figure is cut at points x and y, we ob- 
tain a diagram corresponding to the two-meson 
amplitude of the 2-hyperon scattering by a nu- 
cleon, shown in Fig. 3. 
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The authors are grateful to B. L. Ioffe and 
I. Ya. Pomeranchuk for their helpful discussion. 


Translated by M. Todorovich 
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ELECTROMAGNETIC RADIATION FROM 
ELECTRON DIFFUSION 


G. A. ASKAR’ YAN 


P. N. Lebedev Physics Institute, Academy of 
sciences, UrSssiR: 


Submitted to JETP editor, February 18, 1960 


J. Exptl. Theoret. Phys: (U.S.S.R.) 39, 201-202 
(July, 1960) 


We shall study the emission of electromagnetic 
radiation in the multiple elastic scattering of elec- 
trons formed in a medium by some ionizing agent 
(e.g., an ionizing particle). 

We assume that the molecules of the medium 
have a small probability of electron capture and 
that a number of free electrons are formed which 
rapidly multiply and lose energy so fast that they 
soon have insufficient energy to excite the mole- 
cules in the medium. Subsequently the collisions 
become elastic, and in each strong scattering 
event an electron loses only a small part of its 
energy: Ae ~ em/M, where e€ is the kinetic en- 
ergy of the diffusing electrons and m/M is the 
ratio of the electron mass to the molecules of the 
medium. The reciprocal gives the number of 
collisions necessary for the electron to dissipate 
its energy. 

If the average time between collisions exceeds 
the periods of the wavelengths that are of inter- 
est, then radiation pulses will have time to form 
in each collision, and the energy radiated will be 
comparable with that radiated in an instantaneous 
stop: Aer ~ rpeAw/c (see, e.g., reference 1) 
where ry) =e?/mc? is the classic electron radius, 
c the velocity of light, and Aw the width of the 


spectrum detected. 
However, the necessary condition between the 


frequency of collisions and the wave frequency is 
not always fulfilled, especially in condensed media. 
For example, for a mean free path Ig ~ 3 x 10> 
cm and an electron velocity v = 3 x 10° cm/sec, 
the collision frequency is v/lg 2 10!°, which 
exceeds the frequency of light oscillations by al- 
most an order of magnitude. Therefore, for 
waves to be effectively generated by these elec- 
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trons, the diffusion process must be extended in 
time, i.e., the free path must somehow be in- 
creased. This can be done by reducing the den- 
sity of the medium, i.e., by passing from con- 
densed media to compressed gases. In this con- 
nection it is interesting to investigate the pressure 
dependence of the radiation intensity from the 


drifting electrons (sharp variation when lg ~ v/w). 


We wish to evaluate the number of quanta radi- 
ated by an electron during elastic collisions in a 
medium in which the conditions for radiation- 
pulse formation have been fulfilled for every 
scattering event;i.e., lg 2 v/w. When moderated, 
each electron radiates a number of quanta 


To _Aw M 


Cl homun * 
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Assuming that Aw/w ~ 0.5 and that the elec- 
tron energy is € ~ 10 ev and M/m ~ 10° (these 
last figures being characteristic for argon, for 
example), we obtain v ~ 1072 quanta per drifting 
electron. The number of these drifting electrons 
formed by a single-charge relativistic particle 
per unit mass of track is ne = 10‘ electrons/g, 
so that vne & 102 quanta/g; i.e., the radiation 
from the diffusing electrons comprises a signifi- 
cant part of the radiation of luminescence (on the 
order of one percent of the quantum yield of a 
good luminophor ). Incidentally, in places where 
ionization and excitation are concentrated (e.g., 
along the tracks of secondary electrons or of 
other heavily-ionizing particles) there may be 
an additional energy transfer from the excited 
atoms to the drifting electrons because of colli- 
sions of the second kind. 

The radiation discussed here, unlike lumines- 
cence radiation, has a continuous spectral distri- 
bution, i.e., it also exists in regions of the spec- 
trum where there is little or no luminescence 
radiation. The emission time of this radiation, 
tT ~ IsM/vm, has nothing in common with the 
lifetime of the excited atoms and may be very 
much shorter than this lifetime. All this, and 
the sensitivity of the diffusion radiation to the 
addition of impurities that absorb free electrons 
and to variation in the density of the medium and 
other peculiarities, facilitates its differentiation 
even in regions of the spectrum where lumines- 
cence radiation is stronger. 

Incidentally, the total radiated energy from 
each strong elastic scattering event can constitute 
a Significant portion (on the order of one percent ) 
of the energy transferred to the molecule. 

The difference between the radiation effect 
discussed here and true luminescence should be 
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apparent also when there are superimposed strong 
electric fields capable of compensating for the re- 
duction of the energy of the drifting electrons in 
low-density media; thereby causing a sharp in- 
crease in scattering events and in the number of 
radiated quanta. 

In some media, e.g., in inert elements, a sharp 
decrease occurs in the scattering cross section for 
an electron energy ~ 1 ev (the so-called Ramsauer 
effect). In crossing this energy range, the condi- 
tions for pulse formation for infrared frequencies 
may be fulfilled even in condensed media. 

The discussed specific radiation processes can 
be used, for example, to analyze the stages and dy- 
namics of electron behavior; to generate waves 
less than a millimeter long by exposing a sub- 
stance to a beam of light, to a stream of ionizing 
particles, or to x rays from a powerful x-ray 
tube; to sort out the conditions needed for increas- 
ing the fast portion of the radiation created by a 
recorded particle, and for other practical appli- 
cations. 


1T,. D. Landau and E. M. Lifshitz, Teopus nous, 
Gostekhizdat (1948) p. 208. see English translation, 
L. Landau and E. Lifshitz, The Classical Theory 
of Fields, (Addison-Wesley Press, Cambridge, 
Mass... £9917) p. 197 


Translated by A. Skumanich 
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OSCILLATOR DEPENDENCE OF THE SUR- 
FACE RESISTANCE OF A METAL ONA 
WEAK MAGNETIC FIELD 


M. S. KHAIKIN 


Institute for Physics Problems, Academy of 
sciences, U.S:S:R. 


Submitted to JETP editor April 30, 1960 


J. Exptl. Theoret. Phys. (U.S.S.R.) 39, 212-214 
(July, 1960) 


Tigeonence” investigation of the dependence 

of surface resistance of a metal on a constant 
magnetic field applied to it leads to the conclu- 
sion that the surface resistance in a weak field 
must change monotonically with increasing field.1»2 
Measurements were carried out® which are in full 


agreement with these calculations. However, as 
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shown by experiments some results of which are 
given in this letter, the dependence of the surface 
resistance of a metal on the magnetic field in 
regions of weak fields is not at all monotonic. 

Measurements were carried out at a frequency 
of 9400 Mes by the method of frequency modulation! 
on single crystals of tin of very high purity, with 
less than 6 x 10™° per cent impurities (reference 
9, tin No.6). Tin, cadmium, and indium were also 
tested, with impurities ~ 2 x 107 per cent. 

The single crystals were grown from the melt 
in a glass mold in the plates with dimensions 13 
x 6x 1mm. Such a plate serves as a strip-type 
resonator one-half wavelength long; the high~ 
frequency currents flow along the plate. 

A series of experiments were carried out with 
a Single crystal prepared from very pure tin, with 
a tetragonal axis parallel to the middle dimension 
and the binary axes parallel to the other two 
dimensions. A record of the dependence of the 
field of the logarithmic derivative of the reactive 
surface impedance with respect to the field, é 
= X~-!@X/0H is givenin Fig. 1, where the constant 
field H is parallel tothe high frequency magnetic 
field H,,, 1.e., it lies in the plane of the specimen 
perpendicular toits length. Rotation of H in the 
plane of the specimen leads to a decrease inthe am- 
plitude of oscillations of €(H) and to their shift to 
higher fields. The oscillations die out as the field ap- 
proaches H1 H,). The absolute values of the 
field Hp for which €(H,)=0, where n is an 
ordering number, increase as Hn(0)/Hn(a@) 
=cos a when H is rotated by an angle a from 
the direction of Hy. An arbitrary position of the 
vector H inthe plane | H,, does not give oscilla- 
tions of &(H); slanting of the direction of H 
outside of this plane makes it possible to observe 
the oscillations. It follows from this that the os- 
cillations of é ona given specimen are brought 
about by the projection of H in the direction Hy. 

It is difficult to establish the law of period- 
icity of the observed oscillations because of 
their small number. However, the first four 
values of Hy (Figs. 1 and 2) satisfy the rela- 
tion Hywj/Hy = 1.6 + 0.1. A similar relation 
for four values of Hy obtained with cadmium 
yields Hy4,/Hy = 2.140.2. The same effect is 
also noted in indium. It should be noted that the 
periodicity of the oscillations is not a function of 
H-!. Upon increase in the field H Il Hy above 
5 oe, a monotonic decrease is obtained for the 
quantity £ which changes sign at H ~ 20 oe, and 
at H > 40 oe begins to undergo oscillations which 
are periodic functions of H!, evidently corre- 
sponding to cyclotron resonance.‘ 


FIG. 1. Depend- 
ence of &(H) for 
monocrystalline tin, 
obtained in a slow 
increase of the field 
from —6 to +6 oe. The 
noise in the recording 
is evident; the sym- 
metry of the curve 
makes it possible to 
judge the reproduci- 
bility of the results 
of the experiment. 


FIG. 2. Curve I is the function &(H) and curve II is the 
dependence of &(H) = 0.9R~*dR/AH on H. The curves were 
obtained by the analysis of recordings similar to those of 
Fig. 1 (as the sum and difference of two experimental re- 
cordings). 


Figure 2 shows the results of experiments for 
H |! H,) on the field dependence of the logarithmic 
derivative of the reactive and active surface im- 
pedances with respect to the field. These experi- 
ments were carried out on a single crystal of tin. 
Within the accuracy of the experiment, curve II 
is proportional to the derivative of curve I with 
respect to the field. 

The curves we have described were obtained 
at a specimen temperature of 3.8°K; heating to 
4.2°K approximately halves the amplitude of the 
oscillations and increases somewhat the values 
of Hy. The oscillations disappear at ~ 10°K or 
somewhat higher. The transition of the specimen 
to the superconducting state leads to the vanishing 
of the effect. If the temperature of the specimen 
is a little less than critical, so that the critical 
magnetic field He is ~1—3 oe, then oscillations 
are not observed in the superconducting state of 
the specimen (H < Ha), but in the normal state 
they are the same as for 3.8°K. 

The amplitude of the high frequency field Hy) 
in the resonator amounts to ~ 0.1 oe, i.e., of the 
same order of magnitude as H. However, de- 
crease of Hy by a factor of 10 has no effect on 
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the observed phenomenon. The fact that the am- 
plitude of Hy, changes from zero up to the maxi- 
mum along the specimen, which is a strip of reso- 
nant length, also speaks in favor of the absence of 
a dependence of the effect on Hy. 

The observed effect is anisotropic. Both the 
location and the amplitude of the oscillations are 
different in specimens with other crystallographic 
orientations, but the general character of the phe- 
nomenon is preserved: some oscillations of & (H) 
are observed in the region H < 5 oe, changing to 
a monotonic variation upon increase in H. The 
oscillations have a much smaller amplitude in 
less pure specimens. The effect is completely 
absent in controlled experiments with specimens 
made from polycrystalline copper of technical 
purity. 

The physical reasons for the new phenomenon 
just described are still not clear. There is a 
basis for assuming that the oscillations of the 
surface impedance take place as the result of 
quantum oscillations of the magnetic suscepti- 
bility of the metal. In particular, the connection 
of this phenomenon with the magnetic properties 
of a metal is shown by the character of its depend- 
ence on the direction of the constant magnetic 
field. It is possible that the phenomenon described 
is related to the de Haas —van Alphen effect. How- 
ever, it differs qualitatively from the latter by 
highly characteristic features: the oscillations of 
£ are nonperiodic as functions of H~!, their peri- 
ods are very small in absolute value and large in 
relative value. Strictly, the entire resemblance 
between these two effects is limited to the non- 
monotonic dependence of the magnetic suscepti- 
bility of the metal on the field. 

It should be noted that the non-monotonic de- 
pendence of the surface impedance of the metal 
on the weak magnetic field is not only never ob- 
served experimentally, but also there do not exist 
theoretical calculations which would make it pos- 
sible to predict or explain the nonlinear dependence 
of the surface impedance of the metal on the weak 
magnetic field, so strongly marked in the newly 
discovered phenomenon. The latter circumstance 
makes the further study of this phenomenon espe- 
cially interesting. 

The author is grateful to P. L. Kapitza and A. I. 
Shal’nikov for attention and interest in the research 
and to G. S. Chernyshev for technical assistance. 
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eee Gell-Mann, and Levy! have shown re- 
cently that, if one postulates 


Quin = Gfm2x, (1) 


for the divergence of the axial vector describing 
the strangeness conserving current j, the relation* 


= \V2MG,/gG (2) 


follows without any further assumptions. 

Here 7 is the operator of the a meson field, 
g is the coupling constant for the strong interac- 
tion of the mesons with the nucleons (g*/47 
~ 14), G=10-°M~ is the universal constant of 
the weak interaction, Ga is the axial vector coup- 
ling constant of B decay (Ga ~ 1.25G), and the 
lifetime of the t meson, 7, is given in terms of 
f in the following fashion (see, for example, the 
author’s review article”): 


l/c = (G? / 8x) Fema (1 WNibae (3) 


M, m, and pw are the mass of the nucleon, the 7 
meson, and the » meson, respectively. It follows 
from the comparison of formula (3) with experi- 
ment that f =m. This implies that relation (2) 
is satisfied with an accuracy of about 15%. 

The condition (1), which was first considered 
by Polkinghorne,‘ requires very special assump- 
tions about the form of both the strong and weak 
interactions.'+4~®+ It is therefore desirable to de- 
rive other consequences, besides relation (2), from 
the hypothesis (1). 

The aim of this letter is to show that the hy- 
pothesis (1) can be verified in an independent 
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fashion by measuring the as yet unknown YA 
interaction constant and the probability of the as 
yet unobserved decay 


Bee ae ey. (4) 


The axial vector part of the amplitude of the 
decay (4) has the form (see, for example, refer- 
ence 2) 


CA] jal E> = uy [Aya + Bra +C (yak —hya)]Ou,, (5) 


where k is the summed four-momentum of the 
leptons, A, B, and C are functions of k*, and the 
operator O is equal to y, if the parities of > 
and A are identical (Py, =+1), and equal to 1 
if Ps, =—1. Using condition (1) we easily obtain 


ka (A| ja | 2) = Gf? <A| = |Z) = Gf? T (#2) D(A?) 2, Ou. 
(6) 


Here the vertex part I (k*) = hy (k2), where h is 


the ZAm interaction constant, and D(k*) =(k?—m?)7! 


is the Green’s function for the meson, where 


y(m”) = d(m?) =1. Since the nearest singularities 


of A(k?), y(k?), and d(k?) lie at k? =9m2, it 
may be expected that A, y, and d change slowly 
in the interval —m? < k? < m4 

Multiplying (5) by kq and using (6), we find 


GjmeT (k2) D (k2) = A(Mz - Ma) + BR? (7) 
(the upper sign corresponds to Py, = +1, the 
lower signto Py, =—1). Considering equation 
(7) at the point k? = m?, we obtain 
B (k®) = Gfh /(k® — m’). (8) 
If we look at (7) at the point k* = 0, we find 
f =~ A(Mz- Ma)/ GA. (9) 


Relation (8) is not a specific consequence of the 
hypothesis (1); it should hold in any arbitrary 
theory if one assumes, as we essentially did, that 
the one-meson pole graph gives the most impor- 
tant contribution to B(k?) (the effective pseudo- 
scalar) in the region —m?< k? < m’?. 

Relation (9), which is the analog of (2), is a 
specific consequence of hypothesis (1). For its 
verification one must know the values of h and 
A. 

By virtue of the conservation law for the vector 
current, the contribution of the vector interaction 
to the decay (4) is very small."»*»® Therefore it is 
just the value of A (with an accuracy up to terms 
proportional to k in the amplitude ) which deter- 
mines the probability of the decay (4): 


THE Pe el; 
if Po = —1, 


Wy = 3A?A® / 608%, 


Wy, & APAS / 60n° (10) 
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where A=My-—- Mag, and h=c=1 as in all the 
preceding equations. The value of the SA inter- 
action constant h, on the other hand, might, for 
example, be obtained from an analysis of proc- 
esses of the type 


A(&) 4 


N—-X(A)+ N. 


*Relation (2) was first obtained by Goldberger and Treiman? 
with the help of dispersion theory techniques and a number of 
unjustified assumptions. 

tWe note that within the framework of the Sakata model re- 
lation (1) could serve as a definition of what is called the 7 
meson field in the usual form of the weak interaction. 

tWe note that the physical region of values of k? in the 
decay (4) lies within the limits 0 < k® <(M, — My)’. 
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In a recently published preliminary communica- 
tion by Henshaw, Woods, and Brockhouse,' data 
are given on the behavior of the energy spectrum 
of liquid helium II in the region of energies € = 2A 
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= 17.3°K, obtained by investigation of the inelastic 
scattering of neutrons. In this case it was shown 
that the function €(p) in this region has a nega- 
tive second derivative, i.e., that the spectrum be- 
gins to “bend.” In the opinion of the authors of the 
communication, this suggests the presence ofa 
second maximum in the function ¢€(p). 

The purpose of the present note is to turn atten- 
tion to the fact that this phenomenon actually has 
another explanation. That is, we have shown? that 
the curve of the energy spectrum of liquid helium 
II generally cannot rise above the energy ¢€ = 2A. 
This is connected with the fact that an elementary 
excitation with energy ¢€ = 2A can divide into two 
excitations with energy « =A. At the energy ¢€ 
= 2A the curve €(p) reaches a maximum and 
breaks off, so that this point is the end point of 
the spectrum. Close to it the spectrum has the 
form 


e(p) = 2A —aexp[—a/(p.— p)], (1) 


where pa is the momentum for which the energy 
is equal to 2A while qa and a are certain con- 
stants. Thus the complete curve of the spectrum 
of elementary excitations of liquid helium II has, 
qualitatively, the form shown in the drawing. How- 
ever, it should be noted that, until experimental 
data become available, theoretical prediction of 
the behavior of the curve €(p) was not com- 
pletely unique, inasmuch as the possibility was 

not excluded that the velocity of the excitation at 
some point with ¢€ < 2A would not equal the ve- 
locity of sound.* In this case the curve e€(p) 
would be gradually washed out because of radia- 
tion of phonons, not achieving the value 2A. The 
data obtained in reference 1 precisely show that 
this is not the case, i.e., that the spectrum without 
damping achieves the energy 2A where it must 
terminate. 


We also note that the probability of the creation 
of a single excitation with energy e€ by a neutron 
vanishes as € — 2A according to the law 
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Te A= int. (2) 
This is in qualitative agreement with the fact that, 
for the maximum energy obtained in reference 1, 
€ = 17.1°K, the probability of the creation of an 
excitation amounts to 6 per cent of the probability 
of the creation of an excitation with « =A. 


*We do not mention another method of termination of the 


spectrum described in reference 2, inasmuch as it is extreme 
ly improbable in helium. 


1 Henshaw, Woods, and Brockhouse, Bull. Am. 
Phys. Soc. 5, 12, C3 (1960). 

21, P. Pitaevskii, JETP 36, 1168 (1959), Soviet 
Phys. JETP 9, 830 (1959). 
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S CHAWLOW and Townes! have considered the 
use of negative absorption for the amplification 
and generation of radiation in the optical region 
of the spectrum. As an example they have con- 
sidered potassium vapor, excited by ultraviolet 
light from a potassium lamp. However, the inten- 
sity of the exciting light proved to be insufficient, 
and this behavior is typical for metals. The use 
of a different source cannot be a universal method, 
since there exist at most 2 or 3 coinciding pairs 
of lines from different elements suitable for the 
purpose in view. There is therefore a limited 
outlook for the direct optical excitation of metal 
vapors. It seems possible to circumvent this dif- 
ficulty by working with a mixture of two gases, in 
which a resonance level of one gas is close to an 
excited level of the other. Under these conditions 
we can expect an intense optical excitation of the 
first gas and an effective population of the neigh- 
boring level in the other, thanks to resonance 
transfer of the excitation energy. It is this effect, 
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in fact, which leads to an intense Sensitization of 
fluorescence.?»3 

As an example, let us consider a mixture of 
sodium and mercury vapors, irradiated by Hg 
resonance radiation, } = 2537A. The displace- 
ments AE of a number of Na levels from the Hg 
6°P; resonance level, and their radiation widths 
A, are given in the table. Using the data of ref- 
erence 4 on the intensity of sensitized fluores- 
cence, and knowing the transition probabilities, it 
is easy to ascertain that the levels 92S and 82P 
are populated approximately in the ratio 1:5, 
while their populations exceed those of the other 
s and p levels by at least one order of magnitude. 


—————————— 


Levels 1D, Sure AE, cm |-Ax107*, sec™! 

102S 39983 .0 Dus = 
Q2 39574.5 162 AS 
82S 38968 .3 —444 Phd 
7? 38011 .7 —1400 3.8 
92P 39794.3 382 rs 
82P 39298 .8 —113 0.25 
7P 38540.8 —871 0.45 
82D 39728.4 316 = 
7D 39200.4 Dip Bia fl 
62D 38387 . 1 —1025 (No 


Let us calculate Ngp, the absolute concentra- 
tion of sodium on the 8?P level. An estimate of 
the effective cross section o for the transfer of 
excitation in the case of exact resonance (AE = 0) 
gives 0+ 3x 1074 cm?. If E #0, but Vo AE/vh 
~ 1, as in our case, then the cross section dimin- 
ishes, but not by more than an order of magnitude. 
Hence we can take as the lower limit o = 3 x 1074 
em’. An estimate of the probability of quenching 
collisions and of the transfer of excitation energy 
from Na to Hg shows that, for a partial concen- 
tration of 10!4 to 10!° em~%, which is convenient 


for a number of reasons of an experimental nature, 


these processes can be neglected. Under these 
circumstances 
ouN,,, ON UN, 33 F 

peor es ae ie ae oe 
where Nna and Nyg are the total concentrations 
of Na and Hg, Agp and A are the radiation 
widths of the Na 8P and the Hg 6°P, levels, b 
is the excitation probability of Hg, v is the rela- 
tive velocity, @ is the intensity of illumination, 
and 6v is the line width of the excitation. Bac- 
tericidal and other similar low-pressure mercury 
lamps permit one to obtain? $ ~ 10-'? w/cm? 
when 6v< 1cm7!. When NNa = 5 * 10% NHg 
=2x10!, and T= 600°K we have Ngp = 3 x 10° 
em... 
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As has already been mentioned, the n2S and 
nD levels lie below 8°P, and are considerably 
less populated. Therefore the absorption coeffi- 
cients k for the transitions n?S—8?P and 
n’7D—8"P are negative. This means that the 
stimulated emission exceeds the absorption. 
Under the given conditions, the line widths are 
determined by the Doppler effect 6v = OVD, and 
in that case, as is well known, 


ik| = 2V nln 2(e/mc) f Nep / dv, 


where f is the oscillator strength for a transition 
from the 8?P level. The most convenient transi- 
tions are 8°S—8?P (A = 3022 f= 1) and 
7’7S—8°P (X= 7.77; f = 0.037). In the first case 
|k| = 2, and in the second |k| = 0.02. Both these 
values of |k| are large enough to be used in the 
proposed system for the purpose of amplifying 
and generating infrared radiation.* The transi- 
tions n’P—9°S can also be used. 

The high values of Ngy) and |k| have arisen 
as a result of the high density of the resonance 
radiation (see reference 1, where the excitation 
of non-resonant radiation is considered). Note 
also that we have not considered the effect of 
“imprisonment” of radiation in the above treat- 
ment. Since ovNyNa/A ~ 10°’, the quenching of 
the mercury resonance fluorescence is not impor- 
tant, and this effect leads to an increase in Ngp- 

The authors express their thanks to P. A. Ba- 
zhulin for discussions of the work. 


*The Na level scheme which we have considered above 
shows that the corresponding frequencies will not be absorbed 
because of transitions from the 8’P level to higher levels. 
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We shall consider the process of collision of a 
photon with a nucleon for very high incident pho- 
ton energies w >m, where w is the photon 
energy in the c.m. system and m is the mass of 
the nucleon. At such energies, processes involv- 
ing the production of two or more 7 mesons, as 
well as processes involving the production of 
heavier mesons, etc., are already possible. 

In order to obtain some information on the be- 
havior of the total cross section for the photopro- 
duction of 7 mesons at high energies, we shall 
estimate the contribution to this cross section 
from peripheral interactions. The condition for 
a collision to be peripheral is 1 > w/u,! where 
p is the mass of the 7 meson, and IJ is the or- 
bital angular momentum. For such large 1 the 
basic contribution to the amplitude is made by 
terms corresponding to a diagram with one vir- 
tual meson (see figure). Making use of the re- 
sults of reference 2 [see formula (6)], we obtain 
the following expression for the amplitude of the 
photoproduction of 7 mesons with an orbital an- 
gular momentum J and parity (a7) 
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(1) 


| a 14M 
2 

Here g? = 0.08(2m/p)*; e? = 1/137; M=+% and 
+'/ are the projections of the total angular mo- 
mentum onthe z axis (the z axis is chosen in 
the direction of the incident photon momentum ). 

The total cross section of the process can be 
written in the form o =o) + 0;. Here 0) contains 
the contribution from the nonperipheral part of the 
m-meson photoproduction process, 0; is the pe- 
ripheral part of the cross section. Only one- 
meson amplitudes with orbital angular momenta 
1 >w/p contribute to it. 

The cross section 0; 
ing way: 


| = (egnu? / 20°) V o/2uexp (— pl /@). 


is written in the follow- 


es) 5/0 
= Say I (1). [2 
= 3 2S >| Lae 
j (=a/p M=—) 


(2) 


Performing the summation, we obtain 
Oy = anus! 1 bor 


This expression corresponds to small scattering 
angles 6 <u/w. Since o) > 0, then 


(3) 


Hence the total cross section for the meson 
photoproduction process at high energies cannot 
drop more rapidly than wien: where  ,, is the 
photon energy in the laboratory system. This con- 
clusion is evidently not in agreement with the re- 
sults obtained from the statistical-hydrodynamical 
theory of multiple production of particles,*»? which 
predicts that the total cross section of the process 
at high energies should drop exponentially with an 
increase in energy: 0 ~ exp (—kE’4), 

In conclusion, I wish to express my graitude to 
I. Ya. Pomeranchuk for suggesting the problem 
and for helpful comments. 
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3E. Fermi, Progr. Theoret. Phys. (Kyoto) 5 
570 (1950); Phys. Rev. 81, 683 (1951). 
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As was recently shown in the experiments of 
Mossbauer,'’? emission (or absorption) of y 
rays by nuclei bound in a crystal lattice can oc- 
cur without energy loss to nuclear recoil. The 
most interesting result was obtained by Méss- 
bauer with a moving source.” If the source is 
given a velocity v with respect to the absorber, 
the energy of the radiated quanta is changed be- 
cause of the Doppler effect by the amount Ev/c; 
the shift of the radiated line with respect to the 
absorption line results in a corresponding change 
in the effective cross section for resonance ab- 
sorption. This makes it possible to measure 
directly the shape of the resonance line, whose 
half-width (for a thin absorber) is equal to twice 
the natural width of the level.*»? Recently, by a 
similar method, the hyperfine structure of the 
excited state at 14 kev in Fe°’ was studied. This 
hyperfine structure is the result of the interac- 
tion of the magnetic moment of the nucleus with 
the internal magnetic field of the domains in iron. 

Alikhanov and Lyubimov observed’ the reso- 
nance absorption of the 23.8 kev y quanta of Sn 
and noted the influence of an external magnetic 
field on the size of the effect. In the present work 
we have investigated the hyperfine structure of the 
23.8-kev excited state of Sn'!® resulting from the 
interaction of the quadrupole moment of the nu- 
cleus in its excited state with the internal electric 
field in the tin crystal. 

The measurements were carried out with a 
source of Sn!!9™ (metallic tin), which was set 
in motion with respect to the absorber. Unlike 
the equipments previously described,*~* where 
the source was given a definite fixed velocity, in 
our experiment the velocity of the source varied 
linearly in time within definite limits. The law 
of motion of the source, which was at liquid nitro- 
gen temperature, was determined by a rotating 
cam of definite profile. The limits of variation 
of the source velocity are determined by the an- 
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gular speed of rotation of the cam. The x rays 

of tin (26 kev) were almost completely absorbed 
by a characteristic filter —a plate of palladium 
0.06 mm thick. The y quanta passing through 
the absorber (which was also at liquid nitrogen 
temperature) were recorded by a NalI(T1) crys- 
tal 2mm thick. The pulses from a single channel 
pulse analyzer entered a circuit which modulated 
the height of the pulses according to a linear law 
synchronously with the change in velocity of the 
source. The modulated pulses were recorded in 
an AI-100 hundred-channel pulse-height analyzer, 
each channel of which thus recorded a definite 
value of the source velocity. Such an arrangement 
enabled us to measure simultaneously the entire 
absorption spectrum (i.e., the dependence of the 
absorption on the source velocity over the whole 
selected velocity interval from —Vmax tO +Vmax)- 
The measurements were made with absorbers con- 
taining Sn'!® in two different compounds: metallic 
tin and an alloy of SnNb3. 

The dependence of the resonance absorption on 
source velocity for the case of an absorber of tin 
20 mg/cm? in thickness is shown in the upper part 
of the figure (the ordinates give the transmission 
in relative units). Three absorption maxima are 
observed whose peaks correspond to source veloci- 
ties of 0 and +1.46 mm/sec. This result can be 


v, mm/sec 


explained as the presence of a hyperfine structure 
of the 23.8-kev level of Sn!!%, caused by interaction 
of the quadrupole moment Q of the nucleus in the 
excited state with the electric field in the tin crys- 
tal. The ground state of Sn!!9, which has a spin 

75, cannot have such a hyperfine structure; the ex- 
cited state (spin a) splits into two levels corre- 
sponding to absolute values of spin projection 

equal to We and ee Since the splittings in the source 
and absorber are the same, at zero velocity of the 
source the radiated line and the absorption line co- 
incide, which corresponds to the central absorption 
maximum. The maxima at velocities of +1.46 mm/ 
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sec correspond to overlap of one of the two lines 
in the spectrum of the radiator with one of the 
components of the hyperfine structure in the spec- 
trum of the absorber. 

Such an interpretation of the result is confirmed 
by measurements with an absorber in the form of 
an alloy SnNb3 (30 mg/cm”), the results of which 
are shown in the lower part of the figure. The 
SnNb; crystal has a crystal lattice similar to the 
lattice of 6 tungsten, which is very close to cubic;® 
this gives grounds for assuming the absence of 
hyperfine structure of the 23.8-kev level of Sa. 
in such a crystal. At zero source velocity there 
is no resonance absorption, since the unsplit ab- 
sorption line in SnNb3 does not coincide with the 
split line of the source. For source velocities of 
+0.73 mm/sec an overlap occurs of one of the 
components of the hyperfine structure of the radi- 
ated line with the line of the absorber, which cor- 
responds to the two absorption maxima in the fig- 
ure. The separation A = (eQ/2) 0°V/az? between 
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[oe electronic paramagnetic resonance (EPR) 
spectrum was observed in single-crystal rutile 
(TiO,), containing 0.01% vanadium. The spec- 
trum consists of two lines with characteristic hy- 
perfine structure, corresponding to the isotope 
v*! with nuclear spin %. 

Each line (group of eight hfs components) be- 
longs to its own system of non-equivalent vanadium 
ions, which are isomorphic substitutions for the 
Ti‘* ions in the crystal lattice of rutile. 

The crystallography of rutile was described 
in detail by Grant.' A unit cell contains two titan- 
ium ions differing in the placement of the six neigh- 
boring oxygen ions, which produce an electric field 
of rhombic symmetry. When the crystal is rotated 
90° about the tetragonal axis, one system of non- 
equivalent ions goes into the other. Accordingly, 
when the crystal is rotated about a tetragonal axis 
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the components of the hyperfine structure of the 
23.8-kev level was equal to (1.15 + 0.25) x 10>! ev. 
The size of the quadrupole moment of the 23.8 kev 
level cannot be determined since we do not know 
the electric field gradient in the tin crystal. 
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oriented perpendicular to the direction of the ex- 
ternal magnetic field, the overall appearance of 
the vanadium spectrum is repeated every 90°. A 
similar picture is observed also for Cr® ions in- 
troduced into rutile.” 

The EPR spectrum of vanadium can be set in 
correspondence with the following spin Hamiltonian 
(S= ve fe Y,): 


# = gH, + gy BHyS, + g.8H.S8, 
cs Ad, S. + AVS) + ACS. 


where S$ and T are the electron and nuclear spin 
operators, g is the anisotropic factor of spectro- 
scopic splitting, A is the hfs constant, and B is 
the Bohr magneton. The axes are chosen as fol- 
lows: the z axis coincides with the tetragonal 
axis, while the x and y axes are parallel to the 
[110] and [110] directions for one system of non- 
equivalent ions; the x and y axes are interchanged 
for the second system. 

The constants of the Hamiltonian, determined 
at T=77°K and 9800 Mes, are: 


g, = 1.955 + 0.001, 
g, = 1.913 + 0.001 
g, = 1,912 + 0.001, 


A, = 14,45 +. 0,07, 

A, = 3.09 + 0,03, 

A= 441, 0,03, 

The values of A are given in units of 107? em}, 


Experiments carried out at 37,500 Mcs at T 
= 77°K have shown that the constants of the Hamil- 
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tonian are independent of the frequency, while 
measurements at T= 4.2°K (v= 9800 Mcs) have 
shown that they do not change noticeably with the 
temperature. 

No vanadium EPR ions were observed in rutile 
at room temperature. When the sample is cooled 
to approximately 135°K, broad lines appear, which 
gradually narrow down with further decrease in 
temperature. 
of 3.5 oe. There is no further reduction in the 
width of the line. This width is probably due to 
the spin-spin interaction of the paramagnetic ions 
of vanadium. This is also confirmed by the shape 
of the line, which corresponds exactly to the Lo- 
rentz curve. A line of this shape is expected for 
magnetically-dilute systems with a concentration 
of paramagnetic ions less than 1%.° 

The continuous saturation method was used to 
measure the spin-lattice relaxation times of the 
vanadium ion in rutile: r,;=2%x10'!sec at T 
= 472-tand t= 60 10°* sec at T= 90°. 

Line broadening was observed at T = 90°K 
upon saturation, thus confirming again the as- 
sumed nature of the observed line width. 


At T =90°K the lines reach a width 


The totality of the experimental facts gives 
grounds for assuming that the vanadium enters 
the rutile lattice in the form of the ion V**. 

We note that the broadening of the V** line 
when heating to temperature above 90°K cannot 
be due to spin-lattice interaction, since the meas- 
urement of T, by the saturation method yields 
an order of 10° sec at these temperatures. More 
detailed investigations of this effect are now in 
progress. 

The authors are grateful to R. P. Bashuk and 
A. 8. Bebchuk for furnishing the sampies of rutile 
with vanadium. 
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